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Abstract. The aim of this paper is to characterize the LP — LY boundedness of two classes
of integral operators from LP(U,dVa) to LI(U,dV3) in terms of the parameters a, b, c,
p, ¢ and «, B, where U is the Siegel upper half-space. The results in the presented paper
generalize a corresponding result given in C. Liu, Y. Liu, P. Hu, L. Zhou (2019).
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1. INTRODUCTION AND PRELIMINARIES

Let C™ denote the n-dimensional complex Euclidean space, where n is a positive
integer. For z = (z1,...,2,) € C", the conjugate of z, denoted by Z, is defined by
zZ=(Z1,...,2n). For z and w = (wy,...,w,) € C", we use the following notations:

n 1/2
(z,w) == 21W1 + ...+ 2,W, and |z :=1+/(z,2) = (Z |zk|2) )
k=1
z=(2,2,), wherez = (21,...,2,_1) €C""} 2z, €Ch

and .
o(z,w) = %(wn —zn) — (W), 0(2):=o0(z,2) =Imz, — |2

It is obvious that o(z,w) = o(w, z). The Siegel upper half space in C" is the set

U:={z€C": Tmz, > |]*} ={2€C": o(z) > 0}.
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This domain is biholomorphically equivalent to the unit ball of C", and its bound-
ary b := {z € C": Imz, = |2|?} is the standard representation of the Heisenberg
group H"~!. The Bergman projection P on I{ is defined by

Pf(z)—i/ug(f&d‘/(w), zelU.

4w z,w)" !
Fix real parameter o and define dV,,(z) by
dVa(2) = o(2)" dV(2),

where dV is the Lebesgue measure on C". As usual, for p > 0, the space LP(U,dV,,)
consists of all Lebesgue measurable functions f on U for which

- |f<w>|pdva<w>)l/p <o

The boundedness of the two classes of Bergman type integral operators has been

/1

studied by many authors. In particular, their L? boundedness is of considerable
interest, see [1], [2], [3], [12]. The properties of several subclasses of biholomorphic
mappings were investigated in [5], [6], [7], [8], [9]. In [11], Zhou obtained the L? norm
of Ty p.c by applying the sharp Forelli-Rudin estimates. In [1], Furdui focuses on
the LP boundedness of T, j . on Fock space. Most recently, Liu et al. in [4] introduced
the following integral operators:

b

Ta,b7cf(2:) = Q(Z)a/ Q(w)

y Q(Z,w)cf(w) dV(w)

and

w b
Suef(2) 5= o [ 00y av(w),

u lo(z,w)l|°
where a, b and ¢ are real parameters. These operators are modeled on the Bergman
projection Pf(z) = (n!/4n™)To 0n+1f(2). They characterized the L” boundedness
of T4 p,c and Sqp . as follows.

Theorem A ([4]). Suppose @ € R and 1 < p < oo. Then the following conditions
are equivalent:
(i) The operator T = T, . is bounded on LP(U,dV,,).
(ii) The operator S = Sy Is bounded on L?(U,dV,,).
(iii) The parameters satisfy the conditions

—pa<a+1<pb+1),
c=n+14+a+b.
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When p = oo, these conditions should be interpreted as

a>0, b>-1,
c=n+1+a+bd.

Zhao extended the Schur’s test and studied the LP — L9 boundedness of a class
of integral operators on the unit ball of C" in [10]. Motivated by the works of Zhao
(see [10]) and Liu et al. (see [4]), our aim is to extend Theorem A to the LP — L?
boundedness of integral operators T, p,c and Sq,5,c over the Siegel upper half-space U.
We prove the following results.

Theorem 1.1. Suppose 1 < p < g < oo and —1 < «a,f < co. Ifa, b and ¢ are
real numbers, then the following conditions are equivalent:
(i) The operator Ty . is bounded from LP(U,dV,) to L1(U,dV3).
(if) The operator Sq . is bounded from L?(U,dV,) to LI(U,dV3).
(iii) The parameters satisty the conditions

—aqg < B+1,
a+1<pb+1),
c=n+1l+a+b+ ),
where
n+l1+8 n+l+a
g p

A=

Theorem 1.2. Suppose 1 = p < ¢ < o0 and —1 < o, < oco. Ifa, b and ¢
are real numbers such that ¢ > 0 and b > «, then the following conditions are
equivalent:

(i) The operator T, . is bounded from L*(U,dV,) to LI(U,dVp).

(i) The operator S, p.. is bounded from L'(U,dV,) to LY(U,dVp).
(iii) The parameters satisty the condition

—aq < B +1,
c=n+1l+4+a+b+ X,

where
n+1+4+p

q

A= —(n+1+a).
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Theorem 1.3. Suppose 1 < p < q=o0. If a, b and ¢ are real numbers such that
a >0 and b > 3, then the following conditions are equivalent:
(i) The operator Ty, . is bounded from LP(U,dV,) to L>°(U).
(ii) The operator Sy is bounded from LP(U,dV,,) to L™ (U).
(iii) The parameters satisfy the conditions

a+1

<b+1,
c=n+1+a+b+ ),
where
n+1+a«
) .

A=

For the case of 1 = p < ¢ = 0o, we cannot obtain a similar result. We pose
a conjecture as follows.

Conjecture 1.4. Suppose 1 = p < ¢ = co. If a, b and ¢ are real numbers such
that b > 3, then the following conditions are equivalent:
(i) The operator T, . is bounded from L*(U,dV,) to L>(U).
(i) The operator S, . is bounded from L'(U,dV,) to L>(U).
(iii) The parameters satisfy the conditions

a>0, b>a,
c=n+14+a+b+ A,

where
A=-n—1-—oq.

When a = n+1, ¢ = 2n + 2, b = 0, we obtain the sufficient conditions for the
boundedness of the Berezin transform from LP(U,dV,) to L4(U,dV3).

Corollary 1.5. Suppose 1 < p < g < oo and —1 < a, < oco. If the parameters

satisfy the conditions
—(n+1)g<p+1,

a+1<p,
n+1+p8 n+l+a
q p

then Berezin transform

n! o(2)"*!

B =— | 4= d
1) = o || o fw)dV (w)
is bounded from LP(U,dV,) to LY(U,dV3).
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Corollary 1.6. Suppose 1 = p < ¢ < o0 and —1 < a, 8 < oo. If the parameters
satisfy the conditions
—(n+1l)g<p+1,
a <0,
n+1+p
q

=n+1+¢,

then Berezin transform

n! o(z)n Tt w w
Bf(2) /u e Fw) V()

e z,w)|?n+2

is bounded from L'(U,dV,) to LY(U,dVp).

In order to establish our main results, we recall the following lemmas.

Lemma 1.7 ([4]). Let s,t € R. Then we have

Ci(n, s,t) .
¢ — 227 jft>—-lands—t>n+1,
(1.1) / _olw) —dV(w) = { o(z)
u lo(z, w)| 00 otherwise

for all z € U, where

AT+t (s—t—n—1)
I2(s/2)

Cyi(n,s,t) =

Lemma 1.8 ([4]). Suppose that r,s >0,t>—1andr+s—t>n+ 1. Then

(1.2) /u Q(Ld‘/(w) _ CQ(naraSat)

Z w)o(w, ) oz u)rro—ton T

holds for all z,u € U, where

AT 1+ 6)T(r+s—t—n—1)

Ca(n,r,s,t) = (T (s)

Lemma 1.9 ([10]). Let p and v be positive measures on the space X and
let K(x,y) be a nonnegative measurable function on X x X. Let T be the integral
operator with kernel K, defined as

Tf(x) = /X @)K (2, ) du(y).
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Suppose 1 < p < g < oo and 1/p+ 1/p’ = 1. Let v and § be two real numbers
such that v+ 6 = 1. If there exist positive functions h; and ho with two positive
constants C1 and Cy such that

/X I () K (2, 9)™ da(y) < Chal)?

for almost all z € X, and
[ (e K (@)% do(e) < ol (o)"
X

for almost all y € Y, then T is bounded from LP(X, du) into LY(X,dv), and the

norm of this operator does not exceed Cll/p Czl/q.

2. SUFFICIENCY FOR BOUNDEDNESS OF S p .

In this section we obtain sufficient conditions for the boundedness of the oper-
ator Sgpc from LP(U,dV,) to LI(U,dVp). In the next section we shall show that
these conditions are also necessary.

Lemma 2.1. Suppose a, b and ¢ are three real numbers. Let 1 < p < q¢ < oo and
—1 < a, B < oo. If the parameters satisfy the conditions

—aq < p+1,
a+1l<pb+1),
c=n+1+a+b+ ),
where
N n+1+p _n—l—l—l—a,
q p
then the operator S is bounded from LP(U,dV,) to L1(U,dVp).

Proof. Let 7T =c—a— b+ «, then it is easy to see that

n+1+6+n—|—1+a

T=n+1l+a+ A= - ,
p

where 1/p+1/p’ = 1. From the last expression we see that 7 > 0. Since f+1 > —ag,
we get

T(B+1)
q

< ar,
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which is equivalent to

T(B+1) a(B+n+1) - a(a—i—n—i—l).

2.1
@1) q q 2

It is easy to see that « + 1 < p(b + 1) is equivalent to

(b—a)+ 12250,
Hence
(b—a)TJr(lj;i,a)T >0
(2.2) o +/1)T - (b_o‘)(a/+”+ D _(b-a)B+n+1)

p p q

By (2.1) and (2.2), we can find two real numbers r and s such that

T(B+1) a(B+n+1) ale+n+1)

(2:3) p . <rt+a(r—s) < >

and

(24) e —;/1)7— - (b_a)(i,—’—n—’— D) <st+(b—a)(s—r) < (b~ O‘)(ﬁq"'n‘f' 1).
Let

(2.5) 7:(a+"+1)£29’+(5—r)7 5:(/34-71—1—1)7/(]4-(7"—5).

Then

1 1 1
(a+n+ +B+n+ ):1.

YH+O=— ;
T\ p q

Now, (2.3) is equivalent to

1 1 1
e R | (e
q T q T p
or
1
(2.6) —B%—a5<r<a'y

and (2.4) is equivalent to

a+1 b—a(a—i—n—i—l

b—a/B+n+1
’ ’ ( —|—7“—S)
p p

+s—r)<s<
T

-
or

a+1
_ >

(2.7) —(b—a)y<s<(b—a)d
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For z € U, let h,(z) = o(z)" and hs(z) = o(z)°. Write the operator S as

Sf(z) = /M F(w)H(z, w) Vi (w),

where
o(w)"*0(2)"

lo(z, w)l°

Then we apply Lemma 1.9 using the testing functions h, and hs and the param-
eters v and ¢ defined in (2.5). When 1 < p < ¢ < 00, we consider

H(z,w) =

Q(w)sp/-lr(b—a)w/-ira

/M hs(w)? H(z,w)" dvg (w) = o(2)*" / v (w).

u oz w)|’
From the first inequality in (2.7) we know that

sph+ (b—a)yp' +a > —1.
Notice that from (2.5) and the fact that ¢ —a — b+ o = 7, we have

a+n+1

I +s—r.

(c—a=b+a)yy=7y=
From the above equation, we obtain
ey’ = (sp' + (b—a)yp' +a) —n—1=ayp’ —rp/,
and from the second inequality in (2.6) we have
/ /
ayp' —rp > 0.

Hence, we can apply Lemma 1.7 to get that

’

/u hs(w)? H(z,w)" dvg(w) < Cs0(2)™ = Cs hp(2)P

for a constant C3 > 0.
Similarly, using the first inequality in (2.6) and the second inequality in (2.7) we
can obtain

/M oy ()0 H (2, 0)*7 dvg () < Cahy (w)?

for a constant Cy > 0. Hence, by Lemma 1.9 we know that S, . is bounded from
LP(U,dV,,) to LI(U,dVp). O
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Lemma 2.2. Let 1 = p < g< ooand -1 < a <b, -1 < f < oo. If the
parameters satisfy the condition

—aq < B +1,
c=n+14+a+b+ A,
where
n+1+4+7
q
then the operator S, .. is bounded from L'(U,dV,,) to LY(U,dVj).

A= —(n+ 1+ a),

Proof. If f € L'(U,dV,), then it is easy to see that

w b
Suscd ()] < o) | 00 ) av(w).

u le(z, w)l®

We first prove the result for the case ¢ > 1. In this case, we apply Minkowski’s
inequality to get

(f |sa,b,cf<z>|deﬁ<z>)l/q< (fetor( [ %uwndwm)qdvﬁ@))l/q
< / (/ %| flw >|qdv<z>)l/qdv<w>

[ rwetwr ([ L ave) v
u lo(z, w)]

Since ag + 8 > —1 and b > «, simple computation yields that cq — aqg — 8 =
n+14q(b—a) > n+1, thus, by Lemma 1.1, there exist a constant C' > 0 such that

/ MdV(z) < ¢
u

lo(z, w)|* o(w)b=e)”
It follows that

(/u |Sap.cf(2)]? dVB(z))l/q < Cl/(I/u | (w)] dVia (w),

and so the operator Sy, is bounded from L'(U,dV,) to LY(U,dV3).

If 1 = p=gqand a < b, then for every f € L'(U,dV,) we can apply Fubini’s
theorem to obtain

o o(w)®
[ tsuncslaviy < [ (g<z> / Wu(wndwm) AV (z)
2)a+8
= [ el avi [ QDT gy,
U U

lo(z, w)l°
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Since a + 8 > —1 and b > «, by Lemma 1.7, it is easy to see that

/ 0B iy« —C
u

lo(z, w)l® o(w)b=
Hence
| 1Senct@ravse < [ i) avaw)
and so the operator Sy, is bounded from L'(U,dV,) to L*(U,dV3). O

Lemma 2.3. Suppose a, b and c¢ are three real numbers such that a > 0. Let
l<p<g=occand -1<q,fB<o0. Ifa+1<plb+1l)andc=n+a+b+1+ ),
where A = —(n+ 1+ «)/p, then the operator Sq . is bounded from LP(U,dV,)
to L>®(U).

Proof. Let f € LP(U,dV,,). Then using Holder’s inequality, we obtain
b—«
a o\w
Sued (2)] < 0f2) / Ll )]V ()

1/p (b—a)p’ 1/p’
o(w)
sravn) ([ B0 )
OO V) ) ToGwpr @)
where 1/p+1/p’ = 1.

Notice the fact that c=n+a+b+1+ X A= —(n+ 1+ a)/p and a > 0, simple
computation leads to

ap’ =cp —(b—a)p —a—-n—-1>0.

Since o + 1 < p(b+ 1), we see that (b — a)p’ + o > —1. Hence, it follows from
Lemma 1.7 that there exists C' > 0 such that

< /u ow)® 7 o%(w))l/p/ < Cola)",

lo(z,w)|®

this implies

b,

sup |Sap,ef(2)] < C|/f]
zeU

The proof is complete. O
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3. NECESSITY FOR BOUNDEDNESS OF Tj 3 .

In this section we obtain necessary conditions for the boundedness of the operator
Top,c from LP(U,dV,) to L9(U,dV3).

Lemma 3.1. Let 1 < p < ¢ < o0 and —1 < «,8 < oco. Suppose that T,
is bounded from LP(U,dV,) to L9(U,dVp). Then ¢ > 0, a +1 < p(b+ 1) and
—aqg < B+ 1.

Proof. Let p’ and ¢’ be the conjugate indices of p and ¢, respectively. Then
1/p+1/p'=1if1 < p < o0, and similarly, 1/¢+1/¢' =1 if 1 < g < oo. By duality,
the boundedness of T from LP(U,dV,) to LY(U,dVp) implies the boundedness of T*
from L9 (U,dV3) to L (U,dV,,). Tt is easy to see that

o(w)Pte
o(z,w)e

* 2) = o(2)P w w
"0 of () = o(2) L f(w) AV (),

where
LP(U,dV,)* = LP (U,dV,) and LU, dVp)* = LY (U, dVj).

We first know from [4] that ¢ > 0. Next, for n > 0 we put

fulz) = —, z €U,

where s, t are real parameters satisfying conditions

s> 0,

1
t>max{—ﬂil,—a—6—1},

1
s—t>max{w,ﬂ+a—c+n+l}.

q

By Lemma 1.7, these conditions guarantee that f, € LY (U,dVs) and
||fn(z)|\3,ﬁ = CBnn+1+,3*q’(87t).

Also, in view of the above condition and that ¢ > 0, we can apply Lemma 1.8 to get

0(2)"
Q(Z, ni)c+s—6—a—t—n—1 :

B+a+t
Tiefle) = o) | o(w)

¢ 2 w)e(w e ) =G
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It is easy to see that

b— /
||T* f (Z)”p/ _ Cp/ Q(Z)( a)p'+a dV(Z)
a,b,cd M e 6 " |Q(Z, ni)'p'(c+s—6—a—t—n—1) ’

Since T*

a,b,c

fo(2) € L (U, dV,), by Lemma 1.7 we have
(b—a)p +a> -1,

that is,
a+1<pb+1).

Applying the above arguments to T', we conclude that

-1 < fB+aq.

Lemma 3.2. Let 1 <p< qg<oo,¢c>0and —1<a,f + aq < co. Denote

n+l1+8 n+l+a
q P
If Ty p,c is bounded from LP(U,dV,,) to L9(U,dV) and

A:

a+1<pb+1),

then
c=n+a+b+1+ A\
Proof. For any £ € U, let
Q(E)n+1+b—(n+1+a)/p

o(z, &)t

By Lemma 1.7 we can easily see that there is a positive constant C7 independent
of £ such that

fa(z) =

[fa(2)llp,a < G-
Notice that ¢ > 0 and b > (o« +1)/p—1 > —1, by Lemma 1.8 we have

Tupefa(2) = o(2) (€ 1HD~(nt1+e)/p / ow) av (w)

u o(z,w)o(w, )" H1+0
— Q(Z)ag(f)(n+1+b)—(n+1+oz)/pg(z, f)_c-

Since Ty p,cfo € L9(U,dV3), we know that there is a positive constant Cg such that

+
||T b f (Z)”qﬁ _ Q(g)q(n+1+b)—q(n+l+o{)/p/ Q(Z)/B aq
a,b,c)a q,

oG g V) < G
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Hence

Q(Z)ﬁ+aq 08
/u W dV(Z) S Q(g)q(n+1+b)—q(n+1+a)/p'
By Lemma 1.7 we have
+1+

that is,
c=n+a+b+1+ A\

O

Lemma 3.3. Suppose 1

p<g<ooandc>0,b>a>—-1. If T,p. is
bounded from L'(U,dV,) to

LU, dVp), then the parameters satisfy the condition

c=n+1l+4+a+b+ X,

where
n+14+7

q
Proof. We first prove the condition —ag < 8+ 1. In fact, for n > 0, we put
o(2)!
folz) = ———, ze€l,
! oz, ni)*
where s, t are real parameters satisfying condition

A= —(n+1+a).

s> 0,

1
t > max{—&,—b— 1},

p

n+1+a«

s—t>max{ ,n—l—l—l—b—c}.

By Lemma 1.7 these conditions guarantee that f, € L?(U,dV,) and

£ (2)]

Also, in view of the above condition and that ¢ > 0, we can apply Lemma 1.8
to get

P _ n+l4+a—p(s—t
p,=Cn (s—t)

Tuwefo(z) = o(2)" / __o@™ Gy —c o2)*

u o(z,w)co(w,ni)* o(z,mijets—botmn=1"

Since Ty p,cfn € LY(U,dV3), by Lemma 1.7 we have —1 < f+aq or —ag < 8+ 1.
Now we prove that c=n+14a+ b+ A. In fact, for any £ € U, let

£z = ()"

oz,
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By Lemma 1.7 we can easily see that there is a positive constant C' independent
of £ such that
[fa(2)]l1a < C.

Notice that ¢ > 0 and b > o > —1, by Lemma 1.8 we have

Ta,b,cfa(z) = Q(Z)ag(f)bfa/ Q(U))

u 0(z,w)eo(w, &)nt1+b AV (w) = o(2)*0(£)" “o(z,&) "

Since Ty p.cfo € L1(U,dVp), we know that there is a positive constant C' such that

a Q(Z)B+aq
[T fa(2)] 5 = o€)70—) /u LI gave) <.
Hence ( ),6+ , .
oz @ ]
/u oG o ) S G

By Lemma 1.7 we have ¢(b — a) = ¢q — (8 + aq) — (n + 1), which implies

c=n+1l+a+b+ A
O

Lemma 3.4. Supposel < p < g = oo and b > . If the operator Ty ;, . is bounded
from LP(U, dV,) to L>°(U), then the parameters satisfy the conditions

a+1<pb+1),
c=n+1l4+a+b+ X,

where
n+1+a«a

p

)\:

Proof. The necessity of condition «+1 < p(b+ 1) is obtained as in Lemma 3.1.
To see that ¢ =n + 1+ a + b+ X holds, observe that the boundedness of T, 4, . from
LP(U,dV,,) to L>=(U) is equivalent to the boundedness of the adjoint Trpe of Typ.e
from L'(U,dVs) to L' (U,dV,,).

For any & € U,

§hr
fs(z) = %~

Since b > 3, using Lemma 1.7, there is a positive constant C' independent of &
such that

1f8(2)ll1.8 < C.
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Note that «+1 < p(b+1) and b > g imply that c+b—  —a > 0. By Lemma 1.8

we have

w)Btae
T, f5(2) = o) 0(€)"? / o(w)™" av (w)

u o(z,w)o(w, ) T1to
= 0(2)""0(&)" P o(z,€)P T

Since T, .fs € v (U, dV,,), we see that there is a positive constant Cy such that

a,b,c

"(b—a)+a
- P ey (0-8) 0(z)”
s el @l = ol [ s

Hence

Q(z)pl(bfa)Jra CO
/u |o(z, €)|(c+b—B—a)’ V() € —2

Again by Lemma 1.7, we have
pPo=8)=p(c+tb-F-a)—p'(b—a)—a-n—1,

that is,
c=n+a+b+1+ A\

4. COMPLETING THE PROOF OF THEOREMS 1.1, 1.2 AND 1.3

Proof of Theorems 1.1 and 1.2.  'We now put all the pieces together to prove
the two main theorems.

It is obvious that the boundedness of S, from LP(U,dV,) to LI(U,dV3) im-
plies the boundedness of Ty, 5 . from LP(U,dV,) to LY(U,dV3). So (ii) implies (i) in
Theorems 1.1 and 1.2.

That (i) implies (iii) in Theorem 1.1 follows from Lemmas 3.1 and 3.2. That (i)
implies (iii) in Theorem 1.2 follows from Lemma 3.3.

It follows from Lemma 2.1 that (iii) implies (ii) in Theorem 1.1; and it follows
from Lemma 2.2 that (iii) implies (ii) in Theorem 1.2. This completes the proof of
Theorems 1.1 and 1.2. O

Proof of Theorem 1.3.  According to Theorem A, we only need to prove the
case 1 < p < q=o0.

The test that (ii) implies (i) in Theorem 1.3 is obvious. By Lemma 2.3, we con-
clude that (iii) implies (ii) in Theorem 1.3; and it follows from Lemma 3.4 that (i)
implies (iii) in Theorem 1.3. This completes the proof of Theorem 1.3. (]
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