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GENERALIZED FOCK-BARGMANN-HARTOGS DOMAINS
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Abstract. We study a class of typical Hartogs domains which is called a generalized Fock-
Bargmann-Hartogs domain thm(,u). The generalized Fock-Bargmann-Hartogs domain is

s m

defined by inequality e*/*l > |wj|2p < 1, where (z,w) € C" x C™. In this paper, we
Jj=1

will establish a rigidity of its holomorphic automorphism group. Our results imply that

a holomorphic self-mapping of the generalized Fock-Bargmann-Hartogs domain Dg}m(,u)

m 2
becomes a holomorphic automorphism if and only if it keeps the function |wj|2p erlI=ll
invariant. J=1

Keywords: generalized Fock-Bargmann-Hartogs domain; holomorphic automorphism
group
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1. INTRODUCTION

Let 2 be a domain of C™ and let Aut(€2) be the set of all of the biholomorphic
self-mappings of Q. Obviously, Aut(Q2) forms a group under the composition law.
We call Aut(Q2) the holomorphic automorphism group of €.

In one complex variable, the only case of the holomorphic automorphism group
we need to study is the unit disk by the well-known Riemann mapping theorem.
However, the classical Riemann mapping theorem is no longer valid for higher di-
mensional cases, which leads to more complicated discussions on determining the
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holomorphic automorphism group of 2 in C™. Although there are many difficulties
in studying automorphism groups of domains in C™, great progress has been made in
this field. In fact, the automorphism groups of various bounded domains had been
deeply investigated in the past twenty years. In 1997, Dini-Primicerio in [4] gave the
explicit form for the automorphism group of complex ellipsoid. Later on, Ahn-Byun-
Park in [1] studied the automorphism group of a class Hartogs type domains over
classical symmetric domains, namely Cartan-Hartogs domain. For more references,
please refer to Ishi-Kai, see [5], Kodama, see [7], Tu, see [8] and references therein.
However, there are still a lot of automorphism groups of domains in C" (whether
bounded or not) that are undetermined. So it is interesting to determine the auto-
morphism groups of various domain explicitly or give the equivalent descriptions for
the holomorphic automorphism group.

We notice that both complex ellipsoid and Cartan-Hartogs domain can be regarded
as Hartogs domains. In general, Hartogs domains are nonhomogeneous domains, but
many properties are similar to the homogeneous domains. Hence, it is much more
convenient to discuss the automorphism group of Hartogs domains. Another typical
example of Hartogs domains is called Fock-Bargmann-Hartogs domains which has
been studied by researchers from the perspective of geometry and analysis.

For a given positive real number p > 0, the Fock-Bargmann-Hartogs domain
D, (1) is defined by

Dym(p) = {(z,w) €C" x C™: ||lw|? < e ="} (1> 0),

where ||-|| is the standard Hermitian norm. Obviously, the Fock-Bargmann-Hartogs
domains D,, ., (u) are strongly pseudoconvex domains in C"*™ with smooth real-
analytic boundary. Moreover, each Fock-Bargmann-Hartogs domain D, ,, () is an
unbounded nonhyperbolic domain in the sense of Kobayashi in C™ x C™.

By verifying that the Bergman kernel ensures revised Cartan’s theorem, Kim-Ninh-
Yamamori in [6] determined the automorphism group of Fock-Bargmann-Hartogs do-
mains. In 2015, Tu-Wang in [9] studied the rigidity of proper holomorphic mappings
between two equidimensional Fock-Bargmann-Hartogs domains and proved that any
proper holomorphic self-mapping on the Fock-Bargmann-Hartogs domain D, ,, (1)
with m > 2 must be an automorphism. In 2016, Bi-Feng-Tu in [2] proved the exis-
tence of balanced metric on the Fock-Bargmann-Hartogs domains.

In this paper, we will consider a class of more widely Hartogs domain called
generalized Fock-Bargmann-Hartogs domains which is defined by

Dt (1) = {(z,w) EC X C™: ) |wy|* < e“”Z”2} (>0, peN*.
j=1

374



Obviously, each generalized Fock-Bargmann-Hartogs domain ng(u) is also an
unbounded nonhyperbolic domain. In general, a generalized Fock-Bargmann-Hartogs
domain is not a strongly pseudoconvex domain. When p = 1, this domain degener-
ates into Fock-Bargmann-Hartogs domain. Hence, this can be regarded as a natural
generalization.

Recently, Bi-Tu in [3] has established the rigidity of the proper holomorphic
mappings between two equidimensional generalized Fock-Bargmann-Hartogs do-
mains and determined the holomorphic automorphism group of the generalized
Fock-Bargmann-Hartogs domain. Inspired by this, in our paper we will give an
equivalent description for the holomorphic automorphism group of the generalized
Fock-Bargmann-Hartogs domain. More precisely, our main result is as follows.

Theorem 1.1. Forp € NV, let F' be a holomorphic self-mapping of the generalized
Fock-Bargmann-Hartogs domains D}, ,, (). Then F is an automorphism of D}, (1)
if and only if F' keeps the function

m
L 2 2
L(z,w) =¢! Izl Z lw;| ", (z,w) € Dg,m(ﬂ)
i=1

invariant.

Therefore we easily have the following results.

Corollary 1.2. Let F' be a holomorphic self~mapping of Fock-Bargmann-Hartogs
domains D, (). Then F' is an automorphism of Dy, y, (1) if and only if F' keeps
the function

L(zw) = 0l (2,0) € Dum(n)

invariant.

Remark 1.3. We remark that our results are not trivial. For example, when
p = 0and m = 1, the generalized Fock-Bargmann-Hartogs domain D}, () and the
function L(z,w) in Theorem 1.1 reduce to the domain D and the function M(z,w)

given by
D={(z,w) eC"xC: |w| <1} and M(z,w)=|w*, (z,w)eD.
Hence, if we consider, for instance, a holomorphic mapping F': D — C"*! defined by

2w—1
T2 —w

F(z,w)= (2 , (z,w) €D,
(=3=2)

then F induces a holomorphic automorphism of D, while it is obvious that
M(F(z,w)) # M(z,w) on D.
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2. PRELIMINARIES
In order to prove our results, we firstly give some lemmas.

Lemma 2.1. Forp > 0andp # 1let f: D}, (1) — D} ., (1) be a biholomorphic
mapping with f(0) = 0. Then we have f(z,w) = (zA,wU). Here A € U(n), 0; € R,
o € Sy, is a permutation (1 < j < m) and
04

wU = (wa(l), NN ,wg(m))

oifm

Proof. Thisis a direct result of Corollary 1.5 in [3]. O

Lemma 2.2 (Bi-Tu [3]). Let p > 0 and p # 1. The automorphism group
Aut(D}, (1)) is generated by the following mappings:

va: (z,w) = (z4,w),
vp: (z,w) — (z,wl),
oui (2,w) = (2 + v, we20z0)=ullvll*)/2p),
where v € C", A € U(n), o € S, Is a permutation and
eiél

wU = (wg(l), cen ,w[,(m))

oifm

Lemma 2.3. For p, N € NT andp > 1, let o = (a1,...,03), 8= (B1,---,5Bm)
be tuples of nonnegative integers. For z € C", w € C™, set

Pn(z) = Z doz®, Qn(z,w) = Z eaﬁzawﬁ,

laj=N | +|8]=N
|| >1,]8]>1
Ry(z,w) = Z fapz®w?,
la|+[B|=N
le|>1,|821

where d,, and e,g are n-dimensional row vectors, fog is an m-dimensional row vector,

n
la| = > «;. Assume that A is an invertible matrix of order n, (-,-) denotes the
j=1
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standard Hermitian inner product on C" or C™, Py j, QN ; and Ry j denote the jth
component of Py, Qn and Ry, respectively.

() If
(2.1) Zp|wj|2(p_1)2 Re(w; Ra,j(z,w)) =0
j=1
and
(2.2) 3 plwi PPV (2 Re(@j Rs (2, w)) + |Raj(2,w) )
j=1
m p B o
2. (2) ;772 (2 Re(@j Rz, (=,w)))?
j=1
i wilPl2AIP — (12l = o,
j=1
then

Ry(z,w) =0, Rs(zw)=0, |z|*=|z4]>

(if) Suppose that N > 4 and

(2.3) > plw; P V2 Re(@; Ry j (2, w))
j=1
+ 1) |wilP2Re(zA, Py_a(2) + Qn—2(z,w)) = 0.
j=1
Then

Ry(z,w) =0, Pn_2(2)=0, Qn_2(z,w)=0.

n
Proof. Let zA= ) Ejz, where {Fy: 1 <k < n} is the bases of C".
k=1

(i) For any arbitrarily fixed w, let us put

m

g(z) = Z wﬁ-’_lwﬁRN,j(z, w).

j=1
If

Zp|wj|2(p71)2 Re(w; RN j(z,w)) =0,
j=1
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then

Accordingly we obtain that
—1 _
wa W RN j(2,w) =0
j=1

for all z € C™ and all w € C™. Thus, by applying the differential operators 0 /0w;?
(1 < j < m) to both sides of the above equation, it follows that

w?ilRN,j(z,w) =0, 1<j<m,
which implies
Ry j(z,w)=0, 1<j<m.

Hence
Ry (z,w) =0.

In particular, we conclude by (2.1) that Ra(z,w) = 0.
Since Ry(z,w) = 0, then (2.2) can be rewritten as

(2.4) ip|wj|2(p71)2 Re <w_]< Z f(ygzawﬁ> )
J

i=1 | +15]=3
| >1,]5/>1

+ oy lw (Al = )12)%) = 0.

j=1
Take z, Z as independent variables. Since the sets {z%,2%: 1 < |a| < 2} and
{#ziZ;: 1 <14, j < n} are disjoint, we have
m
Zp|wj|2(p_1)2 Re(wjR3, j(z,w)) =0
j=1
and

(2.5) [ERE

by (2.4).
By formula (2.5), we can see that A is an n-dimensional unitary matrix. Similarly
to the above discussion, we can get

R3(z,w) = 0.
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(ii) It is easy to show
m
> plw; PP V2 Re(@; Ry (2, w)

j=1
m
= Zple|2(p_1)2Re (w_]< Z fapz®w ))
Jj=1 J

la|+|B|=N
la|>1,|8>1

and

2 Z ;| Re(zA, Py_a(2) + Qn_2(z,w))
=1

=D Wil >0 > (B da)zz® + (da, Ex)ZR2}

j=1 1<k<n |a|=N—2

+Z|Wﬂ|2p > Y {{Br eap)zztwh + (eap, Br)z"wlzE}.
1<k<n |l +]]=N -2
la|>1,|8|>1

Think of z, Z as independent variables and w, w as constants. The sets {z*,2%: 1 <
o] < N =1}, {z2%,Z2%: 1 < k< n,|a] =N -2} and {229, Zx2%: 1 <k <n
1< |a| N — 3} are pairwise d1s301nt By (2. 3) we have

)

(2.6) pr(p (2Re(@; Ry ;(z,w))) =0,

(2.7) <Ek,da>_0 (1<k<n, |aj]=N-2)

and

(2.8) > (Breap)® =0 (1<k<n, 1<|o] <N -1).
|B]=N—2—|a|

Therefore (2.6) implies
Ry(z,w) =0.

Since {Ex: 1 < k < n} is a basis of C", we must have
do =0= PNfg(Z) =0

by (2.7).
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Formula (2.8) yields that
<Ek, eag> =0.
It follows that
eap =0= Qn_2(z,w) =0.

The proof is finished. O

3. PROOF OF THE MAIN THEOREM

Proof. Firstly, by Lemma 2.2 and Theorem 10 in [6], it is not hard to check
that F' keeps the function L(z,w) invariant if F' is an automorphism of generalized
Fock-Bargmann-Hartogs domain.

Secondly, we will prove that the converse also holds. In this part, our proof is
divided into four steps.

Step 1. Let

F(z,w) = (Fi(z,w), Fa(z,w))
= (F11(zw), ..., Fip(z,w), Fa1(z,w), ..., Fom(z,w)).

m
. . 2 2 . .
Since F keeps the function e#lI?I” 3™ |w,|*" invariant, we have
i=1

m
S|y (2, 0) P PG — g,
j=1

Therefore

m
Y 1Fay(z,0)" = 0.
j=1

Then we can see that Fy(z,0) = 0. It follows that F'(0,0) = (v,0). Consider
a biholomorphic self-mapping of D} (1) which is defined by

Gz, w) = (2 +v,e =0 /p=ullvl?/2p,y)

Then G(z,w) maps (0,0) to (v,0).
In fact, by Lemma 2.2, we know that G is an automorphism of D} . (u). Let

m
H =G~ o F. Then we obtain that H keeps the function Y |w;|2Pet!l2I” invariant

and H(0,0) = (0,0). =t
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Let H(0,w) = (h1(w), he(w)), in which

hi(w) =wV + Zfi(w), ha(w) = wU + Zgi(w),

i>2 i>2

where f;(w) and g;(w) are homogeneous polynomial mappings of degree i. For any
(0,w) € Db, (1) we get

m
> lwi? < 1.
j=1

For any ¢ € [0,1] we can see

m
Dt =P
Jj=1 J

m

w77 < s P < 1.
1 j=1

Hence we conclude (0,tw) € D}, (u) for all t € [0, 1].
m
Since H keeps the function el#lI* 3 |w;|?” invariant, we have

j=1

(3.1) Z |(hQ(tw))j|2;Deu||h1(tW)H2 — Z |(tw)j|2;0.

Jj=1
Substituting h;(tw) and hg(tw) into (3.1), we obtain

2p

m
%4 ; i 2 2
otlltwV 43,55 fi(tw)|? _ Z |(tw)j| P,
j=1

Then we have

m 2p m
Z <WU + Ztilgi(w)) eHHth'i‘Zi;z fi(tw)I? _ Z |wj|2p.
j=1 i>2 J j=1
Taking t — 07, we get
2 2
(32) DU, = |
j=1 j=1

Hence, the correspondence w — wU gives rise to a holomorphic automorphism
of complex ellipsoid {w e Cm: i lw|?P < 1} and the self-mapping ® of C"* x C™
defined by =1

O(z,w) = (z,wU), (z,w)eC"xC™,
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induces a holomorphic automorphism of D%m(u) by Lemma 2.1. Therefore, taking
the composite mapping H o ®~! if necessary, we may assume that

HOw) = (¥ + X )+ Y o)),

i>2 i>2

where f;(w) and g;(w) are homogeneous polynomial mappings of degree i.
On the other hand, ho(w) induces a holomorphic mapping on a bounded domain
m
{w €Cm: Y |wil? < 1} satisfying ha(0) = 0 and h5(0) = I, where hf is the

Jj=1
derivative of ho and I is the identity matrix. Hence, by Cartan lemma, we must

have ho(w) = w.
Consider (0,w) € D}, (1), then H(0,w) = (h1(w),w). Since H keeps the function

m
Z |w; 2P enllz #I” invariant, it follows that

¢ 2p 4 2 . 2
(33) Dl et = 3 "oy 2P,
=1

j=1

Therefore by (3.3), we must have e#I"1)I* = 1 which implies that h;(w) = 0.
Let H(z,w) = (Hi(z,w), H2(#,w)). Then we have H(0,0) = (0,0), H2(z,0) =0
and H(0,w) = (0,w) by the above discussions. Therefore we obtain

(z,w —zA—l—Z 2) 4+ Qi(z,w)), Hg(z,w)zw—i—ZRi(z,w),

i>2 i>2

where P;, (); and R; are homogeneous polynomial mappings of degree j, which are
given by Lemma 2.3.

m
Step 2. Let (z,w) € D% (1), which means |wj|2p < e~ #I=” It is not hard to
j=1
see that

(tz,tw) € DY (1) Vtel0,1].

Since H(tz,tw) = (Hy(tz,tw), Ha(tz,tw)) and H keeps the function

m
Z |o‘)j|2peu||2|l2
j=1

invariant, it follows

m
3 I(Ho(tz, tw)), [Perl =l Z oy [Pert=17,
j=1
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which means

m 2p
Zj:l |(H2(tz’t°"))j| _ ep,||tz|\27/J,||H1(tz,tw)|\2.

(3.4)
Z;n:1 |twj|2p

Substituting H; (tz, tw) and Ha(tz,tw) into (3.4), we obtain that for all ¢ € [0, 1]

m (¢ L Ri(tz, tw)) |
S |t + 35, Rtz w))ﬂ — ol —ulltz A+ oo (Pi(t2)+Qu(t2,tw)) 1

(3.5) .
E;nﬂ |tw;| ™

Therefore we get

Z;'n=1 ‘wj + (2192 ti_lRi(va))j‘zp
Z;n:1 |Wj|2p

— M=l =24+, NP2+ Qi)

(3.6)

For the sake of simplicity, we write

gt o) = (D Rew) (1<) <m)

i>2 J

One can prove that
Hs j(t,z,w) =t(Ra j(z,w) + tR3;(z,w) + O(t?)).

Then by (3.6) we obtain

m ) ; 2p )
(3.7) 2=t Wi 4 B (6 2, )T oAy L 6 (P4 Q)P

2
E;n:1 jw; |

It follows

m 2 S 2P
S lws” + 2 Re(@j Ha 4 (t, 2,w)) + | Ha,j (t, 2, w)[°|
2
Z;nzl Jw;| P

— PP =12AT 5 £ (Pi(2)+Qi (2 )P

(3.8)

Let Tj(t, z,w) = 2Re(wjHa ;(t, z,w)) + |Ha j(t, z,w)|*. Then one can see that

T;(t, z,w) = t(2Re(wW; Ry ;(2,w)) + t(2 Re(Wj R3 (2, w)) + |Ra,; (2, w)|2) + 0(t2)).
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Owing to (3.8), we have

m p—1 (p W‘2k _ W p—k
39) I (HZj—le-o (0) ey (T8, 2, 0)) >

2
Z;'n:1 |w;| ™

— ut? <|z||2 - HzA +3 # N (B() + Qi(z,w))H2>.
i>2

Direct computations imply that

m -1 2k —k
2m1 2o (lws |7 (T2, 2, w))”
, 2
E;n:1 |ws| P

=1+ tA(z,w) + *(B(z,w) + O(z,w)) + o(t?),

(3.10) 1+

where st)
A(z,w) = i plws| T 2 Re(@) Ra (2, w))
’ E;nzl |Wj|2p ’
By = Do Pl QRO Ry () + 1R o))
, Zyll |Wj|2p
Sy ()PP 2 Re(@ Ra 5(2,w)))”
C(z,w) = =2 S .

Z;nzl |Wj|2p
Hence we get

In(1 + tA(z,w) + t*(B(z,w) + C(z,w)) + o(t?))
— (17 -

)\

Dividing the two sides of the above equation by t? and taking t — 0%, we obtain

ZA+ D HTHP(2) + Qilz,w))

i>2

m
Zp|wj|2(p_1)2 Re(w; R, (z,w)) =0
j=1

and
S plws PPV (2 Re(@5Rs,5 (2, w)) + [ R, (2,w)[)
j=1

m f B - m
£ 2 (B) s @ Rel@s e+ 3 LT = %) = .
j=1

J=1
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By Lemma 2.3, we have
(311) RQ(va) =0, R?,(Z,OJ) =0, ”ZH2 = ||ZAH2

Since ||z||> = ||zA||*, we get that A is a unitary matrix of order n.

Step 3. Now we would like to prove that P;,_s(z) = 0, Q;—2(z,w) = 0 and
Ri(z,w) = 0 for all (z,w) € D} (p) and all i > 3. To this end, assuming not,
we define a positive integer IV by

(3.12) N :=min{i: (P—2(2), Qi—2(z,w), Ri(z,w)) # (0,0,0)}.
From (3.11) we know N > 4. Using (3.4) again, we obtain

i wi + (s tiilRi('sz))jFp

2
E;’;l Jw; ™

— ort? Izl —plltz A+ v o (Pi(t2)+Qi(t2,tw))]|1*

(3.13)

Let

Hj (t,2,w) = <Z tilRi(z,w)> ,

i>N j
_ 2
Tj(t, z,w) = 2Re(@jH, | (t, z,w)) + |Hj ;(t, z,w)[".
By (3.13) we have

(3.14)

m p—1 (p w42k "t 5w p—k
In <1+Zj—1 Ekzo (k)l J| (Tj(ta ) )) )

2
Z;n:1 Jw; [

= w?elf — plrzd+ Y (P2) + Qi(tz,tw))HQ.

i>N—2

Equation (3.14) yields that

(3.15) In <1 + LS plwg PPV 2 Re(@f Riv (2, w)) + O(tN‘l))

2
Z;'n:1 ;|

= —utN 12 Re(zA, Pn_2(2) + Qn—2(z,w)) + o(tN_l).

Dividing the two sides of equation (3.15) by t¥~! and taking t — 0%, we get

> plw; PP TV2 Re(@; Ry (2, w))
j=1

+1>  |wiP2Re(24, Py_a(2) + Qn—a(z,w)) = 0.

Jj=1
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From Lemma 2.3 we have Ry (z,w) =0, Pnv_2(2) =0, @n_2(z,w) = 0. This is also
a contradiction with (3.12).

Step 4. From Steps 1, 2 and 3, we get G~ o F(z2,w) = H(z,w) = (24,wU), where
U € U(m). Then by Lemma 2.2 and Theorem 10 in [6], we conclude that H is an
automorphism of D} , (11). Therefore

Flz,w) = (2A + v, wle~ W6z /p=(nlol) /29

The proof is completed. O
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