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Abstract. We study Hom-Lie superalgebras of Heisenberg type. For 3-dimensional
Heisenberg Hom-Lie superalgebras we describe their Hom-Lie super structures, compute
the cohomology spaces and characterize their infinitesimal deformations.
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1. INTRODUCTION

In recent years, Hom-Lie algebras and other Hom-algebras are widely studied, mo-
tivated initially by instances appeared in Physics literature when looking for quantum
deformations of some algebras of vector fields. Hom-Lie superalgebras, as a general-
ization of Hom-Lie algebras, are introduced in [3], [4]. Furthermore, the cohomology
and deformation theories of Hom-algebras are studied in [1], [2], [6], [9] and so on,
while the two theories of Hom-Lie superalgebras can be seen in [4], [5].

We will follow [7], [8] to define Heisenberg Hom-Lie superalgebras, which are a spe-
cial case of 2-step nilpotent Hom-Lie superalgebras. The main idea of this paper is
to characterize the infinitesimal deformations of Heisenberg Hom-Lie superalgebras
using cohomology.

The paper proceeds as follows. In Section 2, we recall the definitions of Hom-Lie
superalgebras. Section 3 is dedicated to introduce Heisenberg Hom-Lie superalgebras
and classify three-dimensional Heisenberg Hom-Lie superalgebras. In Section 4, we
review the cohomology theory and give the 2nd cohomology spaces of Heisenberg
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Hom-Lie superalgebras of dimension three. In the last section, we characterize all the
infinitesimal deformations of three-dimensional Heisenberg Hom-Lie superalgebras
using cohomology.

2. PRELIMINARIES

Let V be a vector superspace over a field F, that is, a Zs-graded vector space
with a direct sum decomposition V' = V5 @ Vi. The elements of V;, j = 0,1, are
called homogeneous of parity j. The parity of homogenous element x is denoted
by |z|. Moreover, the superspace End(V) has a natural direct sum decomposition
End(V) = End(V)g @ End(V);, where End(V); = {f: f(V}) C Vim5} J
Elements of End(V'); are homogeneous of parity j.

We review the definition of Hom-Lie superalgebra in [4].

Definition 2.1. A Hom-Lie superalgebra g = (V, [, -], ) is a triple consisting of
a superspace V over a field F, an even bilinear map [-,-]: V x V — V and an even
superspace homomorphism «: V' — V satisfying

(2.1) [2,y] = —(=D)I"I¥[y, 2]  (skew-supersymmetry),
(2.2) Owyz (=)= a(z), [y, 2]) =0  (hom-Jacobi identity)

for all homogenous elements x,y, z € V, where O, 4, . denotes the cyclic summation
over x, Y, z

We denote g5 = g|v;, 91 = glv; and then g = gg®g7. It follows that g is a Hom-Lie
algebra when g7 = 0. The classical Lie superalgebra can be obtained when o = id.

A Hom-Lie superalgebra is called multiplicative if a([z,y]) = [a(z),a(y)] for
all z, y. It is obvious that the classical Lie superalgebras are a special case of
multiplicative Hom-Lie superalgebras.

The center of Hom-Lie superalgebra g = (V, [, ], @) is defined by

Z(g)={zeV: [,y =0, Vye V}

Two Hom-Lie superalgebras (V, [, ]1, &) and (V, [, ]2, B) are said to be isomorphic

]
if there exists an even bijective homomorphism ¢: (V,[-,-]1) = (V, [, ]2) satisfying

¢([:an]1) = [¢(x)ﬂ d)(y)]Q vxvy € Va
poa=Foo.

In particular, (V, [, ], @) and (V, [, ], B) are isomorphic if and only if there exists an
even automorphism ¢ such that 8 = ¢agp~1!.
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Let V be a vector superspace as before. A bilinear form B on V is called ho-
mogeneous of parity j if it satisfies B(z,y) = 0 for all z,y € V, |z| # |y| + 7,
skew-supersymmetric if B(z,y) = —(—1)*I¥B(y, z) for all homogenous elements
x,y € V, non-degenerate if from B(z,y) = 0 for all € V it follows that y = 0.

In this paper, we only discuss multiplicative Hom-Lie superalgebras over the com-
plex field C and the elements mentioned are homogenous.

3. HEISENBERG HOM-LIE SUPERALGEBRAS

Let g be a finite-dimensional Hom-Lie superalgebra with a 1-dimensional homoge-
nous derived ideal such that [g,g] C Z(g). Let h € Z(g) be the homogenous gen-
erator of [g,g]. Then a homogenous skew-supersymmetric bilinear form B can be

defined on g via [x,y] = B(z,y)h for all z,y € g. This induces a homogenous skew-

supersymmetric bilinear form B on g/Z(g) via B(z + Z(g),y + Z(g)) = B(z, y).

Definition 3.1. A Hom-Lie superalgebra g is called a Heisenberg Hom-Lie su-
peralgebra if the derived ideal [g, g] is generated by a homogenous element h € Z(g)
and B is non-degenerate.

From now on, we will also denote a Hom-Lie superalgebra by (b, «), where h =
(V,[,]s) is a superalgebra and « is an even linear map. All brackets unmentioned
in the following are zero.

Let g = (V,[,],«) be a 3-dimensional Heisenberg Hom-Lie superalgebra with
a direct sum decomposition g = g5 @ gi. Let h € Z(g) be the homogenous generator
of the derived ideal [g, g]. We analyze the cases h € g5 and h € g7 separately.

Case 1: If h € gg, we have two subcases:

Subcase 1.1: There are uj,uz € gg such that {u,us,h} is a basis of g and
[u1,us2] = h, which implies that g is a Hom-Lie algebra.

Subcase 1.2: There are v1,vs € g7 such that {h | v1,v2} is a basis of g and
[v1,v2] = h. Then the Hom-Lie superalgebra will be denoted by (b1, ).

Case 2: If h € g1, there exist u € gg, v € g7 such that {u | v, h} is a basis of g
and [u,v] = h. In this case, we denote the Hom-Lie superalgebra by (ho, «).

Theorem 3.2. Let g be a multiplicative Heisenberg Hom-Lie (non-Lie) superal-
gebra of dimension three. Then g must be isomorphic to one of the following:

pi1po2 O 0
(1) b1, 0 H11 0 ;1o # 0,
0 0 o2

337



pizpzr 0 0

(2) b1, 0 0 2 , pasper # 0,
0 p21 0
0 O 0
3) b1, [ 0 p1 a2 :
0 O 0
po 0 0
(4) Bz, | O pn1 0 )
0 0 popnn
o 0 0
(5) b, | O w11 O , (o —1)p11 =0,
0 1 pn

where po, pi; € C, 1,5 =1,2.

Proof. We analyze the cases h € g7 and h € g5 separately.
Case 1: If h € g7, there exists a basis {u | v, h} of g such that [u,v] = h. Suppose

o O 0
that o = | 0 i1 pa2 |, po, i €C, 4,5 =1,2.
0 p21 po2
We have that g is multiplicative if and only if a([e;,e;]) = [a(e;), ale;)] for
i,7 = 1,2,3, which implies pu12 = 0 and pos = pop11- Then we obtain that
o 0 0
o = 0 H11 0
0 p21  popr
(a) If po1 = 0, we obtain a Heisenberg Hom-Lie superalgebra
o O 0
bo, | O w11 0
0 0 popnn
(b) If H21 75 O, let
bp 0 0 by 0 0
p=(0 bu 0 |, ¢'=|( 0 b 0
0 bar bobir 0 by bbby byt
Then
b 0 0 po 00 byt 0 0
dap t=10 by 0 0 p1 O 0 bitt 0
0 b1 bobii/ \ O p21 popn 0 —by 'byibar by by
o 0 0
= 0 M1l 0

0 (1= po)pa1byybar + p21bo  popin
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If o # 1 and p11 # 0, then bo; = —(1 — /10)71M1_11u21bob11 yields

mo 0 0
gpapt = 0 pu 0 ;
0 0 poprn
which induces a Heisenberg Hom-Lie superalgebra like the one in (a).
o 0 0
Otherwise, i.e., ug = 1 or 31 = 0, then by = u2—11 yields pap=t = | 0 pi; O
0 1 pn
We can obtain a new Heisenberg Hom-Lie superalgebra
wo 0 0
b2, | O w1 O (o = 1)p11 = 0.
0 1 pu

Case 2: If h € gg, there exist vy, vy € g7 such that {h | v1,v2} is a basis of g and
[v1,v2] = h. In this case, we can get three Heisenberg Hom-Lie superalgebras:

pitpez 0 0

b1, 0 11 0 s, paipee # 0,
0 0 poo
pizp21 0 0
b1, 0 0 pao s, paaper # 0,
0 o1 0
0 O 0
b, [ 0 pir pa2
0 O 0

4. THE ADJOINT COHOMOLOGY OF HEISENBERG HOM-LIE SUPERALGEBRAS

Let g = (V,[-,"],«) be a Hom-Lie superalgebra. Let z1,...,2; be k homoge-
neous elements of V and (z1,...,75) € A*V. Then we denote by |(z1,...,7x)| =
|z1| + ... + |zk| the parity of (z1,...,2x). The set C¥(g,g) of k-hom-cochains of
g = (V,[-,"],a) is the set of k-linear maps ¢: AFV — V satisfying

(41) (p(l’l, ey Lg41, T4 e ,{Ek) = — (—1)'“”“*1'(,0(1[:1, ey Ly Lj41 - ,:L’k),
(4.2) alp(zr, ... xr) = ela(zr), ..., a(zy))

for x1,...,2, € V, 1 <i < k— 1. In particular, C2(g,g) = {z € g: a(x) = z}. De-
note by || the parity of ¢ and |¢(z1,...,2%)| = |(z1,...,zk)|+]|p|- We immediately
get a direct sum decomposition C*(g,g) = C*(g,9) ® C*(g, 9)1-
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A k-coboundary operator 6(p): Ck(g,g) — Ck*1(g,g) is defined by

()0 smi) = D (1)t
0<s<t<k

x pla(xo), ..., c(Ts—1), [Ts, xt], (Ts41), -, Tty - .o, (Tk))

(-1 )8+|xs|(|<P|+\wo\+~~~+lms—1|)

Mw

+
1

a 1( )@(mov"'vi.sv"'axk)]v

w
Il

X

where Z; means that x; is omitted.

The k-cocycles space, k-coboundaries space and kth cohomology space are de-

fined as:

(1) Z*(g,9) = kerd*, Z*(g,0); = Z*(8,9) N Ck(g,9)7, § = 0,1,

(2) B*(g,9) =Imd*~', B*(g,9); = B*(9,9) N Ck(g,0);, j = 0,1,

(3) H*(g,9) = Z"(g,0)/B"(g9,0) = H"(g,9)5 ® H"(g,9)1, where H"(g,g); =
Z*(g,9);/B"(9,9);. j =0, 1.

Theorem 4.1. The cohomology spaces of Heisenberg Hom-Lie superalgebras are:

a22 + G33  @12045,1 Q13041
(1) H'(g,9) = < 0 a2 0 >,
0 0 ass
0 0 0 0 — 111920226, 1 — 11110346, 1
HQ(E%Q) = 0 6y 1022 0 0 0 0 >
0 0 0 5H2271a34 0 0

pi1pez 0 0
for g = | by, 0 p11 0 , B o2 # 0.
0 0 a2

20220 0120415001,1 0120415 p01,1
(2) H'(g.9) = 0 az: 0 >
0 0 a2
0 0 0 0 00
H?*(g,9) = 0 0 1120230115101 1 — 211290230 11151011 0 0 >
0 —2121023015p01,1 02304100011 0 00
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piop2r O 0

for g = | b1, 0 0 w2 | |, pazp2r #0.
0 o1 0
(@22 + a33)0u,5,0 0 a3
(3) H'(g,9) = 0 228,115 .0 0 > :
0 0 a335u1270
0 0 0 5H1270a14 0 a16
Hgg)=(|0 A B ¢ 0 0026 >
0 0 O 0 0 0
0 O 0
for g = by, | 0 pi1 pio , where A = a220,,, (41, -1),0, B = @230, 0 +
0 0 0
1112022051, 1, C = 2401, .0 + 1117 1320220, 1
ail 0 0
(4) H'(g,9) = < 2100111 az 0 >,
431000 (u11—1),0  @320(pp—1)pss,0 @11 F Q22
H*(g,9) =
0 0 0 0 $10a220,,,1  — 1083405013 1
< 0 a225p11,1 0 0 0 a266(u02*1)u11,0
0 @320,,,,0 @3304,,,0 @340 ,10 111 (popn1 —1),0 0 360,10 (j10—1) 11,0
mo 0 0
forg= b2, | 0 pn1 0
0 0 poprn

0 0 0
(5) Hl(ga g) = < 0 a33 0 > )

a3100. 111 0320(uo—1)u11,0 @33

H*(g,9) =
0 a12640,00011,0  G13040,00011,0 0 0  ai6d,0,0
< 0 D 0 0 Hoa36 0 >
0 @320, (j111—1),0 33301, (11 —1),0 @340,0,20,,,,0 0 ase
o O 0
forg=|bo,| O w11 O , (o —1)p11 = 0, where D = 2a330,,,, 1+ a340,,, 0-
0 1 pu
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Proof. It is easy to obtain C¥(g,g) for k = 1,2 by (4.1) and (4.2). Taking
piipo2 0 0

g= | b, 0 pir O , pi11 o2 # 0 for example,
0 0 2
ail 0 0
Ciga) =10 a2 230,11 1105 | 5
0 a325#117#22 ass
0 a126H117N22 a3 a145u11,M22 0 0
Ci (97 g) = 0 0 0 0 a255u11u22,1 a266u222,1
0 0 0 0 a355l“1271 a365u1w2271
a1 0 0
Let o= | 0 azx ass | € CL(g,9)5. Then

0 a3z ass

0 2a32 a2 +azz —ai1 2a23 0 0
B?(g,9)5 = {0'v0: ¢o € Cl(g,9)5} = < 0 0 0 0 00 >
0 O 0 0 00

Moreover, we have ¢g € Z1(g, g)g if and only if §'(pg) = 0.
0 a2 a3

In the same way, we suppose o1 = | as1 0 0 | € C'(g,g)7 and immediately
aszl 0 0
get Z'(g,9)1 and B*(g, 9)1-
Ho 0 0 0 a12 ai13 A4 0 0
Now suppose a = 0 w11 pi2 |, % =10 0 0 0 a9 ags | €
0 por o2 0 0 0 0 ass bsg

0 0 0 0 a5 Qa1e
C2(9,0)5, 1= | 0 asx az3 a O 0 € C2(g,9)1- We know that 1y €

0 azx aszz3 azs O 0
Z2(g,9)5 (or 1 € Z2(g,9)1) if and only if 51 (1) = 0 (or 81 (1) = 0). O

5. INFINITESIMAL DEFORMATIONS OF HEISENBERG HOM-LIE SUPERALGEBRAS

Let g = (V, [, ]o, @) be a Hom-Lie superalgebra and ¢: V x V — V be an even
bilinear map commuting with «. A bilinear map [, ]; = [, Jo + tp(:, ) is called an
infinitesimal deformation of g if ¢ satisfies

(51) [xay]t = _[yax]ta
(5.2) Ou e (=) (), [y, 2li)e = 0
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for x,y,z € V. The previous equation (5.1) implies ¢ is skew-supersymmetric. We
denote

pod(x,y,2) =Ouy,- (1)1 Flp(a(2), ¥(y, 2)),
and then equation (5.2) can be denoted by [, ]; o [-,-]s = 0.

Lemma 5.1. Let g = (V,[-,-]o,a) be a Hom-Lie superalgebra and [-, ] =
[, Jo+te(, ) be an infinitesimal deformation of g = (V, [, ]o, ). Then p € Z*(g, g)g-

Proof. By (5.2) we have

(5.3) 0=[,Jeo[, ]t

=Oay,e (D) ([a@), [y, 210 + to(a(z), [y, 2]¢))

=Ouy,. (D) [t ([a(2), 0y, 2)]o + @(a(2), [y, 2)0)) + t2p(a(@), o(y, 2))].
Note that

G (=119 (a0), oy, )+ plalz), [y, 2l) = (<D 52,
Hence, ¢ € Z2(g,9)5- O

By (5.3), we can see that [-, |; is an infinitesimal deformation if and only if o = 0.
Let g: = (V. [, ]+, ) and g; = (V, [, ]}, @) be two deformations of g, where [-,-]; =
[Jo + te(,-) and [-]; = [,-Jo + t(-, ).
O, = id + to, ¢ € Cl(g, g) satisfying

([, yle) = [Pe(2), De(y)]}

we say that the deformations g: and g} are equivalent. It is obvious that g; and g}

If there exists a linear automorphism

Vr,y €V,

are equivalent if and only if p — ¢ € B?(g,g)5. Therefore, the set of infinitesimal
deformations of g can be parameterized by H?(g,g)g. A deformation g; of Hom-Lie
superalgebras g is called trivial if it is equivalent to g.

Corollary 5.2. All the infinitesimal deformations of the following Heisenberg
Hom-Lie superalgebras are trivial:

pi1pez 0 0
(1) b1, 0 pir 0 , paipee # 0,
0 22
pigpor 0 0
(2) b1, 0 0 w2 , o Hazper # 0,
0 p21 0
o 0 0
(3) ba, | 0 pn1 0 . po(po® — Dpar #0.
0 0 popin
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Proof. All the infinitesimal deformations of a Heisenberg Hom-Lie superalgebras
are trivial if and only if H?(g,g)g = 0. O

In the following, we discuss the nontrivial infinitesimal deformations of Heisenberg
Hom-Lie superalgebras. We will distinguish two separate cases: the ones that are
also Lie superalgebras and those that are not.

We recall the classification of three-dimensional Lie superalgebras, see [11].

Theorem 5.3. Let L = (V,[-,-]) be a Lie superalgebras with a direct sum decom-
position V = V5 @ Vi, where dim Vi = 1 and dimV; = 2. There are e; € V5 and
eq, e3 € Vi such that {e; | ez, e3} is a basis of V. Then L must be isomorphic to one
of the following:

Ly: [e1, V5] =0, ea,e2] = ey, [es, e3] = [e2, €3] = 0;
La:[e1, V] =0, ez, €] = [es,es] = €1, [ez,e3] = 0;
Ly: [er,e2) = €2, [en,es] = Aes, Vi, Vi] = 0;
Ly:[er,e2] = €2, [e1,e3] = €2 +e3, Vi, Vi] = 0;
Ls: [e1,e2] =0, [e1,es] = e, Vi, V5] =0

We construct a new Lie superalgebra Ly’ = (V,[-,-]o). Let {h | v1,v2} be a basis
of V satisfying [v1, v2]o = h. There is an even bijective morphism ¢: (V,[-,-]o) — L2

1

¢(h) = €1, d)(vl) =e2+ 163; ¢(U2) = %€2 — 5163

such that ¢([z,y]o) = [¢(z), #(y)] for all x,y € V. Then L} is isomorphic to Lo and
we shall replace Ly with it in Theorem 5.3.

Proposition 5.4. A nontrivial infinitesimal deformation of Heisenberg Hom-Lie
superalgebra (b1, «), which is also a Lie superalgebra, is isomorphic to

0 0 0
Ly, [ 0 pan a2
0 O 0

Proof. Denote by (h1,a) = (V, [, ]o,@). There is a basis {h | v1,v2} such that
pitpez 0 0
[v1,v2]0 = h and others are zero. If @ = 0 i1 0 |, piipes # 0 or

0 0 poo
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piop2r O 0

a= 0 0  piz2 |, pr2per # 0, all the infinitesimal deformations of (g1, @)
0 o1 0
are trivial.
0 0 o0 00 0 awubu,o 0 0
Consider « = | 0 puy1 pi2 | -Let p =10 0 O 0 0 a260u,,,0
0 0 0 0 0 0 0 0 0
be an even 2-cocycle and [, -] = [, Jo+t¢(:, ). Then pop =0and g¢ = (V, [, J¢, &)
is an infinitesimal deformation of (b1, ). Moreover, g; is a Lie superalgebra if and
only if [-,-]t o [,]+ = 0, i.e., agg = 0. All deformations are given in Table 1. O
H11 12 [, ¢ base change Hom-Lie superalgebra
[ l L 1 0 0 0 0 0
vy, V9] =
#0 0 w 11; ]Qt_a b 0 1 iau Ly, | 0 pan pho
S 00 1 0 0 0
ais #0 ajg #0 pi2’ = —Saiapn
Table 1.

Proposition 5.5. The nontrivial infinitesimal deformations of (h2, &), which are
also Lie superalgebras, are isomorphic to:

po 00
(la) L3, | 0 pn 0 ; (po —1)pa1 =0,
0 0 pn
-1 0 0
(1b) LY, | 0 w1 —pu )
0 0 —2011
0 0 0
(1c) Ly |00 fun 3&um
0 16w ipn
mo O 0
fora=| 0 p11 0 , to(po? — 1 = 0.
0 0 poprn
0 0 O
(2a) LY, 10 0 0 ,
0 0 n
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0 O 0
mo O 0
for o = 0 w1 O
0 1 pn

Proof. Denote by (h2,a) = (V,[-,"]o,«). There is a basis {u | v, h} such that
[u,v]o = h and others are zero.

po 0 0 000000

Considera= [ 0 pi1 0 |, po(uo?~1)p11 =0.Letop=[00000 & |,
0 0 poprn 00000 F

where € = a260(;102-1)p11,00 F = 360u0(no—1)u11,0, P€ an even 2-cocycle. Then

@ o = 0 and we obtain an infinitesimal deformation (V,[-,];,a’) where [-,-]; =
[,]Jo + te(,-). It is easy to see that it is also a Lie superalgebra. We analyze the
cases (la) (o — 1)p11 = 0, (1b) po = —1 and (Ic) po = 0, which are given in
Tables 2a—2c, separately.

[, )¢ base change Hom-Lie superalgebra
Yoo 0 po 0 0
u, vy = h _
[u h] [ = JZGU + a36h 0 Ta261 _TkQ L?);’ 0 pi 0
e 0 —razs Tk 0 0 un
7= (ki —ko)™? 1
A=kiky " A #0,—-1
2030 70 b # ook = —azg (uol—21)7u 17é 0
ki + ko = —a36a§61 !
[u 1)] —h ase 0 0 Mo 0 0
o 0 azd 1 Ly | 0 pin 0
[u, v]e = azch -1
0 aszs O 0 0 pn
ase 7 0 ase 7 0 (o —Dp11 =0
1/2
a 0 0 0 0
[u,v] = h 206 3/2 1o %0 0
[u 1}] — agg K KQag 3 H11
ot 0 —ﬁaééQ Kaog 0 0 punt
K= (]. + GQG) 1
0 —1 =0
aze 7 36 £ 0 (Ho — Dpna

Table 2a. The case (1a) (no — 1)pu11 = 0.
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[, ¢ base change Hom-Lie superalgebra

[u 1)] —h ase 0 0 -1 0 0
) t — _
0 age ' 1 LY, [ 0 —pr pn
[, v]; = aseh 1
0 ase 0 0 0 2#11
ase # 0 aszg # 0

Table 2b. The case (1b) g = —1.

[, )¢ base change Hom-Lie superalgebra
el = h ad? 0 0 0 0 0
[u 7v] t— a6 0 e oaz®/” LS, [ 0 spn 3épm
s Ut — —
0 —oax'/?  pase 0 3& i pn
0= (1+4a)™" —1/2
0 - _
ase 7 a6 £ 0 £ ag

Table 2c. The case (1c) pp = 0.

w 00 0GHO 0 0
Considera=| 0 pi1 0 |, (uo—1)u11 =0.Leteo=|{ 00 0 O poags 0 |,
0 1 M1l 00 0O 0 ase

’

where G = a126,,5,001,,0, H = @130,19,004,, 0, be an even 2-cocycle. Then (V, [-,-]¢, o ),
where [, -] = [-,-Jo + te(:, ), if and only if ¢ o ¢ = 0, is an infinitesimal deformation.
We analyze the cases (2a) po = p11 = 0, (2b) po = 1 and (2¢) po # 0,1, pu11 = 0,
separately.

For case (2a), ¢ o ¢ = 0 implies a;2 = a3 = 0 or asg = 0. Furthermore, if
a12 = a1z = 0, the deformation g; is also a Lie superalgebra.

For cases (2b) and (2c), g: is an infinitesimal deformation for all ¢. The deforma-
tion is also a Lie superalgebra if a1o = a13 = 0.

The deformations of cases (2a), (2b) and (2c) are given in Tables 3a—3c.

[, )¢ base change Hom-Lie superalgebra
[u v] - ase 0 0 0 0 0
s Ut — —
]y = aseh 0 0 ag L3, {0 0 0
’ 0 1 asg 0 0 p2
aze # 0 ase # 0 22 = ase

Table 3a. The case (2a): po = p11 =0
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[, )¢ base change Hom-Lie superalgebra

0 O 1 0 0
[u,v]y = agev + I 56
0 0 asg Ly | 0 pn O
[u,v]; = asgh
0 1 o0 0 0 pux
ase # 0 aze # 0

Table 3b. The case (2b): po =1

[, )¢ base change Hom-Lie superalgebra
ase 0 0 w 0 0
u, v]y = poasev + h - _
| []u o] = ase 0 (uo—1)ass g’ Ly, [ 0 0 uyt
Y 0 0 0 0 0 0
ase # 0 ase # 0 A#0,1

Table 3c. The case (2¢): g #0,1, 11 =0

O

Propositions 5.4 and 5.5 give the infinitesimal deformations of Heisenberg Hom-Lie

superalgebras that are also Lie superalgebras. Before discussing the rest deforma-

tions, we will recall some multiplicative Hom-Lie superalgebras and those can be

find in the classification of multiplicative Hom-Lie superalgebras of [10]. Let V be

a superspace with a direct sum decomposition V = V5 @ Vi, [+, -] be an even bilinear

map and o be an even linear map on V. Let {e; | e2,e3} be a basis of V. The

following are three Hom-Lie superalgebras on V:

L%ai [e1,e2] =0, [e1, e3] = Bea, [e2,e2] =0, [e2,e3] =0, [e3, e3] = ver,

0 00
c=10 0 al], a#0,
0 0 O

0 0 O
c=(0 0 a], a#0,
0 0 O
L??Q’a'b [e1,e2] =0, [e1,e3] = Bez, [e2,ea] =0, [e2,es] = per, [es,es] =0,
0 0 O
o=10 0 al|, a®+b*2#£0.
0 0 b

Propositions 5.6 and 5.7 will characterize the infinitesimal deformations of Heisen-

berg Hom-Lie superalgebras that are not Lie superalgebras.

348



Proposition 5.6. An infinitesimal deformation of Heisenberg Hom-Lie superal-
gebra (b1, ), which is not a Lie superalgebra, is isomorphic to Liﬁéa’o, a # 0.

Proof. By the proof of Proposition 5.4, we know that (h1, ) have an infinitesi-
mal deformation (not a Lie superalgebra) if and only if

00 0 00000 O
a=[0 0 po|, p2#0, =0 0 0 0 0 asx |, ax#0.
00 0 00000 O

There is a basis {h | vi,v2} of V such that [v1,v2]o = h. Therefore g, = (V, [+, ]¢, &)
is an infinitesimal deformation, where [, ] = [-,-]o + t¢ and [v1,v2]s = h, [h,va]s =
a26V1, ag¢ # 0. Then the deformation g; is isomorphic to

Li%"20: Jer,e2] = 0, [e1, es] = angea, [e2,€2] =0, [e2, e3] = €1, [e3, €3] =0,
0 0 O

o=10 0 pa2

0 0 O

O

Proposition 5.7. An infinitesimal deformation of (42, «), which is not a Lie
. . 43,1 45,1 46,1,0
superalgebra, is isomorphic to Ly5", Ly 5, or Ly 5.

Proof. By the proof of Proposition 5.5, Heisenberg Hom-Lie superalgebra (hz, «)
has infinitesimal deformations if and only if

0 0 O 0a12a13000
a=10 0 0], =10 0 0 0 0O
01 0 0 O 0 0 0 O
There is a basis {u | v, h} of V such that [u,v]o = h. Therefore g, = (V, [, "]+, &) is
an infinitesimal deformation, where [-, ] = [, -]o + ty and [u,v]; = h, [v,v]; = a12u,
[v, h]: = a13u. We analyze in three cases.

(a) If a12 # 0 and aq3 # 0, the infinitesimal deformation g; is isomorphic to

L?Z’l: [e1,e2] =0, [e1,es] = ea, [ea,e2] =0, [ea,e3] = aizer, [es,es] = aizes,
0 0 O
c=|0 01
0 0 O
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(b) If a12 = 0 and a3 # 0, g; is isomorphic to

Li%"0: [er, 2] =0, [er, e3] = ea, [e2,€2] =0, [e2, €3] = aizer, [es, es] =0,
0 0 O
c=|0 0 1
0 0 O

(c) If a12 # 0 and a;3 = 0, g, is isomorphic to

L% fer,ea]) = 0, [er,e3] = ea, [e2,€2] =0, [e2,e3] =0, [e3, es] = arzen,

)
\
o o o

0 0
0 1
0 0

References

[1] M. A. Alvarez, F.Cartes: Cohomology and deformations for the Heisenberg Hom-Lie

algebras. Linear Multilinear Algebra 67 (2019), 2209-2229. MR

[2] F. Ammar, Z. Ejbehi, A. Makhlouf: Cohomology and deformations of Hom-algebras. J.
Lie Theory 21 (2011), 813-836. IMR]
[3] F. Ammar, A. Makhlouf: Hom-Lie superalgebras and Hom-Lie admissible superalgebras.

J. Algebra 524 (2010), 1513-1528. MR]

[4] F. Ammar, A.Makhlouf, N.Saadaoui: Cohomology of Hom-Lie superalgebras and

g-deformed Witt superalgebra. Czech. Math. J. 63 (2013), 721-761. IMR]

[5] Y. Liu, L. Chen, Y. Ma: Hom-Nijienhuis operators and T*-exentions of Hom-Lie super-

algebras. Linear Algebra Appl. 439 (2013), 2131-2144. MR]

[6] A. Makhlouf, S. Silvestrov: Notes on 1-parameter formal deformations of Hom-associative

and Hom-Lie algebras. Forum Math. 22 (2010), 715-739. MR

[7] R. Peniche, O. A. Sinchez-Valenzuela: On Heisenberg-like super group structures. Ann.

Henri Poincaré 10 (2010), 1395-1417. MR

[8] M. Rodriguez-Vallarte, G. Salgado, O. A. Sdnchez-Valenzuela: Heisenberg Lie superalge-
bras and their invariant superorthogonal and supersymplectic forms. J. Algebra 332

(2011), 71-86. MR

[9] Y. Sheng: Representations of Hom-Lie algebras. Algebr. Represent. Theory 15 (2012),

1081-1098. MR

[10] C. Wang, Q. Zhang, Z. Wei: A classification of low dimensional multiplicative Hom-Lie

superalgebras. Open Math. 14 (2016), 613-628. zbl MR} doi]

[11] Z. Wang: A Classification of Low Dimensional Lie Superalgebras: Master Thesis. East
China Normal University, Shanghai, 2006. (In Chinese.)

Authors’ address: Junxia Zhu, Liangyun Chen (corresponding author),
School of Mathematics and Statistics, Northeast Normal University, No. 5268, Renmin
Street, Changchun, Jilin Province, Changchun, 130024, P.R. China, e-mail: chenly640@
nenu.edu.cn.

350


https://zbmath.org/?q=an:07116666
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4002345
http://dx.doi.org/10.1080/03081087.2018.1487379
https://zbmath.org/?q=an:1237.17003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2917693
https://zbmath.org/?q=an:1258.17008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2673748
http://dx.doi.org/10.1016/j.jalgebra.2010.06.014
https://zbmath.org/?q=an:1299.17018
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3125651
http://dx.doi.org/10.1007/s10587-013-0049-6
https://zbmath.org/?q=an:1281.17033
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3090460
http://dx.doi.org/10.1016/j.laa.2013.06.006
https://zbmath.org/?q=an:1201.17012
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2661446
http://dx.doi.org/10.1515/forum.2010.040
https://zbmath.org/?q=an:1206.81066
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2593111
http://dx.doi.org/10.1007/s00023-010-0020-0
https://zbmath.org/?q=an:1264.17007
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2774679
http://dx.doi.org/10.1016/j.jalgebra.2011.02.003
https://zbmath.org/?q=an:1294.17001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2994017
http://dx.doi.org/10.1007/s10468-011-9280-8
https://zbmath.org/?q=an:1345.17020
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3552510
http://dx.doi.org/10.1515/math-2016-0056

