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A ¢-CONGRUENCE FOR A TRUNCATED 4¢3 SERIES
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Abstract. Let ®5,(q) denote the nth cyclotomic polynomial in ¢q. Recently, Guo, Schlosser
and Zudilin proved that for any integer n > 1 with n =1 (mod 4),
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where (a;¢)m = (1 —a)(1 —agq)...(1 —ag™ !). In this note, we give a generalization of
the above g-congruence to the modulus <I>n(q)3 case. Meanwhile, we give a corresponding
g-congruence modulo ®,,(¢)? for n = 3 (mod 4). Our proof is based on the ‘creative micro-
scoping’ method, recently developed by Guo and Zudilin, and a 4¢3 summation formula.
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congruence; creative microscoping

MSC 2020: 33D15, 11A07, 11B65

1. INTRODUCTION

In 1997, Van Hamme in [18], Equation (H.2) established the following supercon-
gruence:

(p—1)/2 (1)3 {1‘“%)4 (mod p?) if p=1 (mod 4),

1.1 =
(1.1) kz:% K13 0 (mod p?) if p=3 (mod 4),

where (a), = a(a+1)...(a +n — 1) is the Pochhammer symbol and I',(z) is the
p-adic Gamma function. For refinements of (1.1) modulo p* or p*, see [10], [12].
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In 2019, Guo and Zudilin in [6], Theorem 2 gave a g-analogue of (1.1) as follows:
Modulo ®,(q)?,
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Here and throughout the paper, the g-shifted factorial is defined by (a;q)o = 1 and
(a;q)n = (1—a)(1—aq)...(1—aqg™ ') for n > 1. For simplicity, we sometimes com-
pactly write (a1,a2,...,am;q¢)n = (a1;¢)n(a2;¢)n - .. (@m;q)n for n > 0. Moreover,
[n] = 1+q+...+¢" ! denotes the g-integer, and ®,,(q) stands for the nth cyclotomic
polynomial in q.

Recently, Mao and Pan in [13] (see also Sun in [15], Theorem 1.3) showed that if
p =1 (mod 4) is a prime, then

(p+1)/2
' ok

(1.3) Z k!§3 =0 (mod p?).
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And Guo, Schlosser, and Zudilin in [4] proved the following result: For any integer
n>1withn =1 (mod 4),
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In this note, we shall give a generalization of (1.4) modulo ®,,(¢)* and also a cor-
responding congruence modulo ®,,(¢q)? for n = 3 (mod 4) as follows.

Theorem 1. Let n be a positive odd integer. Then
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(1.6) Qulq) = (1+qn1)(1 4 ¢gnt1)
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It is easy to see that [n](q;¢*)p—-1)/2 = 0 (mod ®,(¢)?) and [3](¢"; ¢*)(n_1)/2 is
relatively prime to ®,(q) for n = 1 (mod 4). Thus, the g-congruence (1.5) im-
plies (1.4).

Letting n be an odd prime and letting ¢ — 1 in Theorem 1, we obtain the following
conclusion, which was first proved by Guo and Zudilin, see [7].

Corollary 2. Let p be an odd prime. Then

(1) (p-1)/2 .
(g [Py, med#?) =1 (mod 4)
2 _
Z E (l)( /2
k=0 P(é)(p (mod p?) ifp =3 (mod 4).
4

Some other recent g-analogues of supercongruences can be found in [2], [3], [5],
8], [9], [11], [14], [17], [19], [20], [21] with various techniques. In particular, Guo and
Zudilin in [5] developed a method called ‘creative microscoping’ to prove quite a few
g-supercongruences. We shall use this method to prove Theorem 1 in Section 3 (we
need to give a related summation formula in the next section at first).

2. A SUMMATION FORMULA

Following Gasper and Rahman (see [1]), the basic hypergeometric series ,41py is
defined as

k
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We shall use Watson’s g7 transformation formula, see [1], Appendix (II1.18)

(21) 7 a, qal/Qa _qa1/27 ba c, da €, q_m/. q 02qm+2
a2, —ql/?, aq/b, aq/c, aq/d, agq/e, ag™™’ T bcde

_ (ag, aq/de; q)m [ aq/be,d,e,q”™ - q}
(ag/d,aq/e;q)m aq/b,aq/c,deq” " /a’

and the ¢g-Paff-Saalschiitz formula, see [1], Appendix (II.12)

a,b,q™ }_ (¢/a,c/b; @)m
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to give a new 4¢3 summation formula, which plays an important part in our proof
of Theorem 1.
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Theorem 3. Let n be a positive odd number. Then
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Proof. Letting a =¢ Y2, b=—¢ /2, c=¢™ ', d=¢g "/* and e = —¢~/* in
Watson’s transformation formula (2.1), we obtain

q71/2,_q71/27qm71,q7m. 5
14, 4

2.3 4(p3|: 3/2—m m
(23) —q,¢*?™, ¢!/

_ (@ g )n o [ql/“, —q V=T "
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Moreover, replacing ¢ by cq in (2.2), we get

a,b,q—™ } (cq/a,cq/b;q)m
2.4 : = A/ B m
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It is not difficult to see that
a,b,xzq, g™ (1 —c)(ab—cxq™) a,b,qg™™
Lem 3@ 4] = 5 32 e, 0 4
cq,x,abg*~™/c (1 —z)(ab— c?¢g™) c,abgt~™/c

(c —z)(ab — cq™) a,b,g”™
(1—a)(ab— 2qm) *7* | cq,abgm fe’ ¥

|

by comparing the kth summands in the summations. Substituting (2.2) and (2.4)
into the last equation, we obtain

—m

a,b,xq,q

(25) 403 |: lim/C; q, q:| = Q(q7 a, b7 ¢ T, m)a

cq, x,abq
where
O(g; a,b,c,z,m)

_ (¢/a,c/b;q)m ((1 —cq™)(ab—cxq™) (c—x)(ab—c)(a—cqg™)(b— cqm)>
(ercfab @) \ (L= 2)(ab—2gm) (1= w)(a— )b c)(ab— g™

Replacing ¢ by cq in (2.5), we have

a,b,xq,q™
2.6 ; =Q(q;a,b .
( ) 493 [ch,x,aqu/c’ q, q (q7a‘a ,cq,m,m)
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It is also routine to verify the relation

a,b,xq,yq,q"™ (1 —cq)(ab— cyq™) a,b,xq,q™
cq?, .y, abql’m/c’q’ q} (1 —y)(ab— chm+1)4 3 Lq,x, abql’m/c’q’ q}

(cq — y)(ab — cq™) a,b,xq, g™
(1= y)(ab— 2qmin)*7 [q zabg /e "} |

5904|:

+

Substituting (2.5) and (2.6) into the last equation, we get

(2.7) 54 [ a.b.24,y0.0° " } - ((1 — cq)(ab — cyq™)

cq?,z,y,abg* ™ ¢’ T 1 —y)(ab — c2gm+l)
(cq —y)(ab—cq™) Q
(1 —y)(ab— c2gmtt)

Q(q’ a? b’ C? x? m)

+ (g;a,b,cq,x,m).

Evaluating the series on the right-hand side of (2.3) by the case a = q 4,

b=—qg Y c=—q¢a=—¢™ y=—q¢""™ of (2.7), we gain
o g V2 —q7V2 gt q3] _ =g )=~ ),
—q,¢*/* ™ gt/2Hm T T+ 2)(1 4 ¢ (¥, =¥/ O)m

y ((1 " (A=) + ™)
(1+gm)1-g¢?)1-q)
qm(l_'_qul +qm+2qm71/2+q2m71))

" A= /51— g 172)

Employing the substitutions ¢ — ¢ and m %(n—l— 1) in the above 4¢3 summation,
we arrive at Theorem 3. O
3. PrROOF OF THEOREM 1

The following simple g-congruence (see [3], Lemma 3.1 and Equation (5.4)) will
be used in our proof.

Lemma 1. Let n be a positive odd integer. Then for 0 < k < %(n + 1) we have

Eag/l;f))(”ﬂw’“ = (a0 S o (10 9, (0),
@/ ) (n+1)/2—k a*/a;q)k

We are going to prove Theorem 1 using the creative microscoping method, see [5].
That is, we need to establish the following parametric version of Theorem 1.
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Theorem 4. Let n > 1 be an odd integer. Then
(n+1)/2 _ _ _
1) S G a6
(aq®: ¢*)k(@?/a; ¢*)k(q*: 4"

[’I'L](Q§q4)(n71)/2 § )
mﬁn(q) (mod ®,,(¢)(1 — ag™)(a — "))
ifn=1 (mod 4),

Qn(q) (mod (1 —aq™)(a—q"))

ifn =3 (mod 4),

k=0

[n](g; q4)(n—1)/2
B1(d%; %) (n—1)/2

where Q,,(q) is given by (1.6).

Proof. For a = ¢"™ or a = ¢", by Theorem 3 the left-hand side of (3.1) is
equal to

(nt1)/2 1 p “1tn - )
3 (Uit U U T o C o [ S ) (X WISV @
= (@)@ (gt ¢k Bl qY) n-1yy2

This shows that the g-congruence (3.1) holds modulo 1 — ag™ and a — ¢"™. On the
other hand, by Lemma 1 we can easily verify that for n = 1 (mod 4) (n > 1) and
0<k<g(n+1),

(aq @) a1y 26 (@6 (1) 26 (0256 (nt1) j2— 1 ) /2-8)
(ag?; q2)(n+1)/27k(q2/a§ q2)(n+1)/27k(q4§ q4)(n+1)/27k
(ag " q®)r(a " /a;a*)u(a* 0"k 64
— mod &, .
(o P aDla | 0t )
Namely, the sum of the kth and (4(n + 1) — k)th summands of the left-hand side
of (3.1) vanishes modulo ®,(q). It follows that

(n+1)/2 ~1.,2 —1/,. .2 —2. 4
(3'2) Z (aq 7Q)k(q /avq)k(q 7Q)k 6k (mod ‘I)n(Q))

(aq?;¢®)k(q%/a; ¢*)k(q*; ¢k B

for n =1 (mod 4) (n > 1). Since [n] = 0 (mod ®,(q)) for n > 1, we have proved

k=0

that the g-congruence (3.1) is also true modulo ®,(¢) for n = 1 (mod 4). Finally,
noticing that the polynomials 1 —ag™, a —¢™ and ®,,(q) are pairwise relatively prime,
we complete the proof of the theorem. O

Proof of Theorem 1. Theorem 1 is obviously true for n = 1 (both sides are
equal to 1). For n > 1, note that the limit of (1 — a¢™)(a —¢™) as a — 1 contains the
factor ®,,(¢)? and the limits of the denominators on both sides of (3.1) as a — 1 are
relatively prime to ®,(q). Letting a — 1 in (3.1), we obtain (1.5) immediately. O
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4. TWO OPEN PROBLEMS

Swisher in [16], Equation (H.3) has made two interesting conjectures on supercon-
gruences generalizing (1.1) as follows:

(p"—1)/2 (%)2 B X 4(;0'71 1)/2 (% % . -
B = I'p(3) Z 5 (mod p°"), p=1 (mod 4),
k=0 k=0
(p"—1)/2 (%)z _ 2(pr—2,1)/2 (%)z _— B
Z s =P E (mod p ), p=3(mod4),r>2 p>3.
k=0 k=0

We did not find Swisher-type general patterns for (1.3). Nevertheless, we have the
following supercongruences conjectures for generalizations of (1.3).

Conjecture 1. Let p be a prime with p =1 (mod 4) and let » > 1. Then

(p"+1)/2 (_1)3 p —1 (_1)3
ko r ko r
g k:!23 =0 (mod p*") and E k:!23 =0 (mod p*").
k=0 k=0

Conjecture 2. Let p be a prime with p =3 (mod 4) and let » > 1. Then

@ HD/2 1 1
i G L P
=K (D pr-1)/2
p -1 113 1
=2)i _ Dor-ve .
Z k|23k =p 471 (pr—-1)/ (mod p +1).
= W (Dr-1/2

Any proof of the above two conjectures will be very interesting.
Since (7% ¢*)2(¢7% ¢*)k = 0 (mod ®,,(q)*) for k in the range 1 (n+1) < k < n—1,
we see that (1.5) can also be written as

n—1 _ _
(4.1) (5 a % dY% o
= (%) (g% b
[n](Q;q4)(n—1)/2

mo 3) ifn=1 (mo
[3](q7;q4)(n71)/2 2, (q) (mod ®,(q)°) if 1 (mod 4),
(@2 o 2 i3 (mo
3107 ) (12 Qn(q) (mod ®r,(g)*) if n=3 (mod 4).
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Note that for any prime p =1 (mod 4) and integer r > 1, we have

( )(prfl)/2

1
1 =0 (mod p).
(Dpr-1)/2

Thus, letting n = p” and ¢ — 1 in (1.5) and (4.1), we obtain the following supercon-
gruences: for any prime p =1 (mod 4) and integer r > 2,

(P"+1)/2 ;13 Pl 13
(=3) (—3)i =0 (mod p?’).

ko_ 3 2
Y 0 (mod p°) and Z R
k=0

k=0
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