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Abstract. We study algebraic properties of two Toeplitz operators on the weighted
Bergman space on the unit disk with harmonic symbols. In particular the product property
and commutative property are discussed. Further we apply our results to solve a compact-
ness problem of the product of two Hankel operators on the weighted Bergman space on
the unit bidisk.
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1. INTRODUCTION

Let dA,(z) = (1+a)(1—|2]?)*dA(z), @ > —1 be the normalized weighted Lebesgue
area measure on the unit disk D. The weighted Bergman space A%(D,dA,) is the
space of all analytic functions on D which are square integrable with respect to dA,.

It is well known that the Bergman space A?(D,dA,) is a closed subspace of the
Hilbert space L?(D,dA,). Hence A%(D,dA,) is a Hilbert space with the inner prod-
uct inherited from L?(D,dA,). For a function f € A?(D,dA,), the norm of f is the
usual L2(D,dA,)-norm defined by

1/2
lan = { [ 1P}
Let f € L*(D). The Toeplitz operator Ty with symbol f,
Ty: A%(D,dA,) — A%*(D,dA,)
is defined as
(1.1) Tiu = Py(fu), ue A%(D,dA,),

DOI: 10.21136/CM.J.2020.0108-20 823

© Institute of Mathematics, Czech Academy of Sciences 2020.


http://dx.doi.org/10.21136/CMJ.2020.0108-20

where P,: L?(D,dA,) — A?(D,dA,) is the orthogonal projection. For a given
function f € L*°(D), clearly || T¢|| < || f|loo-

Brown and Halmos in [6] showed that for essentially bounded symbols f, g on the
unit circle T the product of two Hardy space Toeplitz operators 1T, = T, if and
only if either ¢ is analytic or f is co-analytic, and in this case h = fg. Here f is
analytic on T if all its negative Fourier coefficients vanish. Ahern and Cuckovié in [2]
proved an analogue for the unweighted (o = 0) Bergman space A%(D,dA).

After the initial work on the Hardy space on T and unweighted Bergman space
on D, it was natural to ask if the same result was true on the Bergman space on the
higher-dimensional polydisk D", n > 1. In particular Choe, Lee, Nam and Zheng
in [7] obtained an analogue of the above theorem on D", n > 1.

In this paper we extend the results of Ahern and Cuckovié¢ (see [2]) in a different
direction by introducing a weight to the measure. The a-Berezin transform plays an
important role in our main proof. Therefore, we define and list some properties of

the a-Berezin transform in the next section.

2. THE o-BEREZIN TRANSFORM

In general, if H is a Hilbert space of analytic functions on D with the property that
point-evaluation functionals are bounded, then by the Riesz representation theorem
the existence of the kernel function is guaranteed. Then for any bounded linear
operator T on H we can define the Berezin transform of T' denoted by T as follows.

(2.1) T(z) = (Tk.,k.), z€D,

where k, is the normalized kernel function in H. Now let H be the weighted Bergman
space A%(D,dA,). The Berezin transform of a function u € L'(D,dA,) is denoted
by B,u and defined by

(1 o)

(22) Bou(2) = [ w0 = 4440,

where
(1= |z)t+or?

b ) =

is the normalized kernel function in A%(D,dA,). It is known that the a-Berezin
transform is injective on L*(D,dA, ) and we state this result in the following lemma.
Interested reader may read in [12], Chapter 6.

Lemma 1. The «a-Berezin transform is one-to-one. That is if Bou = 0 for u €
LY(D,dA,), then u = 0.
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The Berezin transform plays an important role in our approach of solving product
properties of Toeplitz operetors. More specifically, some theorems on the range of
the Berezin transform are used in our proofs. The following theorem characterizes
all triples (u, f,g) such that Bu = fg, where B = By is the unweighted Berezin
transform. Also we denote the set of analytic functions on D by H (D) and

a—z

(2.3) val(z) € Aut(D),

:1—az

the Mobius group on D.

Theorem 2 ([1]). Let f,g € H(D) and assume they are nonconstant. If Bu = fg
for some v € L'(D), then there are nonconstant polynomials p and q with deg(pq) < 3
and a € D such that f =pop, and g = qo ¢, and

1 1
10 @a(2) = 122 + 272 + c32 + 47 + ¢5 + di In|z)? +d2; +d3%.

Later Cuckovi¢ and Li in [8] obtained an extension of Ahern’s result by considering
Bu = f1g1 + f2g2 with g2(2) = 2™, n > 1, where f1, f2 and g; are of the same type
as in the previous theorem. In 2010 Rao in [11] showed a more general version of
this result as follows.

n
Theorem 3 ([11]). If Bu = Y figr, where fi,gr € H(D), then there exist
k=1

finitely many points ay € D, 1 < k < n, such that

7 S E, Fy
u(z):h(z)+ZDkln|z—ak|+ = an) + CEEAE
k=1

where Dy, Ey, Fi, 1 < k < n are constants, many and even all of them could vanish,
and h € L'(D,dA) and is harmonic.

Recall that the Laplacian on the complex plane is,
82
020z

and we denote the invariant Laplacian by

A=A4

A=(1-|z*)?2A.
It is known that the invariant Laplacian commutes with the Berezin transform.

Lemma 4 ([2]). Ifu € C%(D) and u, Au € L*(D), then A(Bu) = B(Au).

The next theorem is very important for our main proof.
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Theorem 5 ([3]). If u € L}(D), then for a > —1,

AByu=4(a+1)(a+ 2)(Bat — Baj1u).

The following result has been known for a long time and yet we give a short proof.
Lemma 6. Suppose that o € N and u € C?*(D) and assume that
u, Au, A%u, ..., A% € L'(D).

Then

where

is a polynomial of degree «.

Proof. Theorem 5 tells us that

A
Bogiu = [I — m} Bau.

By applying this formula n times recursively we obtain

. A
Bajnu = kl;[l {1 B 4(k + a)(k + a+ 1)]Bau,

where n is a positive integer. Now by letting o = 0 we have B,u = Qn( )Bu, where

=TT )

and recall that B = By is the unweighted Berezin transform. Since « is an integer,
by replacing n by o we obtain Byu = Qa( )Bu. Now it remains to show that the
two operators Qa( ) and B commute. For simplicity consider A®[Bu]. Assume
u, Au, A%u, ..., A®u € L*(D). By applying Lemma 4 recursively we get

A%[Bu] = A* 'A[Bu] = A* 1 [B(Au)] = A*2[B(A%W)] ... = B(A%u),
and hence the result follows since (), is a polynomial and B is linear. (I
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Recall that if f is a bounded complex-valued harmonic function on D, then there
exist analytic functions fi, fo such that f = fi + fo. Here functions fi and f are
Bloch functions. Recall also that an analytic function f on D is said to be a Bloch
function if sup{(1 — |z|?)|f'(z)|: 2 € D} is finite. We denote the space of Bloch
functions on D by B. We know that B C AP(D,dA,) for all 1 < p < co.

The following theorem tells us an important property of Bloch functions which we
will use later.

Theorem 7 ([12]). If f is analytic in D and n > 2, then f € B if and only if the
function (1 — |z|?)" f(™)(z)) is bounded in D.

Remark 8. Using the above theorem we can show that for any functions
f,g € B, A*f(2)g(z) is bounded in D for all & € N.

The next proposition gives us a relationship between Toeplitz operators and the
a-Berezin transform and the proof directly follows by [2], where they showed it
for a = 0.

Proposition 9. Suppose that f = f1 + f2 and g = g1 + G2 are bounded harmonic
functions and f1, f2, g1, g2 are analytic functions on D. Let h € L>°(D). Then the
following are equivalent on A?(D,dA,), a > —1.

(1) TyT, = Tp.
(2) For all z € D,

F1(2)91(2) + J2(2)72(2) + f1(2)72(2) Ba(h = f291)(2).
(3) For all z,w € D,

h = f2()g1(¢)
(1 —(2)2t(1 — Cw)2te

F1(2)91(2) + T2 (@)52 (@) + f1(2)72() = /D dAa(0).

3. MAIN RESULTS

We now state our main theorem for the weighted Bergman space Toeplitz opera-
tors on D.

Theorem 10. Let o € N and f,g € L°°(D). Assume that f, g are harmonic in D.
Assume h € L*(D) N C**(D) and Ah,...,A%h € LY(D,dA,). Then T¢T, = Ty,
on A%(D,dA,) if and only if g is analytic or f is co-analytic. In either case h = fg.
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Proof. The sufficiency is clear. We will prove the necessity. Assume that
TtTy = T},. Proposition 9 tells us that

Bo(h = f291) = f192 + f1g1 + f292, Ba(h— f2g1) — f191 — f2cG2 = f192.

Since f1g1 and f2g- are harmonic and the Berezin transform fixes harmonic functions,
we have

Bo(h = f291 — fig1 — [292) = [1G2.
Hence
Bou = f172,
where w = h — f2g91 — f1g91 — f2g2. Now by Lemma 6 we have

BlQa(A)u] = f17o.

Note that AFy = Akp — &k(fggl). By the hypothesis of the theorem, AFh €
L'(D,dA,) and by Remark 8, A*(f2g1) is bounded in D for k = 1,..., . Hence we

have Q,(A)u € L*(D,dA,). Now by using Theorem 3 we conclude that
A 2 =2 — 2 1 1
Quo(A)u=c12°+ c2Z° + c3z + c4Z + ¢5 + di log 2| + dg; + dgg,

for some constants ci,...,c5,di,ds, and d3. But since h € C?*(D) we have

Qo(A)u € C(D) and hence we must have di = do = d3 = 0. But then

Qa(ﬁ)u =122+ 27 + 32+ caZ + cs,

and therefore Q(A)u is a harmonic function. So

BlQa(A)u] = Qu(A)u.

Now we have Q(A)u = f1g2 and hence f17 is harmonic. This implies that either f;
or g is a constant and therefore f is co-analytic or g is analytic. O

Further we have the following corollaries to the above theorem that are analogous
to the unweighted case. We leave the proof for the interested reader.

Corollary 11. Let f,g € L>(D), h € L>=(D) N C?*(D) and assume that f, g
and h are harmonic. Suppose TyT, = Ty, on A*(D,dA,), a € N. Then one of the
following holds.

(i) f and g are analytic;
(if) f and g are co-analytic;
(iii) f is a constant;

(iv) g is a constant.
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Corollary 12. Let f,g,€ L*°(D) and assume that they are harmonic. Suppose
TsT, =0 on A*(D,dA,), o € N. Then either f =0 or g = 0.

Corollary 13. Let f,g,€ L°°(D) and assume that they are harmonic. Suppose
TyT, =Ty on A%(D,dA,), o € N. Then either f is co-analytic or g is analytic.
The following proposition is a generalization of Proposition 9 and we omit the

proof since it is very similar to that of Proposition 9.

Proposition 14. Suppose that for k = 1,...,n, functions fr = fr1 + fr2 and
gk = gk, + Jr,2 are bounded harmonic functions, fi1, fr.2, 9k1, gk2 are analytic
functions and h € L>°(D). Then the following are equivalent on A?(D,dA,), a > —1.

(1) ZTfk T = Th-
()Fora]]zEID

me 2)gr1(2) + Fr2(2)Gx,2(2) + fr1(2)gr,2(2) < Z 2) gk (2 )
k=1

k=1

(3) For all z,w € D,

> (frea(2)gk1(2) + Fr2(@)Fn2(T) + fr1(2)Fn.2(T))

=1
- h— 0y [2()g1(¢)
B /[D (1 —Cz)2+e(1 — Cw)2te dAa(Q).

Next we state another result. Note that unlike in Theorem 10 here we need the
function h to be in C?*+2(D).

Theorem 15. Suppose fi, gk, k = 1,...n are bounded harmonic functions on D
and h is a bounded C***2(D) function with Ah,...,A*"h € L1(D,dA,). Assume
that > Ty, Ty, =Ty, then h = > frgy and > fi 1G; o = 0.

k=1 k=1 k=1

n
Proof. Assume that > Ty, T, = Th, then by using Proposition 14 we get
k=1

n

Z(fklgk1+fk2gk2+fklgk2 ( kazgm)

k=1
Since the Berezin transform reproduces harmonic functions we have
n
Z Jr1(2)gr2 = (h - Z fr2gk1 + fr,19x,1 + fk,2§k,2) .
k=1
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Hence we have

n
(3.1) Baw =Y fi1Tk.2,
k=1

where u = h — > (fr.29k1 + fe.19k1 + fr20k2), and @ € N. Then by Lemma 6 we
have k=1

B[Qa(A)u] = Z Tk 2-
k=1

Now by Rao (see [11]) we conclude that Qq(A)u must be of the form

N -~ Es F,
h(z) + DyInlz —ap| + + —
() g; klnfz = al (z—ay) | (Z—an)
for some constants Dy, Fi, and Fj, k = 1,...,n. But our function Qa(ﬁ)u is

continuous. Hence we conclude that Qu(A)u = h and hence Qq(A)u is harmonic.

So B[Qa(ﬁ)u] = Qa(A)u = > fr.1Jk,2 is harmonic. Therefore we have
=1

A[Bau] = £<Z fk,1§k,2) =0.
k=1

Hence ) fi 17} = 0. On the other hand, A[Byu] = By[Au] = 0. By Lemma 1 we
k=1

have Au = 0. Hence w is harmonic. Therefore by (3.1) we get

n

n
Bou=u= Z feagka =h— Z(?k,QQk,l + fr19k1 + frodk2)-
k=1 k=1

That is,

n

h= Z(ﬁ,zgm + feagra1 + fr20k2 + feigri) = Z Frg-
=1 =1

O

Now we turn to commuting properties. There is an extensive literature on commut-
ing Toeplitz operators on various Hilbert spaces. In particular Brown and Halmos
in [6] obtained the necessary and sufficient conditions on the symbols f and ¢ in
order that Ty and T,; commute. Motivated by their results on the Hardy space, later
in 1991 Axler and Cuckovi¢ in [4] showed an analogue on the Bergman space on D
as follows.
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Theorem 16 ([4]). Let f,g € L*°(D) and assume that they are harmonic. Then
TyT, = T,Ts on A*(D,dA) if and only if one of the following is true.

(i) f and g are both analytic.
(ii) f and g are both co-analytic.
(iii) There exist a,b € C, not both zero, such that af + bg is a constant.

A general version of the above theorem can be found in [12]. Later Cuckovié and
Rao in [9] showed that if a Toeplitz operator with a radial symbol commutes with
another Toeplitz operator, then the symbol of the second Toeplitz operator must
also be a radial function. Furthermore, Axler, Cuckovi¢ and Rao in [5] proved the
following theorem for general domains.

Theorem 17 ([5]). Let Q be any bounded open domain in C. Let f be a noncon-
stant bounded analytic function on Q and assume that TyT, = T,T; on A*(Q,dA).
Then g is analytic.

As a direct consequence of Theorem 15, we show the following result. Let [Ty, T,] =
TtTy — T4Tt denote the commutator of two Toeplitz operators Ty and Tj,.

Corollary 18. Let o € N. Suppose that fi, = fi1 + 7]@72 and gr, = grk,1 + Jk,2
are bounded harmonic functions and fy 1, fr,2, 9k,1, gk,2 are analytic functions. Let
h € L>°(D) N C?***2(D). Assume Ah,...,A°"th e L}(D,dA,) and

Z[Tfk’Tgk] =T,
k=1

on A%(D,dA,). Then h = 0.

4. COMPACTNESS OF THE PRODUCT OF HANKEL OPERATORS ON THE BIDISK

After proving our main result in the preceding section, now we are ready to ob-
tain a necessary condition for the product of two Hankel operators H;jH, to be
compact on the weighted Bergman space on the bidisk D?, where ¢, 1 are bounded
pluriharmonic functions on D?.

Let dVas(z,w) = (1+a)(1+ B)(1 = [2[*)*(1 — [w|*)?dA(2)dA(w) be the nor-
malized weighted Lebesgue volume measure on D? and «, 3 > —1. The Bergman
space A2(D?,dV, ) is the space of analytic, square integrable functions with respect
to dVq .

For a bounded symbol ¢ on D?, the Hankel operator

Hy: A%(D?,dV,p) — A%(D?,dVa,5)*
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is defined by
Hof = (I = P)(¢f), fe€A*(D? dVas).

Here P: L*(D? dV, g) — A?(D?,dV, ) is the orthogonal projection.

Cuckovié¢ and Sahutoglu in [10] studied how the boundary behavior of the sym-
bols ¢, 1 interacts with the compactness of the product of Hankel operators H. ¥
More precisely, they obtained the following result.

Let ¢; € OD. We define D¢; = {(21,...,2n): 2z; = C and |z| < 1 for all k& # j}.

Theorem 19 ([10]). Let D™ be the polydisk in C" and take the symbols
¢, € C(D") such that ¢ and 1 are pluriharmonic on any (n — 1)-dimensional
polydisk in the boundary of D". Then H,,H is compact on A%(D",dA) if and only
if for every 1 < j,k < n such that j # k and any (n — 1)-dimensional polydisk D¢,,
orthogonal to the zj-axis in the boundary of D", either ¢ or v is analytic in z
on ch.

Motivated by the above theorem we were interested in an analogous result in the
weighted Bergman space A?(D?,dV, ). We proved the following theorem.

Theorem 20. Let o, € N and let ¢, € C(@Q) such that ¢ o f and ¥ o f
are harmonic for all analytic functions f: D — 0D?. Assume HJ,H, is compact on
A%(D?,dV, ). Then either @ o f or o f is analytic for all such f.

Proof. Assume that HjHy is compact on A%(D?,dV, ). Let p € dD. Now we
define functions ¢,, ¥, as

(4.1) op(z,w) = (2, w) — (z,p)
and
(4.2) Yp(z,w) = Y(z,w) —Y(z,p).

We denote the disks in the boundary of D? as follows.
D,(w) ={(z,w): weDb,|z| =1} and Dy(z)={(z,w): z€ D, |w| =1}.

To prove inequality (4.5), let us choose a sequence of complex numbers (p;); C D
such that p; % p and let us fix a function F € A%(D,dA,(z)) such that

(4.3) 1 L2(p,aa,) < 1.
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Now define a sequence of functions f;(z,w) = F(z)k‘fj (w), where k'gj (w) is the
normalized weighted Bergman kernel at p;. Then we also have

(4'4) ||fj||L2(D2,dVa,ﬁ) <L
First we will show that for a given € > 0,
(4.5) [Hep, (fi)lL202,ave o) + [ Hy, (fi)llL202,av, 5) <€

for large j. Let € > 0 and let S, = {w € D: |w — p| < §}, where J is defined below
and D = D\ S,. Then we have

Iopillizeav = [ ootz )Pl o) Vs

= [ el 0P v,
X9,

p

+ / lp(zw) P (2 w) 2 dVa
DxD

<(sup|gapzw /|szw|dVa5

Dx S,

+ (sl ) [ 1wl Vs
Ik DxD
Therefore we have

lepfillL2(p2,av, 4) < ([Dfug |<Pp(zaw)|2)||fj||2L2(uz>2,de)
Xop
+ (wplaptz ) [ IR [ S P 0w
sl wl) ) 5 L= pul7%

< (sup lep(zw)?) 15113202 ave

X Sp

su zZ,w w).
6210 PplZ2, 12(D,dAq) 5 |1 — pyw[it2s 8

Since @, (z,w) € C’(EQ) and ¢, (z,p) = 0, we can choose § = §(¢) > 0 such that

€
sup |pp(z,w)* < T
Dx Sy,

Now we choose J(§) large enough so that

D |1 _ﬁjw|4+2ﬁ 4(Supﬁ|¢,p(z7w)|2+1)
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forall j > J(6). Hence using equations (4.3) and (4.4) we get ||, fjl L2 (p2,av, ») < ie
and similarly [|¢, fj||2(p2,av, ) < %s. Hence

lopfillL2@2,avi ) + 1VpfillL2@2,aa, 5) <€ forall j > j(0).

Therefore

(4.6) [He, (fi)ll202,ava 5) + 1 Hy, (fi)l2202,av., )
= (1 = P)ppfillLzz,ava 5) + 1(1 = P)p fill L2(p2,av, )
<1 =Pl lepfillLez.av, 5) + 11 = Pl [¥pfillLz@2,av. 5)
<e forall j > j(0).

Let us denote p1(2) = ¢(z,p) and Y1 (2) = ¢(z,p). Then by equations (4.1) and (4.2)
we have

p1(2) = (2, w0) — pp(z,w)
and

¥1(2) = P(z,w) = Pp(z, w).

Hence we have,

(4.7) {He (f3), Hy, (fi))] = [(Ho = Hy, )(f5), (Hy — Hy, )(f5))]
< KHGH(f5), £i)l + | Ho il [ Hy, £
+ 1 He, f5 1l 1 Hy fill + 1 He,, f51 | Ha, S]]

weak

By assumption HJ H,, is compact and f; — 0, so

(4.8) [(HyHo(f5), f5)] = 0.

Since both ¢ and ¢ are bounded, H, and Hy are also bounded. Hence using in-
equality (4.6) we have

(4.9) [ Ho fill | Hy, f5]l < 0
and
(4.10) | Hoy 5]l | Hy, £]] = 0.
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Again using equation (4.6) we have

(4.11) 1Hy, £ill [ Hy, f3]l = 0.

Now using (4.7), (4.8), (4.9), (4.10) and (4.11) we conclude that
(4.12) [(Hoy (£3), Hy ()] 2 0.

But here

(4.13)  He, (f5)(z,w) = (I = P)(¢1[j)(z,0)

D

Now using the fact that ||k5j ||2L2(D d4,) = 1 and by equation (4.13) we get
<H<P1 (fj)a Hy, (f])> = <H<P1 (F), Hy, (F)>||k;:i ||2L2([D),dA,3) = <H<P1 (£), Hy, (£)).
Therefore the compactness of H,, Hy implies that
(Hy, (F),Hy, (F)) =0 forall F € A*(D,dA,).

Hence
(Hp kS, Hy kS) =0, ze€D.

Now let p1 = f1 + f2 and 91 = g1 + ga, where fi1, f2,91,92 € H(D). Then

(4'14) 0= <H<P1k?7 lek?> = <H§2k?7 Hf2k§> - <H%2H§2 k2, k?>
= <(Tf2§2 - Tf2T§2)k?7 kg>

Hence we have

(4.15) (Tpg. ke kS) = (Ty, Ty, kS, k),

Ba(f232)(2) = 92(2) (T, k2, k2) = G2(2) f2(2)kZ (2),
Ba(f272)(2) = (f292)(2).
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So using Lemma 6, equation (4.15) can be written as

B[Qa(ﬁ)(h%)] = f27o.

Now as proved in Theorem 10 we conclude that fs or g, is a constant. Hence ¢y

or 91 is analytic in z and hence ¢|p, (») or ¥|p, (- is analytic in z. O

5. FINAL REMARKS

Our main result, Theorem 10, is valid only when « is a positive integer. And

also this theorem is proved on D. We would like to ask the following two questions.

Firstly, is Theorem 10 true for any a@ > —17 Secondly, is Theorem 10 true on the

polydisk, at least when « is a positive integer?
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