Czechoslovak Mathematical Journal, 71 (146) (2021), 283—-308

ON p-ADIC EULER CONSTANTS

ABHISHEK BHARADWAJ, Chennai

Received July 29, 2019. Published online October 9, 2020.

Abstract. The goal of this article is to associate a p-adic analytic function to the Euler
constants yp(a, F'), study the properties of these functions in the neighborhood of s = 1 and
introduce a p-adic analogue of the infinite sum > f(n)/n for an algebraic valued, periodic

n>1
function f. After this, we prove the theorem of Baker, Birch and Wirsing in this setup
and discuss irrationality results associated to p-adic Euler constants generalising the earlier
known results in this direction. Finally, we define and prove certain properties of p-adic
Euler-Briggs constants analogous to the ones proved by Gun, Saha and Sinha.
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1. INTRODUCTION

The Euler’s constant ~ is defined as:

= lim 1 lo x)
y= lim (né:z ~ —log
This constant is associated to well known number theoretic functions. For instance,
if we denote ((s) as the Reimann Zeta function, then + is the constant term of the
Laurent series expansion of ((s) around s = 1.

Focussing on the p-adic setup, in 1964, Kubota and Leopoldt in [11] introduced the
p-adic analogue of the Zeta function (,(s) and the Hurwitz zeta function H,(s,a, F)
whenever p | F. Since 7 could also be realised as the derivative of log gamma func-
tion, Morita in [14] introduced a p-adic analogue of the gamma function, and defined
p-adic Euler’s constant .

Around the same time, Diamond in [7] defined the p-adic analogue of the log
gamma function different from Morita’s log gamma function, and also defined the
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p-adic analogue of Lehmer constants «,(a, F'), building upon the work of Lehmer
(see [13]) in this context. He however noted that Euler’s constant defined by him is
the same as Morita’s upto a rational factor. Soon, certain constants v, and v,(a, p™)
were realised as integrals by Koblitz, see [10].

In this article, we restrict ourselves to odd primes p and study the p-adic Eu-
ler constants by associating an analytic function analogous to p-adic Hurwitz zeta
function Hy,(s,a, F'). To elaborate further, let N denote the set of natural numbers
and 1, r: N — {0, 1} be the indicator function of the natural numbers n congruent
to a mod F. Given our procedure in the classical setup, we can recover the con-
stant y(a, F') via a Dirichlet series associated to 1, ». We would like to imitate this
process in the p-adic setup. More precisely:

Question 1. Can we realise v,(a, F) as the constant term of the Laurent expan-
sion of a p-adic “Dirichlet series” associated to the arithmetic function 1, r around
s=17

We now elaborate on the issue pertaining to the above question. We begin with
the construction of the p-adic function Hy(s, a, F), see [21]. Given the Hurwitz zeta
function

1

(1) H(SvaaF):Zma

n=0

Res > 1,

one can interpolate it continuously to a p-adic analytic function H,(s, a, F) by consid-
ering the meromorphic continuation of H(s, a, F') to the whole complex plane. When
p | F, p1a, we interpolate at certain negative integers and we have Hy(1—n,a,F) =
H(1-n,a, F) whenever n = 0 mod(p—1). In the region {s € C,: |s|, < p'~/P~D}
we obtain the following expansion for H,(s, a, F'):

e =i (5@

Jj=0

where B; denotes the jth Bernoulli number, (;) =@t)t-1)...(t—j+1)/5!, and
(a)t = limt<a>”. (See Section 2 for the definition of (a).) As mentioned in Proposi-
n—

tion 3, we have

) (s = DHy(s,0.F)| _, = (e, F).

We can extend the above definition (see [19]), to periodic Dirichlet series in the p-adic
setup as follows: If f is an even periodic function of period F', the p-adic periodic
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Dirichlet series Ly(s, f) is defined by

Ky
3) Ly(s,f) = > [fla)Hy(s,a,Ky),
a=0,
(a,p)=1

where K¢ denotes the least common multiple of " and p. We shall refer to the above
series as the Washington series. This series does not provide a satisfactory answer
to Question 1. The analogy mentioned by Morita in [15] also does not give the
required analytic function. The issue in both places is that the function f is twisted
by the principal character yo modp. This does not affect the properties of the
Dirichlet characters or more generally completely multiplicative functions, but as an
“additive” analogue, we note that we are missing the contribution from the p ‘parts’.
In Section 3, to function 1, r, we associate a p-adic L series H,(s,a, F') when p{ F.
This (see Definition 5) is primarily motivated by the definition of v, (a, F') given by
Diamond. Naturally, we will be working with the definiton of +, given by Diamond.
We prove the distribution formula (see Proposition 2) for H,(s,a, F'), and with this,
we can unambiguously define an analogue of periodic Dirichlet series L, (s, f) in this
context. It should be noted here that for any odd periodic function f, we have
L,(s,f) =0 and at the same time, there are nonzero periodic even functions f for
which L, (s, f) = 0. While we are not able to classify all such periodic functions, we
rule out this scenario in the case when p{ F. More precisely, we prove the following
theorem in the end of Section 4.

Theorem 1. Let I’ be a natural number greater than one, co-prime to p and let f
be a nonzero even arithmetic function of period F' taking algebraic values. Then we
have L, (s, f) #Z 0.

In Section 5, we give an affirmative answer to Question 1. With the definition
of L_p(s, f), we can talk about its value at s = 1 whenever it exists. The theory now
follows just as in the classical setup owing to the Gauss formula given by Diamond
in the p-adic setup. By appealing to the theorem of Brumer, which is the p-adic
analogue of Baker’s theorem in linear forms of logarithms of algebraic numbers, we
can discuss certain linear independence and irrationality results. We present the
theorem of Baker, Birch and Wirsing (see [2], Theorem 1) in this context.

Theorem 2. Let f be an even periodic arithmetic function of period F taking
algebraic values and satisfying f(a) = 0 whenever 1 < (a,F) < F. If L,(s, f) # 0,
then L,(1, f) # 0.

The above theorem is different from the one mentioned in [18] as we are not
working with (3). With the above theorem, we prove the following:
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Theorem 3. Let F' be a positive integer which is not a power of p. Then at most
one of the elements of the set

{7 W@, F): 1<a<F, (aF)=1}

is algebraic.

This theorem was proved by Murty and Saradha in [18] for F being a prime. Our
setting also extends the results of Chatterjee and Gun, see [5].

Finally, we introduce a p-adic analogue of generalised Euler-Briggs constant
(2, a, F) for a finite set of primes Q (not containing p) in Section 6, and prove
the same results mentioned in [8], [9], in the p-adic context. We prove the following
theorem.

Theorem 4. Let € be a finite set of primes and let

Vg = Qp(@am): 1<a<N,1<m <N, (a,m) = (m, P) = 1),

Then we have dimg V@,N >q N?/logN as N — oo.

2. PRELIMINARIES

We state the theorems and remarks required to prove the results. Let N denote
the natural numbers, 7 the integers, Q the rationals, and Q the field of algebraic
numbers. For a rational number a whose denominator is co-prime to F', we denote a g
as the representative of a mod F' in the set {0, ..., F — 1}. Throughout, we consider
periodic arithmetic functions f: N — @ of period F, i.e. f(n + F) = f(n) for all
natural numbers n, and we extend the domain to Z by setting f(n + F) = f(n) for
all n € Z. We say that an arithmetic function f of period F is even if f(—n) = f(n),
and odd if f(—n) = —f(n) for all integers n. Given any arithmetic function f of
period F'; we can decompose it as the odd and even part. We define the odd and
even parts of f, denoted by f, and f., to be

and  fe(n) := W

Since f is of period F, it follows that f, and f. are arithmetic functions of period F'.
Note that f, is an odd arithmetic function whereas f. is an even arithmetic function.
Also, an arithmetic function f of period F' is said to be of Dirichlet type if it is
supported at the co-prime residue classes (Z/F7)*. Such functions can be written
as @ linear combinations of Dirichlet characters of period . We now mention certain

results in the classical setup.
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o0
2.1. Classical setup. If we denote L(s, f) = > f(n)/n® for Res > 1, the condi-
n=1

F =
tion > f(a) = 0 ensures that L(1, f) exists. In fact, we have the following expression
a=

for L(lf -

F -1

(4) L(]-a f) = Z f(a’)’)/(aa F) = - f(a‘) log(l - e2rcia/F)’

1

B!

a=1

)
Il

N F-1 .
where f(a) = F~1 Y f(b)e 2mba/F,
=0

Finally, we define the generalised Euler-Briggs constants following Gun, Saha and
Sinha, see [9].

Definition 1. Let 2 be a finite set of primes, F' a natural number co-prime to
elements of {2 and a such that 1 < a < F. We define the generalised Euler-Briggs
constants v(£2, a, F') by the following limit:

. 1 log
v, a,F) ::x11_>1{>10< Z H—ég Ii )

n<x
n=a mod F,
(n,Pq)=1

Here they denote

Pq ::Hp and dq :zH(l—l).

pEQ pEQ p

By convention, Py =1, 6g = 1 when Q = (.

2.2. The p-adic setup. Let p be an odd prime number, 7, and Q, be the
completion of Z and (Q, respectively, under the p-adic metric. Let vp: @; — Q be
the valuation map with v,(p) = 1 and |p|, = 1/p. Moreover, let C, denote the
completion of the algebraic closure @p of @ under this metric, and U, denote the
units of the integral closure of Z,, in C,. Let us denote

0,(1x) = {Laxts we0,). 0,00 = {Lax's a0},

i>0 i>0

Following Cohen in [6], we define the operator (.): Qp — Uy, where U; = {z € Z,:
|z — 1|, < 1/p}. If we denote po as the roots of unity in C,, then we have the
Teichmuller character w: Z; — jioo, i.. w(z) is the unique (p — 1)st root of unity
such that w(z) =z mod p.
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Definition 2. The map (.): Zj — Uy is defined as

This map is extended to Qj by setting (x) := (x/pvr(®).

2.2.1. The Iwasawa logarithm. With the analogy in the classical case, we write

1 X"
log,(1+X) = (-1) -
k>1
We note that log,(1 + X) € Qp[[X]], and moreover, it has a radius of convergence
|p|,1,/(p71). The log, map can be analytically extended to Cj, satisfying log,p = 0
and

log,(ab) = log,(a) + log,(b) Va,be C.

Moreover, we have the following proposition, see [20], page 257.
Proposition 1. Let t € pZ,. Then the derivative of
x— (1+t)°: Z, - C,
at the origin is log, (1 + ).

In particular, (d/ds)<d>s‘S:0 = log, (d) = log,, d.

Remark 1. Note that the derivative mentioned above is the strict differentiation
as defined in [20], page 218, but as mentioned on page 238, for restricted power series
f € Q,{X} one may also take the derivative with respect to X and evaluate it at
a point a € Z,,.

2.2.2. The Volkenborn integral.

Definition 3. The Volkenborn integral of a function f € Q,{X} is by definition:

. 1
(5) [ rwd=tm 3 s,
Zyp p o<n<p”
Moreover, if we define

Flz) = /Z fla+t)dt,
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then we have

d 0
&F(IE) = ‘/Zp %f(l"f't) dt

We require the Volkenborn Integral mainly for the above property.

2.3. Some transcendental prerequisites in p-adic domain. We mention the
remarkable theorem of Brumer (see [4]) which is the p-adic analogue of Baker’s
theorem of linear forms in logarithms of algebraic numbers.

Theorem 5 (Brumer). Let o, ..., o, be the elements of U, which are algebraic
over ) and whose p-adic logarithms are linearly independent over Q). These loga-
rithms are then linearly independent over the algebraic closure Q of Q in C,.

In fact, the non vanishing of L,(1, x) is a consequence of the above theorem. We
require the following corollary by Murty and Saradha (see [18]) which asserts the
transcendence of Q-linear forms of p-adic logarithms of algebraic numbers under
some conditions.

Corollary 1. Let K be a number field. There exists a constant ¢ > 0 depend-
ing on K such that the following holds: Suppose aji,...,q,, are multiplicatively
independent algebraic numbers in K satisfying |a; — 1|, < p~¢ for 1 < i < m and
81y, 8m € K. The linear form

prlog,ar + ...+ Bm log, am

is either zero or transcendental.

Remark 2. Taking the Iwasawa logarithm, we can remove the condition on c.
Indeed, this is true as we can write

Z Bilog, a; = Z # log,, o'
i=1

i=1

[

n
Therefore, choosing n such that |} — 1|, < p™¢, we can say that ) 3;log, a; is
=

either zero or transcendental. The existence of n is guaranteed by the?ollowing fact:
Let K/Q, be a finite field extension with ring of integers Ox and prime ideal p.
Then the quotient group (1+ pOx)/(1 +p™Of) is finite for all natural numbers m,
see [12], page 47. This was also worked out in [5].

2.4. On p-adic Euler constants. We end the preliminaries by defining the p-adic
Euler constants as done by Diamond and stating a few properties.
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Definition 4. Let a, F' be integers with v,(a/F) < 0. We then define

Fpk—l
1

Ypla, F) = —klggon Z log, m

m=0,
m=a mod F

When v,(a) > v,(F), we write ' = p*F* with (p, F*) = 1 and set ¢ = @(F*),
where ¢ denotes the Euler Phi function. We define

®
¢ p’1
p
WwaF)=—— Y mla+nFp’F).
p n=0,
vp(a+nF)<¢+k

We state the following results of Diamond which are required for certain compu-
tations in Section 4.

Theorem 6 (Diamond). Let F' be a natural number greater than one and r be
a positive integer less than F. We have the following properties.
(1) Ifd | (r,F), then Fy,(r, F') = F/dvy,(r/d, F/d) — log, d.
(2) Yp(r, F) =vp(F =1 F). b1
(3) Ifb e 7, then vp(r, F) = > vp(r + nF,bF).
n=0

Theorem 7 (Diamond). Let F' > 1 and (r be a primitive F'th root of unity.
Then

Fyy(a, F) ZCF” log, (1 — ().

3. ON A P-ADIC ANALOGUE OF HURWITZ ZETA SERIES

For natural integers a, F' such that 1 < a < F — 1, p| F, pta, we rewrite the
p-adic Hurwitz zeta function Hy,(s,a, F') as follows:

Hy(s,a,F) = %/@Kl + §t>1_s dt.

The above integral is the same as the infinite series mentioned in the introduction
by [20], pages 173 and 270. We note that Hy(s,a, F') = Hy(s, F—a, F) by [20], Propo-
sition 4, page 268. We also have a well known distribution formula for H,(s,a, F),
see [6], page 286:

r—1
(6) Hy(s,a, F) = ZHp(s,a—f—nF, Fr),

n=0

290



where r is a natural number greater than one. When p { F', we observe that the
Volkenborn integral does not exist. In order to define a p-adic analogue for the
Hurwitz zeta function when p t F, we first construct a suitable series in the classical
setup. Let H(s,a, F') denote the Dirichlet series:

1
(7) H(s,a,F):T%%m, where Res > 1.

The distribution relation mentioned in (6) is also valid for this Dirichlet series and
therefore we obtain the following equality when r = p:

p—1

1 -
(8) H(s,a,F) — —H(s,ap~Tp,F)= ) H(s.a+nF,pF),
P n=0,
n#aF -1,
where ap denotes the representative of a mod F' in the set {0,...,F —1}. As we

vary a over the set {ap=ip}?") (¢ denotes the order of p in (Z/FZ)*), we obtain
the following identity:

o—1 p—1
1 1 S
(9) (1 - ]%>H(s,a,F) - ;—o: H(s,ap—p + nF, pF).

ap~? p+nF#0 mod p

Since we have the p-adic analogues for the Dirichlet series on the right-side, it is
enough to give the corresponding analogue for the Dirichlet polynomial 1/p**. To do
so, we revert back to the p-adic setup. When p | Fy and p 1 ad, we have

(d)'
d

Hpy(s,da,dFy) = Hpy(s,a, Fy).

This shows that (d)!~*/d is the required analogue of the Dirichlet polynomial d~*,
and when d = p, we will have a factor 1/p as (p)!=* = 1. This shall allow us to
‘extend’ the definition of Hy(s,a, F') when p { F'. The same principle was followed
by Diamond (see [7]), while defining the p-adic analogue of Euler constants in Defi-
nition 4. We now define H,(s, a, F) for non negative integers a and F with a < F.

Definition 5. We define H,(s,0,1) as

_ 1 a N .
Hy(s,a,F) = EHP(S, — —) if p*||(a, F).
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If we further assume that p{ F' and (a, F') = 1, we set

p¢

H, F) =
p(svaa ) p¢_1

Z Fp(sva+nFap¢F)a
neN(a,F)

where ¢ is the order of p mod F' and
N(a,F)={0<n < p®: vy(a+nF) < ¢}.

Finally, if d = (a, F) and d > 1, we define

— (d!=°—/ a F
Hp(S,G,F): >d Hp(S,E,E).

Remark 3. We have the following equivalent expressions for Fp(s, a, F') which
we use frequently for computational reasons.
(1) When p t F, following the same lines as (8) and (9), we have

(10) Hy(s,a,F) = p¢—12 ZéFan o(s,ap~ip 4+ nF, pF).

2) For a fixed F co-prime to p, let ¢; be such that p?* =1 mod F. Then we have
( p P, p

p¢1
p¢1 -1

Hy(s,a,F) = > Hy(s,a+nF,p”F),

neEN; (a,F)

where Ni(a, F) = {0 < n < p?': vy(a+nF) < ¢1}. The above is true as (9)
holds when we replace ¢ by ¢;.

We start with the proof of the distribution relation for H,(s,a, F) providing all
the details. We remark here that any proof of [7], Theorem 14, statement (iv) will
follow through here. The proof purely relies on the distribution formula (6) and
appropriate rearrangements. When p is co-prime to F', we also set

1 if ap~*p +nF #£ 0 mod p,
0F(a,n) =
( ) { 0 otherwise.

Proposition 2. Let N be a natural number greater than 1, F' be a positive integer
and a be an integer such that 0 < a < F — 1. We have the following distribution

relation:
N-1

(11) Hy(s,a, F) Z H,(s,a+nF,NF).
n=0
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Proof. Without loss of generality for F' > 1 we can assume that (a, F') = 1 and
moreover by the surjective group homomorphism 7Z/M7 — 7 /N7 whenever N | M,
it suffices to do the same when N is a prime. Indeed, if it is true for primes ¢ and r,
then it is true for F' = ¢r as shown below:

Ju

—1

r—1
F(s, a+nF,pF) = H,(s,a+nF +mqgF,qrF)
0m=0

Q
Q

Hy(s,a,F) =

ZM

3
I

n
-1

= H,(s,a+nF,qrF).
0

Q
1

n

If p | F', we have the distribution relation as mentioned in (6) for H,(s,a, F’), so we
need to consider the case when p { F. We have two cases, namely N = p and N # p.

Let us denote

p—1
F(s) = Z H,(s,a+nF,pF)
n=0
On evaluation of F(s), we obtain
p—1
F(s) = Z Hy(s,a+nF,pF)+ H,(s,a + —aF~1,F,pF)
n=0,
n#—aF~1,

p—
J— 1—
= Z Hp(sva+anpF)+5Hp(svap71FaF)'
n=0

=0,

n#—aF-1,

From (10) we have

b d—1 p—1
i — p 1 — 1
Hp(svap lFaF) = p¢ 1 Z E Z 5ﬁ_1(a,n)Hp(s,ap 1F + TLF,pF).
1=0 n=0

Note that when i = ¢ — 1, we have ap=*~ 1 +nF = a+nF. Therefore, substituting

this in the above, we get

p—1 p—1
1
F(s) = Z; HP(S’G+HF’pF>+p¢_1 Z; H,(s,a +nF,pF)
n;éfaFll n;’ﬁfaFL1
1 1 —
S ) WA AR s
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¢ p-1

p

_p¢—1< Z H,(s,a+ nF,pF)
n=0,

n#—aF—1

+Z z4_122(2“@71 sapllp—f—anF))

(Z Zé (a,n)Hy(s,ap~—' 1 + nF, pF)) Hy(s,a, F).

We still need to consider the case when N # p and N is a prime. Consider the sum

N—-1
Hy(s,a+mF,NF).
m=0
If we set ¢ as the order of the element p mod N F', expanding each term as mentioned
in Remark 3, statement (2), we get

¢1 N—1p—1

Z >N 6N (a+mF,n)Hy((a + mF)p~i y p+nNF,pNF).
m=0n=0

(12) F

p¢’ -1
Consider the set of elements

Si={(a+mF)p~iyp+nNF: 0<m<N-1,0< p—1,
(a—l—mF)p—zNF—l—nNF;éOmodp}.

For every fixed i such that 0 < ¢ < ¢ — 1, we note that the terms in (12) vary over
the elements of S;. We note that S; has N(p — 1) elements, and if y € S;, then
y = ap~ip mod F. Therefore all the elements are the representatives of preimages
of ap~ip mod F in (Z/pZ)* x (Z/NFZ). For every j such that 1 < j < p— 1, we
denote by b; ; the unique representative in {0,...,pF — 1} such that b;; = j modp,
bj; =ap~" mod F. Let us also denote

le :{bj,i+ka3 0<k<N—1}
Moreover, by the distribution relation (6) for the set T} ;, we observe that

Z H,(s,c,pNF) = Hp(s,bj,pF).
ceTj ;
p—1
Now we have S; = |J Tj,;. Naturally, the sets T} ; are disjoint. We also note that
j=1

{bjﬂ-}?;ll ={an: ap=apip+nFwith0<n<p—1and pta,}.
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We can therefore write (12) as follows:

s o1 1 p—1 . .
F(s) = P T Z pei Zéf(a,n)Hp(s,ap—zp +nF,pF) = H,(s,a, F).
i=0 ¥ n=0

p? —

We get the last equality from Remark 3, statement (2). The above proof works
verbatim when F' =1, a = 0, thereby proving the proposition. O

4. ON THE p-ADIC SERIES L,(s, f)

Definition 6. Let f: N — C, be a periodic function of period F'. We define

!

Ly(s, f) == f(a)Fp(s,a,F).
0

Q
Il

Remark 4. We make the following remarks.

(1) If f and g are two periodic functions, then L,(s, f) + L,(s,g) = Ly(s, f + 9).
This is a consequence of Proposition 6.

(2) Since Hp(s,a,F) = Hy(s,F —a, F), whenever p | F', p{a for arbitrary positive
numbers b and F, we have H,(s,b, F) = H,(s,F — b, F). Hence, if f is odd
of period F, then L,(s, f) = 0. But the map f — L,(s, f) need not be in-
jective even when the function f is even. Consider the example f: N — Q of
period p such that f(n) = 1 whenever (n,p) = 1 and f(n) = —(p—1) otherwise.

Therefore
— £(0)
L;D(Svf) = P Hp(870a1)+ZHp(saavp)
a=1

From the definition, we have L,(s, f) = 0. More generally, the same is true
whenever f is a periodic function of period p* such that f(n) = 1 whenever
(n,p) =1, f(np*) = —p(p*) and f(n) = 0 otherwise.

(3) Lp(s,x) is slightly different from the Kubota p-adic L function L,(s,x) for
a primitive Dirichlet character y of conductor k. We have

kp

LP(85X): Z X(G)Hp(57aakp)7

a=0,
(a,p)=1

where the sum runs over 0 < a < kp with (a,p) = 1. On the contrary, we have

k—1 kp—1
Lo(s,x) = Y x(a)Hy(s,a,k) = > x(a)Hy(s,a,kp)
a=0 a=0
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I
=,
&
5
»
“@
z
_|_
]
=
=
&
5
V2
S
L
5

=0, 0<a<k

= (1 — %)Lp(&x) = Ly(s,x)-

So upto an “Euler” factor, both the p-adic L functions are equal.
(4) Let f be an even periodic function of period F. The Washington series L, (s, f)
is the same as L, (s, fxo), where xo denotes the principal character mod p.

We now prove Theorem 1. The strategy of the proof is to first show that the
functions {H,(s,a,pF): 1 < a < %pF, (a,p) = 1} are linearly independent over Q.
To prove this, we transfer the expression to the real setup using analytic continuation.
We then proceed to prove that if f: N — Q is an even arithmetic function of period F
co-prime to p such that

F—1
Z fla)H,(s,a,F) =0,
a=0

then f = 0. The proof involves a valuation argument.

Proof of Theorem 1. Let F' be greater than one such that p | F. Suppose there
exists a, € Q such that

F/2
Z aoHpy(s,a,F) =0.
a=1,
(a,p)=1
Then substituting s = 1 — k, where k& runs over the positive integers satisfying

k =0 mod(p—1), and noting that H,(1—k, a, F) = H(1—k,a, F) for such integers k
(recall here that H(s,a, F') is the Dirichlet series (7)), we have

F/2
(13) > aH(1—k,a,F)=0.
a=1,
(a,p)=1
We now construct an even arithmetic function g of period F as follows:
o, if(n,p) =1 and n = +a mod F,
g9(n) = ,
0  otherwise.
Note that from (13) and using H(1 — k,a,F) = H(1 — k, F — a, F') we obtain

F
Zg(a)H(l —k,a,F)=0= L(1 —k,g) =0 whenever k =0 mod(p — 1).

a=1
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Now, from [17], Lemma 2.1 we have L(k,g) = 0 for positive integers k = 0 mod(p—1)
and consequently g = 0 (see [1], Theorem 11.3). This implies g = 0. Therefore we
have the following;:

F/2
(14) Z agHp(s,a,F) = 0= a4 =0 for all a such that 1 < a < F/2, (a,p) = 1.

a=1,

(a,p):l

Now let f be an even algebraic arithmetic function of period F' co-prime to p such
that

B!
—

fla)H,(s,a,F) = 0.
0

)
I

We therefore have

1-s
05,0,

¢

F—-1 ¢—1 p—1
p 1 —_— ——
21 Z f(a) Z pri Z di(a,n)Hy(s,ap~tp + nF,pF) =0,
a=0 =0 n=0

where ¢ denotes the order of p in (Z/FZ)*. Rewriting the equation, we get

+

p—1 pF ¢—1

P 3 Z Zf
Ef(o) n:1Hp(S7nF7pF = = S a pF) =0.
(a,p)=1,
Fta

Since f is even, as mentioned in (14) we have f(0) = 0, and for all a such that

(a,p) =1,

(15)

Note that the above equality is also valid when p | a as we can replace a by a + F.
Suppose f(b) # 0 for some b. Let M) = min{uv,(f(bp?)): 0 <i < ¢ — 1}. We note
that there exists j such that My, = v,(f(bp?)). In (15), by replacing a with bp/*?,
we obtain

But this is not possible, as

¢—1 itj+1 j
Up(z %) = ”p(@) =My —9+1,
=0

a contradiction to (15). Hence f(b) = 0 for all b. O
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5. ON THE VALUE OF L,(1, f) FOR PERIODIC FUNCTIONS f

5.1. p-adic Euler constants. We begin by associating the constants 7,(a, F') to
the p-adic Hurwitz zeta function.

Proposition 3. Let F' be a natural number greater than one withp | F anda < F
such that p t a. We have

Ypla, F) = %(s — 1)Hp(s,a,F)|

s=1"
Proof. Since (Ft/a+ 1)° € Q,{t}, we can evaluate

d _d (g F o\l
(s = D H,(s,0,F) = < /Zp<1+—t> dt

- %(—1ogp<a><a>1‘s/zp<1+ §t>178dt+ <a>1‘s/zp %<1+ §t>1sdt)-

Evaluating the derivative at s = 1, we have

d 1 F
5(8 - 1)I1T,,(S,CL,F)L;:1 =7 (logp<a> —I—/ logp<1 + Et>> dt = yp(a, F),

the last equality from Definitions 4 and 5. 0

From [10] we recall that we can write
P
(16) T = > ypla,p).
p— 1 a=1

In particular, the above shows that -, is the derivative of (s —1)H,(s, 0, 1) evaluated
at s = 1. We set . log. F
0g
0,F) ==, — —2
’YP( ’ ) F,Yp F

so that we can realise it as the derivative of (s — 1)H,(s,0, F') evaluated at s = 1.

Corollary 2. Let F be a natural number greater than or equal to 1, and let
0 < a < F. The residue of Hy(s,a, F) at s =1 is 1/F. Moreover, we have

d .
E(S — 1)Hp(s,a,F)|8:1 = vp(a, F).
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Proof. We need to consider the case when a > 1 as the case a = 0 is already
dealt with. When p | F' and p{a, we have the residue of Hy(s,a,F) at s = 1 to
be 1/F, and by Proposition 3, the constant term is given by v,(a, F'). So, we need
to consider the case when p{ F. We further restrict to the case when (a, F) = 1.
From Remark 3, statement (1) we have

é ¢—1 1 p—1
T . p 1 F o —
igni(s 1)Hp(87a’F)7p¢—1;pi;61 (a,n)igrq(s 1)Hy(s,ap~p + nF,pF).
p?—1<p" pF F’

thereby concluding the first part of the corollary. The second part simply follows
from the definition by setting F'* = F', and noting that

1 al Fl
lar, F1) = —y (—,—)
;0( ) » P ' p

whenever p | (a1, F1).

If we assume p t F' and (a, F') = d for some d > 1, we have

e 1., —y a F

fiy Ty (s.0.F) = G 1o 7T, (5. 5. 7).
d _ log,d —/ a F 1d —v a F
£(5—1)Hp(s,a,F)|S=17— d ll_%Hp(s’E’E)+E£(S_1)HP(S’E’E) s=1

Since we have the corollary for the case when (a, F) = 1, we apply Theorem 6 to
complete the proof. O

We also have the following corollary which was proved by Diamond [7] only for
the case v, (F) > 0. We remove this condition here.

Corollary 3. Let

F
u(F)= > y(rF).
r=1,
(r,F)=1
We then have
_e(F) P(F) —log, d

F PTTR d—1'
d|F

where d runs over all the primes dividing F'.
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Proof. Let us denote

F
(s, F) := Z Hy(s,a, F),

(a,;);l
F-1 F-1
q)p(57F) = ,u(d)Hp(s,a,F) = Z/J’(d) Hp(S,G,F)
a=0 d|(a,F) d|F a:|0,
_g F/d—-1 _

_ R S () \

- M(d) d Hp(‘svaa d) - (1 r )Hp(S,O,l),
d|F a=0 r|F

where r runs over all the primes dividing F'. The last equality is obtained by Propo-

sition 2, as
F/d—1

H,(s,0,1) ZHp<sa )

Noting that Fp(s, 0,1) has a pole at s = 1 with residue 1, we arrive at the corollary
by evaluating (d/ds)(s — 1)®,(s, F)‘s:p by Proposition 1 and Corollary 2. O

By appealing to Theorem 7, we can compute the value of L_p(l, f) whenever it
exists. More precisely:

— F-1
Corollary 4. The residue of the function Ly(s,f)at s =11is1/F > f(a). In

a=0
particular, L,(1, f) exists if and only if E f(a) = 0. Under these assumptions, the
explicit value is given by a=0
F—1
Z Fla)yp(a, F) = = f(r)log,(1 - ¢p),
r=1
. F—1 B
where f(a) =1/F Eof(a)CF‘".
Proof. From Corollary 2, along with
o <F>175
H,(5,0, F) = “——H,(5.0,1)
we have
F-1 F—1
— _ : - _~x fla)
11_}11%(8 —1)Ly(s, f) 2 11_}11%(5 —1)Hy(s,a, F) = 2 F .
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F-1
This proves the first part, and therefore, from now on, we assume that » f(a) = 0.

For 0 < a < F, again from Corollary 2 we have =0

1

Fp(s,a,F):m

+Yp(a, F) + O(s — 1).

Substituting this expression into Definition 6, we get the first equality. The second
equality is an immediate consequence of the first equality, Theorem 7 and the identity

F—1
F=T](-¢). O

r=1

One should observe the similarity between the expression of L,(1, f) and the value
of L(1, f) as mentioned in (4).

5.2. Proofs of Theorems 2 and 3.
Proof of Theorem 2. By Corollaries 3 and 4 we know that

Ly(L, f) = f(0)5,(0,F) + > fla)y(a, F)

(a,F)=1

log,
= % (r@+ L ta ) - LS e S o

(a,F)=1 r|F

where r runs over the primes dividing F'. We can write the above equation as

(17) Lo ) = Tp(t) ~ DS (L () tog,
r|F

where g: N — @ is the arithmetic function

f(n)—f—& if (n,F)=1

g(n) = o(F)
0 otherwise.
Since g is a Dirichlet type even function, we note that g = > a,x with a, € Q
and therefore o i‘c(nj‘f?:ﬂ
Z ayLp(1

x mod F,

x(=1)=1

F—1
In the above, note that a,, = 0 as Y. g(a) = 0. From Remark 4, statement (3)

a=0

and [16], Corollary 8, we note that L,(1,g) # 0 unless g = 0. Thus, if we assume
L,(1, f) = 0, then we only have the following cases by Theorem 5.
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(1) If F # p*, then f(0) = 0 and therefore f(a) = 0 (as g = 0) whenever (a, F) = 1.
Therefore f = 0.
(2) F = p*, then we have for all (a, F) = 1

SO iy = R (O
SE @ =0 T

By the example mentioned in Remark 4, statement (2), we have L_p(l, f)=0.1In
fact, this proof also shows that f is the only nonzero even function of period p*
satisfying the conditions of the theorem and such that L,(s, f) = 0. O

Proof of Theorem 3. We first claim that at most one of the elements of the set
Spi={mw(aF):1<a<F (a,F) =1}

is algebraic. To prove this, for any two equivalence classes [a], [b] with [b] # [—a], we
can construct a periodic function f of period F as follows:

1 if n=+a modF,

fn)=< =1 if n=4bmodF,

0 otherwise.
Note that Ly(s, f) # 0. Now we can apply Theorem 2 to conclude that L,(1, f) is
nonzero and hence by Corollary 1, L, (1, f) is transcendental. However, we note that
L,(1, f) = 2(vyp(a, F) — v,(b, F)). This proves the claim.

It remains to consider Sy U {7,}. Suppose v, and v,(a, F)) is algebraic. Then by

Theorem 7 and Corollary 1 we have

(18) Fryy(a, F) = p.
We first construct a periodic function f of period F' as follows:

—2 if n=0modF,
f(n) = 1 if n=+a modF,
0 otherwise.

From (18) and Corollary 4 we have L,(1, f) = +2log, F/F. Now construct another
periodic function g as follows:

1 if (n, F) =1,
g(n) =4 —p(F) ifn=0modF,
0 otherwise.
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By Corollaries 3 and 4 we have

— F log, r F
Ly(1,9) = il )Z T_”l + “J% ) log, F.
r|F

Now consider the arithmetic function h(n) := ¢(F)f(n) — 2g(n). Note that

- (F) log,, 7
Ly(1,h) = —2—= —
p(L 1) F Z r—1
r|F
But we also note that & is of Dirichlet type and therefore L,(1,4) is a Q-linear com-
bination of p-adic logarithm of units (since L, (1, x) also satisfies the same property).
Hence by Theorem 5, we obtain a contradiction unless L_p(l, h) = 0, which is not

possible as F # p*. This proves the theorem. ([

6. THE p-ADIC ANALOGUE OF EULER-BRIGGS CONSTANT

Now we define the p-adic analogue of the Generalised Euler-Briggs constant. In the
p-adic context, we need the condition (pF, Po) = 1. We denote 1g(n): N — {0,1} as
{ 1 if (n,Po) =1,

lg(n) =
a(n) 0 otherwise.

We begin by recalling another theorem of Diamond from [7].

Theorem 8 (Diamond). Suppose we have non negative rational integers a, b, M
with M > 1. Let R be an open set in C, with a+ MZ, C R and f: R — C, be
locally holomorphic. If we define the sum

Mbp*—1

S(k,b)::bp% S fm),

n=0,
n=a mod M

then L = klim S(k,b) exists and is independent of the choice of b.

— 00

The above theorem ensures the existence of the limit in the following definition:

Definition 7. Let €2 be a finite set of primes not containing non negative inte-
gers p, a, I such that F is co-prime to Pp and 0 < a < F — 1. If vy(a) < v,(F), we
set

1 FPop*—1
v (Q,a,F) = — klggo BoFpr Z log, n.
=0,
n—:mod F,
(TL,PQ):l
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When vy(a) > v,(F), we write F = pFF* with (p, F*) = 1 and set ¢ = p(F*),
where ¢ denotes the Euler Phi function. We define

@
¢ p 7l
p
PYP(QvaaF) = p¢ _ 1 Z PYP(Qva"’—anp(ﬁF)
=0,
vp(a+?LF)<¢+k

We immediately have the following proposition:

Proposition 4. Assuming the same notations and conditions as mentioned above,

we obtain
d —
’YP(QvaaF) = &(S - 1)[’1)(85 f)‘szla
where f: N — {0,1} is the arithmetic function f(n) = 1,,r(n)la(n).

Proof. Assume 2 to be a finite set of primes not containing the prime divisors
of pF. We first evaluate (d/ds)(s — 1)L,(s, f)‘ We have

s=1"

Lo,r(n)la(n) = pd)loa(m)lar(n) = > p(d)la, ra(n),

d| P d|Pq

where a4 is the representative of the congruences a mod F', 0 modd in (Z/FdZ)* in
the set {0, ..., Fd — 1}. Therefore we have

LP(Sv f) Z :u‘(d)L_p(sv 1ad7Fd)
d|Pq
1-s

7 Hy(s,ad ', F).

I
=
S
—
s
Q| =
.
N
)
—~
Rl
—_
I
i
::JH
T
~—
|
=
Y
—
s

d|Po d|Pqo

We obtain the following expression (19) with the help of Proposition 1 and Corol-
lary 2:

(19) ST Nl = 3 P bog,a v 3O G .
d| Po d| Po

It remains to show that the above value is the same as (€2, a, F'). We have 3 cases.
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(1) When p | F, vp(a) < vp(F). From Definition 7 we note that

FPopF—1
1

(20) W@ a, F)= = lim —— > Y u(d)log,n

k—oo PQFp n=0, Fd‘(n7PQ)

n=a mod
FPka—l
p(d) .. d
= — E lim E log, n
k P
Al Po d k—oo PoFp o,
n=a mod F,
n=0 mod d

(2) When p t F, substituting (20) to the terms in Definition 7, we have

p¢
1) 0 F) =2
e ,LL ,LL T -1
. (- 2 4 o, a4 3 M, @AW ) ).
n=0, p d|Pq d| P
vp(a+nF)<¢

Note that there is exactly one n such that v,(a + nF') > ¢. We can prove that
there is at most one such n by noting that if 0 < n; < no < p® — 1, then

¢ > vp((n2 —m1)F) =vp(a+neF —a—nF)
> min{v,(a + naF),vy(a +n1 F)}.

The existence of n is also guaranteed by the same reason, as no two terms a+n1 F'
and a+noF can lie in the same equivalence class. For each d | P, we note that
the elements of the set {(a +nF)d~! ,p: 0<n < p? —1, vy(a+nF) < ¢} sat-
isfy the congruence y = ad~! mod F, y # 0 mod p®. With these observations,
we can rewrite (21) as follows:

1 d
(a0, F) = — F Z %logpd

d|Po
p(d) p¢ =~
+ Z d r— Z Yplad=Lp +nF,p?F).
leQ p n=0,

vp(ad=tp+nF)<¢

For each d | Pq, note that the second summand is y,(ad~!p, F) from Defini-
tion 4 and the above expression coincides with (19).
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(3) When p*||(a, F), then we reduce the question to the case when p{ (a, F) (one
of the above cases) as

1 - 1
Y (Q,a, F) = ﬁ'yp(ﬂ,a’,F’) and Ly(s, f) = ELp(s,f’),
where f'(n) = 1o,/ (n)lq(n) with o’ = p~*a, F/ = p~*F. O

With the above definition, we now write v, (2, a, F') in terms of 7, and linear forms
of p-adic logarithms of algebraic numbers. This statement is the p-adic analogue
of [9], Lemma 8.

Corollary 5. With the same conditions on ) and F', we have

1 e x(p1)
Q,a,F) = —— a) T, (1, 1 - A
W F)= o 3 ()L T (1-5%)
X mo | p1EQN
X#X0, X even
do ( log p1 10gp1>
+ =, + + .
FA\" Z p—1 Z p—1
p1|F p1EN

Proof. Let f be the arithmetic function defined in Proposition 4. From the
orthogonality relations of the characters mod F', we note that

lor(n) = =2 3 x(a) " x(n).

90( x mod F

Now since the sum runs over the co-prime residue classes of Py, we have

1 -1
f() = Lar(laln) = — > x(@) x(n)lg(n).

x mod F'

Evaluating L, (s, f),

LP(Saf):—F Z X(a)_lL_p(&XlQ)

x mod F'

as xlq is a periodic function of period PoF. Now, by the same argument mentioned
in Corollary 3, we have

S

Lp(s,xla) = [] (1 - M)L_p(s,x),

p1EN Y41
Ty(s.f) = ﬁ
(T TI0- 5+ 2 oy Ttsoo T (1- X122,
reQ x mod F, et



where r runs over the primes in 2. Again by the same reasoning we also have

Ly(s,x0) = H(l - M)H(S,O, 1).

r
r|F

Noting that L,(s,y) exists at s = 1 for x # X0 and applying Corollary 3 for the

first sum and L,(s,x) = 0 when ¥ is odd by Remark 4, statement (2), we have the

result. O
We end the section with the proof of Theorem 4.

Proof of Theorem 4. We first note that for a fixed period F' > 1 co-prime
to Pq, and a non-principal even Dirichlet character xy mod F', we have

Ly(1,x) € O(1p(Qa,F): 1<a<F, (a, F) =1).

This is indeed true from Corollary 5 and the orthogonality relations of Dirichlet
characters, as

F
Ly(1,x) H (1 — X;]zl)) = Z x(a)yp (2, a, F).

p1EQN a=1,
(a,F)=1

The remaining part of the proof can be carried out along the same lines as [3],
Theorem 3. Indeed, we note that as r varies over the primes P, the elements

{Ly,(1,x): r € P, x modr, x is non principal, even}

are linearly independent over Q. Therefore

r—1 N2 N
s 2 (551 o)
img Vg n ;V 2 1oz T iog v

repP

This proves the theorem. ([

Acknowledgements. The author thanks Sanoli Gun for suggesting the analogue
of Generalised Euler Briggs constant, on which the last section is based. The author
also thanks the referee for the suggestions which improved the presentation of the
paper. The author thanks the INFOSYS for generous funding.

307



References

[1] T. M. Apostol: Introduction to Analytic Number Theory. Undergraduate Texts in Math-
ematics. Springer, New York, 1976. MR
[2] A.Baker, B.J.Birch, E. A. Wirsing: On a problem of Chowla. J. Number Theory 5
(1973), 224-236. MR
[3] A.T. Bharadwaj: A short note on generalized Euler-Briggs constants. Int. J. Number
Theory 16 (2020), 823-839. IMR]
[4] A. Brumer: On the units of algebraic number fields. Mathematika, Lond. 14 (1967),
121-124. MR
[5] T. Chatterjee, S. Gun: The digamma function, Euler-Lehmer constants and their p-adic
counterparts. Acta Arith. 162 (2014), 197-208. IMR]
[6] H. Cohen: Number Theory. Volume II. Analytic and Modern Tools. Graduate Texts in
Mathematics 240. Springer, New York, 2007. MR
[7] J. Diamond: The p-adic log gamma function and p-adic Euler constants. Trans. Am.
Math. Soc. 233 (1977), 321-337. MR
[8] S. Gun, V.K.Murty, E.Saha: Linear and algebraic independence of generalized Eu-
ler-Briggs constants. J. Number Theory 166 (2016), 117-136. MR]
9] S. Gun, E.Saha, S. B. Sinha: Transcendence of generalized Euler-Lehmer constants. J.
Number Theory 145 (2014), 329-339. MR
[10] N. Koblitz: Interpretation of the p-adic log gamma function and Euler constants using
the Bernoulli measure. Trans. Am. Math. Soc. 242 (1978), 261-269. MR
[11] T. Kubota, H. W. Leopoldt: Eine p-adische Theorie der Zetawerte. I. Einfiihrung der
p-adischen Dirichletschen L-Funktionen. J. Reine Angew. Math. 214/215 (1964),
328-339. (In German.) MR]
[12] S. Lang: Algebraic Number Theory. Graduate Texts in Mathematics 110. Springer, New
York, 1994. MR
[13] D. H. Lehmer: Euler constants for arithmetical progressions. Acta Arith. 27 (1975),
125-142. MR]
[14] Y. Morita: A p-adic analogue of the I'-function. J. Fac. Sci., Univ. Tokyo, Sect. I A 22
(1975), 255-266. MR
[15] Y. Morita: On the Hurwitz-Lerch L-functions. J. Fac. Sci., Univ. Tokyo, Sect. I A 24
(1977), 29-43. MR]
[16] M. R. Murty, N.Saradha: Transcendental values of the digamma function. J. Number
Theory 125 (2007), 298-318. MR
[17] M. R. Murty, S. Pathak: Special values of derivatives of L-series and generalized Stieltjes
constants. Acta Arith. 18/ (2018), 127-138. MR]
[18] M. R. Murty, N.Saradha: Transcendental values of the p-adic digamma function. Acta
Arith. 138 (2008), 349-362. IMR]
[19] T. Okada: Dirichlet series with periodic algebraic coefficients. J. Lond. Math. Soc., II.
Ser. 83 (1986), 13-21. MR]
[20] A. M. Robert: A Course in p-Adic Analysis. Graduate Texts in Mathematics 198.
Springer, New York, 2000. MR
[21] L. C. Washington: Introduction to Cyclotomic Fields. Graduate Texts in Mathematics
83. Springer, New York, 1982. MR

Author’s address: Abhishek Bharadwaj, Chennai Mathematical Institute, H1

State Industries Promotion Corporation of Tamil Nadu Limited IT Park, Old Mahabalipu-
ram Road, Siruseri, Kellambakkam, 603103 Chennai, India, e-mail: abhitvt@cmi.ac.in.

308


https://zbmath.org/?q=an:0335.10001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0434929
http://dx.doi.org/10.1007/978-1-4757-5579-4
https://zbmath.org/?q=an:0267.10065
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0340203
http://dx.doi.org/10.1016/0022-314X(73)90048-6
https://zbmath.org/?q=an:07205429
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR4093385
http://dx.doi.org/10.1142/S1793042120500426
https://zbmath.org/?q=an:0171.01105
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0220694
http://dx.doi.org/10.1112/S0025579300003703
https://zbmath.org/?q=an:1285.11105
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3167891
http://dx.doi.org/10.4064/aa162-2-4
https://zbmath.org/?q=an:1119.11002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2312338
http://dx.doi.org/10.1007/978-0-387-49894-2
https://zbmath.org/?q=an:0382.12008
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0498503
http://dx.doi.org/10.1090/S0002-9947-1977-0498503-9
https://zbmath.org/?q=an:1415.11100
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3486268
http://dx.doi.org/10.1016/j.jnt.2016.02.004
https://zbmath.org/?q=an:1325.11071
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3253307
http://dx.doi.org/10.1016/j.jnt.2014.06.010
https://zbmath.org/?q=an:0358.12010
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0491622
http://dx.doi.org/10.1090/S0002-9947-1978-0491622-3
https://zbmath.org/?q=an:0186.09103
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0163900
http://dx.doi.org/10.1515/crll.1964.214-215.328
https://zbmath.org/?q=an:0811.11001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1282723
http://dx.doi.org/10.1007/978-1-4612-0853-2
https://zbmath.org/?q=an:0302.12003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0369233
http://dx.doi.org/10.4064/aa-27-1-125-142
https://zbmath.org/?q=an:0308.12003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0424762
https://zbmath.org/?q=an:0356.12019
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0441924
https://zbmath.org/?q=an:1222.11097
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2332591
http://dx.doi.org/10.1016/j.jnt.2006.09.017
https://zbmath.org/?q=an:1421.11057
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3841150
http://dx.doi.org/10.4064/aa170615-13-3
https://zbmath.org/?q=an:1253.11077
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2457265
http://dx.doi.org/10.4064/aa133-4-4
https://zbmath.org/?q=an:0589.10034
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0829383
http://dx.doi.org/10.1112/jlms/s2-33.1.13
https://zbmath.org/?q=an:0947.11035
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1760253
http://dx.doi.org/10.1007/978-1-4757-3254-2
https://zbmath.org/?q=an:0484.12001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0718674
http://dx.doi.org/10.1007/978-1-4684-0133-2

