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Abstract. Let Dy, be an elliptic curve over Q of the form y2 =23 —m2z 4+ m?, where m

is an integer. In this paper we prove that the two points P_; = (—m, m) and Py = (0, m)
on Dy, can be extended to a basis for Dy, (Q) under certain conditions described explicitly.
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1. INTRODUCTION

The family E,,,: y?> = 23 — m2x + n? of elliptic curves has been extensively
studied by several mathematicians, see [1], [2], [4], [9], [10], [17], [18]. Many papers
have been devoted on this family to study its different properties. In [2], Brown and
Myers constructed an infinite family of elliptic curves E1 ,,: y? = 2® — 2 +n? and
showed that the rank of the Mordell-Weil group E; ,(Q) > 2. Antoniewicz in [1]
produced another family of elliptic curves E,, 1: y> = 2° — m%z + 1 and proved
that the rank of the Mordell-Weil group E,, 1(Q) > 3. Eikenberg in [4] studied the
curves F , and Ey, ; over function fields. In particular, Eikenberg used the theory
of Mordell-Weil lattices (see [12]) to find the basis for E; ,(Q(n)) and E,, 1(Q(m)),
where Q(n) and Q(m) are function fields. Later in [8], Fujita and Nara, exploiting
the estimates of canonical heights, proved that the explicit points in the families of
elliptic curves F1 , and E,, 1 can always be in system generators of the Mordell-Weil
group. There are several references describing explicitly the basis for the Mordell-
WEeil groups of parametric families of elliptic curves E over @ under the assumption
that F has rank two or three, see, e.g. [5], [6], [7], [8], [9].
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In this paper we attempt to study an infinite family of elliptic curves of the form
(1) Dp: y? = 2% —m?z +m?,
where m is an integer. We put
Pyy =(+m,m) and Py, = (0,m).

It is easy to see that the points Pyq, Py are in D,,(Q).
The classification of rational elliptic surfaces (see [11]) implies the following result.

Theorem 1.1. The Mordell-Weil group D,,(Q(m)) has rank 2 with the trivial
torsion subgroup, generated by the points P_; and P.

Since both of the generators of this group are rational, the entire group must be
defined over Q(m), therefore, we have the following corollary.

Corollary 1.2. D,,(Q(m)) has rank 2 generated by the points P_; and P,.

Let C be a curve defined over a field k, let S be an elliptic surface over C', and
let K = k(C). Then one can view S as an elliptic curve E over the field K. For any
t € C(k), we denote by E(4) the specialization of E at t. Now we state the Silverman
Specialization Theorem.

Theorem 1.3 ([15], Theorem 11.4, page 271). The specialization map o;:

E(K) — Eq)(k) is injective for all but finitely many t € C(k).

Since the rank of D,,, (Q(m)) is equal to 2, by the Silverman Specialization Theorem
we obtain the rank of D,,(Q) > 2 for all but finitely many values of m and hence
the points P_; and Py are independent for all but finitely many m. Therefore the
immediate question one can ask is “can the set {P_1, Py} be extended to a basis
of D,,(Q)?” In this paper, we answer this question affirmatively. The main result of
the paper is the following.

Theorem 1.4. Let m be a square-free integer, m=1 (mod 4). Let P_y =(—m, m)
and Py = (0, m) be integral points of D,,(Q). Assume that m > 4 and the p primary
part of 27 — 4m? is square-free for any p > 3. Then for all but finitely many m the
set of points { Py, P_1} can be extended to a basis for D,,(Q).

The family of elliptic curves D,, has a unique property (double lift) in comparison
to the curves Ei, and E,, 1 considered in [8]. Brown and Myers in [2] proved
that Ey,,(Q(n)) has rank 2 generated by P = (0,n) and @ = (1,n). Further, they
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proved that there are infinitely many values of n such that E; ,(Q) has rank at
least 3 by constructing some infinite families of curves with rank at least 3. For
example, suppose n(t) = 54t? — 165t — 90. Then the subfamily E1 n(4)(Q(t)) contains
an additional point R(t) = (36t+17,54t%+267t+114) and it is independent from the
points P and @, see [2]. This can be viewed as a lift of the point (17,114) € E; 90(Q),
since this is obtained when specializing to ¢ = 0. This particular lift increases the rank
of E1, by 1. But, there exists a quadratic polynomial m(t) such that D,,) (Q(t))
contains four independent points. Two of these points can be chosen as lifts of the
point (—7,35) € D14(Q), see [4]. This results in a double lift of the point (—7,35)
and hence increases the rank by 2. For more general criteria for lifting the points
of By, and E,, 1 one may refer to [4].

The organization of this paper is as follows. In Section 2 we review basic notions
from the field of elliptic curves. In Section 3 we study the local properties of the
curve D,, and also compute the bounds of the canonical heights for P_y, Py. At the
end we complete the proof of Theorem 1.4. Our proofs closely follow the arguments
from [8].

2. PRELIMINARIES

In this section we develop necessary background material needed for a better
exposition and clarity of presentation of this paper.

Let E be an elliptic curve over a number field K. It is known by the Mordell-
Weil Theorem that the set of K-rational points E(K) is a finitely generated abelian
group. If the absolute value of the discriminant of E is large, then it is very difficult
to compute E(K) even if K = @. The main difficulties arise from the free part of
the group. The Weierstrass equation for the elliptic curve F over a number field K is

(2) E: y? + a1zy + asy = 2° + asx® + ayx + ag,

where a1, as,as,a4,a6 € K. By completing the square of the left hand side of (2),
we have

(3) 2y + a1z + a3)2 = 422 + bya® + 2baz + b,

where

(4) by = a3 4+ 4az, by =2a4+ajaz, bs = a3+ 4ag,

2 2 2
bs = ajag + 4azas — ar1aszas + azaz — ay.

We also have
cy = b3 — 24by, cg = —b3bg + 36baby — 216bs.
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The discriminant of the elliptic curve E' is defined as
(5) A = —b2bg — 8b3 — 27b2 + babybg.

Denote by z(P) the z-coordinate of a point P on E. For P = (x,y) € E(Q), we
have the duplication formula

1‘4 — b4.132 — 2[)61‘ — bg
4(E3 + b2(E2 + 2b4£[: + bG.

(6) 2(2P) =

Next we define the canonical height. Let P = (z,y) € E(Q). If z = b/a and
ged(a,b) = 1, then the naive height h: E(Q) — R is defined by

h(P) = max{log |a|, log |b|}
and the canonical height h: E(Q) — R is defined by

. 1 n
h(P) = nlirlgo 4—nh(2 P).

We compute the canonical height using the local height. One can refer to [14],
page 341 for the existence of the local height function. The canonical height can
be decomposed as the sum of local heights. In this paper the definition of the local
height function follows, see [15], Chapter VI. We denote the local height function
on FE for a place p by A\,. For K = Q), we have the decomposition

(7) hP)= > A(P)+Ax(P) for P e E@)\{O}.

p: prime

In addition, the canonical height gives a bilinear pairing on F(Q) called the canonical
height pairing (or Néron-Tate height pairing):

(8) (P,Q) = 5(h(P + Q) = h(P) = h(Q)).

N =

Finally, for a prime number p denote by v, the valuation on @Q, i.e., v,(-) = —log |-|,.
Now we prove few lemmas which we use in the proof of our main theorem.

Lemma 2.1. Let A = (2/,y') and B = (z,y) be points in D,,(Q) such that
A =2B and 2/ € Z. Then
(1) z € Z,
(2) z=m (mod 2).
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Proof. Equating the z-coordinates of A and 2B, where the z-coordinate of 2B
is calculated using the formula given in (6), and then substituting = u/s with
ged(u, s) = 1, we get, after simplifying,

9) (m* — 4m?2")s* + (4m?2’ — 8m?)us® + 2m?u?s? — 4a’uds + u* = 0.

From (9), it is clear that s | u*. Since ged(u, s) = 1, we have s = +1 and hence x € 7.
Further, rewriting (9) as

(2% +m?)? = 4(z' (23 — m®z + m?) + 2zm?),
we have 2 | (22 +m?), i.e., z = m (mod 2). O

Lemma 2.2. Let m be a positive integer with m = 1 (mod 4). Then the point
A, = (0,m) is an element of D,,(Q) \ 2D,,(Q).

Proof. Suppose A,, = 2G for some G = (z,y) € D;,(Q). Then from (6), we
calculate z(2G) and equating the z-coordinates of 2G and A,,,, we have

2t + 2m?a? + m* — 8xm?
4(x3 — m2z + m?2)

=0,
that is,

(10) (2% + m?)? = 8zm?.

From (10) we observe that = 2k? for some k € Z. Substituting = into (10), we get
(11) 16k® 4 8m2k* + m* = 16k*m?.

It follows that for any integer k, taken modulo 4, the equation (11) has no solution.
Consequently the equation (11) has no rational solution. Therefore, A,, ¢ 2D,,(Q).
O

Lemma 2.3. Let m be a positive integer with m = 1 (mod 4). Then the point
B,, = (m,m) is an element of D,,(Q) \ 2D,,(Q).

Proof. Suppose By, = (m,m) = 2G for some G = (z,y) € D, (Q). Using (6)

again we get

zt 4+ 2m?2% + m? — 8xm?
(12) =m.
4(x3 — m2z + m?2)
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A further simplification of (12) yields
ot — dma® + 2m?2? + (4m® — 8m?)x + m* —4m® =0,
which can be rewritten as
(13) (x —m)* —4(x —m)?*m? — 8(x — m)m? — 12m> 4+ 4m* = 0.
By Lemma 2.1, we substitute z—m = 2s, which results in the simplification of (13) as
(25 —m?)? = (45 4+ 3m)m?.

The above equation holds only if (4s + 3m) = w? for some w € Z. Since m = 1
(mod 4), 4s + 3m = 3 (mod 4) leads to a contradiction that it is a perfect square.
This completes the proof. ([

Lemma 2.4. The point A, + By, = (—m,m) is an element of D,,(Q) \ 2D,,(Q)
for any positive integer m with m =1 (mod 4).

Proof. The proof is similar to that of Lemma 2.3. U

3. LOCAL STUDY OF THE CURVE D,,: y? = 23 — m2z + m?

Lemma 3.1. If m is 3rd power-free and m # 0 (mod 4), then the Weierstrass
equation

(14) y? =2 —miz +m?

for D,, is global minimal.

Proof. Taking into consideration (see [16], Chapter VII, Remark 1.1), it is
enough to show that at least one of the relations v,(cs) < 4, v,(cs) < 6 and
vp(A) < 12 holds for every prime p. Now we have

ey =24 3m?, g = —2°-3°m?, A = —2'm*(—22m? +27).

If p > 3 then either v,(cs) < 4 or vy(cs) < 6 always holds. If p € {2,3} then
vp(A) < 12 always holds. O

Lemma 3.2. If m # 0 (mod 2), m is square-free and the p primary part of
27 — 4m? is square-free, then the reduction type of D,, at prime p is as follows:
(1) IV ifp=2or (p >3 and vy(m) = 1).
(2) Iy if p=3 and ptm.
(3) I if p | (27 — 4m?), where k = v,(A).
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Proof. First we find the reduction type of D,, at p = 2. We have seen from
Lemma 3.1 that D,, is minimal. By [16], Chapter VII, Proposition 1.3, every minimal
Weierstrass equation is unique up to a change of coordinates by some [1, 7, s, t], where
[1,7,s,t] means the transformation

x»—>u2x+r, y»—>u3y+su2x+t.
Thus, by transforming D,, by [1,1,1, 1], we get
y? 4+ 22y + 2y = 2% + 227 + (1 —mP)z

with bg = —m*+6m?+3, bg = 4. Since m = 1 (mod 2), we have bg = 0 (mod 8) and
bs = 4 (mod 8) which indicates the type IV by Tate’s algorithm, see [15], page 366.
Next we check the reduction type at p = 3. Suppose m # 0 (mod 3). Then clearly
31 (4m? + 27). Thus, A = —16m*(—4m? + 27) is not divisible by 3 and hence
we have reduction type Iy, see [15], Exercise 4.48. Next assume m = 0 (mod 3).
As m is square free, we have v3(A) = 6. Now there exists a minimal Weierstrass
equation y? = 2 +asx? +asx+ag for E,, such that as, a4, ag and A are as described
in the table of Exercise 4.48 in [15]. Since E,, is also minimal, we can transform

3

y? = 23 + az2? + agx + ag into y? = 23 — m2x +m? by some [1,7, s, t]. Transforming

y? =23 —m2x +m? by [1, 3,0,0], we have the equation
y? =2 + 927 + (27 — m?)x + 27 — 2m>.

So, vp(az) = vp(as) = vp(ag) = 2. Therefore the possible reduction type is IV,
see [15], Exercise 4.48.

Now onwards we assume p > 5 to find the reduction type of F,, at p. Now there
exists a minimal Weierstrass equation 3% = x> + a4x + ag for E,, such that a4, ag
and A are as described in the table of Exercise 4.47 in [15]. Since the curve E,,
is minimal, we can transform y? = 23 + a4z + ag to y2 = 23 — m2z + m? by the
transformation [1, 0, 0, 0]. If p divides A then p divides m or p divides 27 — 4m?.
In the former case, as m is square-free, we have v,(A) = 4,v,(as) = vy(—m?) = 2
and v,(ag) = vy(m?) = 2. Therefore the possible reduction type is IV, see [15],
Exercise 4.47. If p divides 27 — 4m? then using the Legendre symbol, one can see
that p = +1 (mod 12). Since p primary part of 27 — 4m? is square-free, we have
vp(as) = 0 = vp(ag). Hence the possible reduction type is Iy, see [15], Exercise 4.47.

O

The non-Archimedean part of canonical height can be computed using Silverman’s
algorithm (see [14], Theorem 5.2) and we use modified Tate’s series for the compu-
tation of the Archimedean part.
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Lemma 3.3 ([8], Lemma 5.2). Let E//R be an elliptic curve
y2 +a1ry +asy = z° + a2x2 + asx + ag.
Assume that z(Q) > 0 for any @Q in the connected component of O in E(R). Then

for any P € E(R)\ E[2], the following convergent series gives the Archimedean part
of the local height function:

(15)  Aw(P) = Sloglu(P)| + £ D47 log | Z(2FP)| + unelA),
k=1

where

(16) u(Q) = 24(Q) — bsz’(Q) — 2b6z(Q) — bs,

Lemma 3.4 ([8], Lemma 5.3). Let E be an elliptic curve defined by a simple form
y2 =73 + a2x2 + a4x + ag
and let

k = 322 4 2asx + 4aq — a%,
I =92% + 9as2® + (2laq — 4a§)a: + 27a¢ — 2a9a4

be functions on E. Then the identity
(17) 16k -3 — 41 -3 = A
holds, where vy and 13 are the division polynomials.
Proposition 3.5. Assume that m is a square-free integer with m > 10 and that

the p-primary part of (—4m? +27) is square-free for any p > 3. Then for any rational
non-torsion point P € D,,(Q) we have

A 1 1
h(P) > glogm - glogZ.
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Proof. Since m > 10, we have 27 — 4m? < 0 and hence the discriminant of D,,
is positive. Thus the number of real roots of the cubic polynomial 23 — m?x + m? is
three. Then for any @ in the connected component of O in D,,(R) we have 2(Q) > 0
by [8], Lemma 3.7.

By Lemma 3.3 for P € D,,(Q) \ D,,[2] we have

1 1 & 1
1 w(P)= =1 P)+ =Y 47 %1og|Z(2FP)| + —ve(A
(18) Ao (P) 8oglu( )I+8; og |Z( )|+12v (A),

where
u(P) = * — byx? — 2bgx — bs.

Note that in the above expression of u(P), we have x = x(P). Using (4), we have

by =0, by=—2m?% bg=4m? bg= M = —m*.
Thus, from (16),
(19) u(P) = (2% +m?)? — 8m?x,
P 2 2)2 _ g2
Z(P):;((P)):(x +mx)4 m'z

As (22 +m?)? — 8m?%x — [(2% +m?)? + 1622 — 2(2% + m?)4x] implies 8z2(z —2) > 0
for x > 2, we infer that

m* < (2% +m? — 42)? < u(P)

for z > 2. Also,

(20) zt < (22 +m? — 42)? < u(P)
implies

m? — 4x\2
(21) 1< (1 + T) < Z(P).
Hence

1 1T 1
Aoo(P) = 2 log u(P)] + 5 - 47 10g| Z(2°P)| + T3u(A)

8 k=1
1 1 — 1 1 1
> glogm4 + 3 Z4‘k10g1 + EUOO(A) > ilogm—l— E’UOO(A).

k=1
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Next we compute the local height for non-Archimedean places. Let
o =2y, b3 = 3zt — 6m2a? + 12m3x — m?

be the division polynomials of D,,. Set x = z(P), y = y(P). If P reduces to
a nonsingular point modulo 2 then
1

Xa(P) = 3 logmax{1, [o(P)}2} + 7502(8) > T un(A).

Next assume that P reduces to a singular point modulo 2. Since m =1 (mod 2) we
have vz (z) = 0. Further, since va(32? —m?) > 0, so v2(y?) = va(2® —m2x+m?) =0

implies v2(y) = 0. Thus,

1 1 1 1 1
A2(P) = 510g|1l)2( )2 + ﬁ’vz(A) = 510g|2y|2 + ﬁvz(A) = —glogQ + ﬁ’vz(A)

If p = 3 and p 1 m, then the reduction type is Ip. So

1 1
As3(P) = 5 logmax{1, |z(P)|s} + ﬁ’l)g(A) > —w3(A).
Now for p > 3 and p | (27 — 4m?) the reduction type is Iy with k = v,(A) by
Lemma 3.2. For this case,
1

—up(A).

1 1
A(P) = 5 Togmax{L,[a(P)|p} + T5t0(A) > 5y

Assume p > 3 and p | m. In this case the reduction type is IV and hence

vp(A).

1 1
AP(P) = 510g|¢2(P)|p+ 1277

Since v, (322 — m?) > 0 we have v,(x) > 0. Again, v,(y?) = v,(z® — m2x + m?) > 0

implies v,(y) > 0. From (17), we have the identity

(22) 16(322 — 4m?)y3(P) — 4(92° — 21m?x + 27Tm?)he(P)? = A.
Note that
ord,(A) =
03 ord, (3z2 — 4m?) = 2,
(23) ord (9x3—21m T +27Tm?) =2,
ordy(¢3(P)) =
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Thus from (22) and (23), we deduce that ord, (¢3(P)) < 2 which implies

ordy(¢2(P)) < 1.

Hence,
M(P) = 1og [92(P)ly + —=1p(A) > —= 1o +iv (A)>——lo m o(A)
P\ = g O8Il T gt 3 8P T gt ST
Finally, we have
(24) %}:me/\ Aoo (P )>—§log2—§logm—|— logm
= Elogm— glog2.
This completes the proof of Proposition 3.5. 0

Proposition 3.6. Let Py = (0,m), P_; = (—m,m) and P, = (m,m) be integral
points on
D,,: y2 =23 —m2z + m2.

Assume m > 10. Then

N 1 N 1
h(Py) < 6 logm + 0.46409, h(P_;) < 6 logm + 0.23304.

Proof. First we have the explicit expression for Py + P, = (—m,m). In the
proof of Proposition 3.5, we saw that

u(Q) = (@(Q)* +m*)* — 8ma(Q)*
for @ € D, (Q) \ Dy,[2]. Thus we have
u(Pp) =m?, w(P) =4m* —8m?® w(Py+ Py) = 4m® + 8m?>.

Hence for P € {Py, P, Py + P1 },

2 ) 24m*

2
P) < dm* +8m3 = 4 4(1 —)<4 (1
u(P) m* + 8m m +m m +10 E

Further, from (19), one can deduce the inequality

2(2°P) < (1+ ﬁf <(1+ 19—022)2 - (%)2
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for any P. So for P € {Py, P, Py + P1} we have

1
Moo (P) = g1og|u( )+ = 24 ¥log|Z(2 kp)|+_voo(A)
k 1

élglog(élm X ) 24 lo (181) +%UW(A)
glogg + glog(%> + 11—2UOO(A).

For p = 2, since va(z(Pp)) > 0 and ve(x(P1)) = 0, therefore Py and P_; reduce to
a nonsingular point and a singular point, respectively. If singular, then the reduction

1 1
= glogll—i— ilogm—l—

type is IV by Lemma 3.2. Hence,
1 1
A (Py) == logmax{l |x(Po)|2} + EUQ(A) = Evg(A),

1
)\Q(P_l) —510g2+EU2(A)

For p > 3 and p | m, we have the bound

1
Ap(P) = —7 logp + ﬁvz(A)

for any integral point P € {Py, P_1, Py + P_1} and this implies

1
Z Ap( logm+ EUQ(A)

p: prime

Luy(A) for any integral point.

Similarly, when p > 3 and p { m, we have \,(P) = 35

Thus,
- 1 1 6 1 181 1
h(P —1 —log4 1 — log — =1
(0)<20gm+80g +80g5+3 5T~ 3lesm
1
< 5 log'm + 0.46409.. ..
and
s 1 1 1 6 1 181 1 1
h(P,1)<§logm+ §10g4+ glogg—kglogg— log2—§10gm

1
< 6 logm + 0.23304.. ..

Now we are ready to prove Theorem 1.4.
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Proof of Theorem 1.4. Let m be a square-free integer with m = 1 (mod 4).
Assume that m > 10. We know that the points P_; and P, are independent for
all but finitely many m. Since the rank of D,,(Q) is at least 2 for all but finitely
many m, by the elementary divisor theory, there exist generators GG; and G2 of the
free part of D,,(Q) such that Py, P_1 € ZG1 + ZG2. Let v be the index of the
subgroup ZPy + ZP_1 in ZG1 + ZGs. 1t is sufficient to show v = 1. By Siksek’s
theorem (see [13], Theorem 3.1) we have

Lo 2 R(PO,P,l),
V3 )

where R(Py, P_1) is the regulator of Py and P_1, explicitly

R(Py, P_1) = h(Py)h(P_1) — (Py, P_1)?

= h(Py)h(P_y) — E(B(PO + P_1) — h(Py) — h(P_1))?,

and ) is any positive lower bound of h for non-torsion points in D, (Q). Note that (-)
is the Néron-Tate height pairing defined in (8). Hence by Propositions 3.5 and 3.6,

we have

h(Py)h(P-
(25) v < %w < f(m),
where

5 \/(% log m + 0.46409)( log m + 0.23304)
V3 (+logm — 0.230)

f(m) =

One can see that f(m) is a decreasing function. By calculation we find that f(m) is
less than 3 for m > 34. From the proof of Lemmas 2.2, 2.3 and 2.4, one can conclude
that Py, P_1, Po + P_1 ¢ 2D,,(Q) and hence 2 t v for m > 10. Thus, v is 1 for
m > 34. Finally for m < 33, using Magma function “Generators” (see [3]), we check
that {Py, P_1} can be extended to a basis. In principle, if we consider that R is
the regulator of the given basis and that R’ is the regulator of a set which consists
of Py, P_1 and an appropriate point of the given basis then we check the ratio R'/R
which is less than 4 and nonzero. This completes the proof of Theorem 1.4. (I
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4. CONCLUDING REMARK

Consider the elliptic curve E,, ,,: y?> = 23 — m?z + n?. In [8], Fujita and Nara
proved two results. First they took the curve E; , and proved that for n > 2 the
points (0,n), (—1,n) can be extended to a basis for E; ,(Q). Second, they proved
that for the curve E,, 1 the points (0, 1), (—m, 1), (—1,m) can be extended to a basis
for E,, 1(Q). Being inspired with their work, we studied similar properties for the
curve D,,(Q). Precisely we proved that the points (—m,m), (0,m) can be extended
to a basis for D,,,(Q) under some conditions on m, which are stated in Theorem 1.4.

Now if we consider the more general case Ey, ,: y* = 2° —m?+n?, where m and n
are not necessarily coprime and m # n, we can easily see that the points Py = (0,n)
and Py, = (£m,n) are integral points on E,, ,. For the curve E,, , we cannot
determine the rank of E,, ,(Q(m,n)) like we did for the curve y? = z3 — m%x + m?
in Theorem 1.1. Further, if m = n = 0 (mod 2) then various reduction types of E,, ,,
are possible. But if m = n = 0 (mod 3), then again it is not possible to decide the
reduction type of E,, , which essential to estimate the canonical local height. Thus,
it seems a new technique is required to study the Mordell-Weil basis for this general

case.
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