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Abstract. We classify tetravalent G-half-arc-transitive graphs Γ of order p2q2, where
G 6 AutΓ and p, q are distinct odd primes. This result involves a subclass of tetravalent
half-arc-transitive graphs of cube-free order.
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1. Introduction

Throughout the paper, graphs considered are simple, connected and undirected.

For a graph Γ, we denote by V Γ, EΓ, AΓ, AutΓ and val(Γ) the vertex set, edge set,

arc set, full automorphism group and the valency of Γ, respectively. A graph Γ is

G-vertex-transitive, G-edge-transitive or G-arc-transitive if G 6 AutΓ is transitive

on V Γ, EΓ or AΓ, respectively, and Γ is G-half-arc-transitive if G 6 AutΓ acts

transitively on V Γ and EΓ, but not on AΓ; in particular, when G = AutΓ then

Γ is said to be vertex-transitive, edge-transitive, arc-transitive or half-arc-transitive,

respectively. A graph Γ is a Cayley graph if there exists a group G and a subset

S ⊂ G with 1 6∈ S = S−1 := {g−1 : g ∈ S} such that the vertices of Γ may

be identified with the elements of G in such a way that x is adjacent to y if and

only if yx−1 ∈ S. The Cayley graph Γ is denoted by Cay(G,S). A Cayley graph

Γ = Cay(G,S) is connected if and only if G = 〈S〉, that is, S generates G. Let

A = AutΓ and Aut(G,S) = {α ∈ Aut(G) : Sα = S}. For each g ∈ G, let R(g)

denote the permutation on G defined by x 7→ xg. Then A contains the right regular
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representation R(G) := {R(g) : g ∈ G} of G, which is regular on V Γ, and the group

Aut(G,S) is a subgroup of the stabilizer of 1 in A. A Cayley graph Cay(G,S) is said

to be X-normal if X 6 A contains R(G) as a normal subgroup; in particular, when

G = AutΓ then Γ is said to be normal.

Let G be a group, N a normal subgroup and H a subgroup of G. Then we

use Aut(G), Out(G), Z(G), G/N , CG(H) and NG(H) to denote the automorphism

group, outer automorphism group, the center, quotient group of G, the centralizer

and the normalizer of H in G, respectively. Let M and N be two groups. Then we

use M : N , M ×N and M · N to denote a semidirect product, direct product and

an extension of M by N . For a positive integer n, we denote by Zn, D2n, An and Sn
the cyclic group of order n, the dihedral group of order 2n, the alternating group

and the symmetric group of degree n, respectively.

The investigation of half-arc-transitive graphs was initiated by Tutte, see [25], and

he proved that a vertex- and edge-transitive graph with odd valency must be arc-

transitive. In 1970, Bouwer constructed the first family of half-arc-transitive graphs

in [2]. From then on, half-arc-transitive graphs have been extensively studied over

decades and more such graphs were constructed, see for example [1], [7], [8], [9],

[12], [13] [16], [19], [24] [26], [27], [28], [29], [30], [32]. In particular, it is proved

that for a prime p there is no tetravalent half-arc-transitive graph of order p, p2,

2p and 2p2, see [4], [5], [28]. The half-arc-transitive graphs of order 3p and 4p are

classified in [1], [16], respectively. The tetravalent half-arc-transitive graphs of order

p3, p4 and 2pq are classified in [8], [9], [32], respectively. Recently, Pan et al. in [21]

classified tetravalent edge-transitive graphs of order p2q. Wang et al. in [30] studied

tetravalent half-arc-transitive graphs of order a product of three primes.

In this paper, we will study tetravalent half-arc-transitive graphs of order p2q2

with p, q distinct odd primes. The main result of the paper is the following theorem:

Theorem 1.1. Let Γ be a tetravalent G-half-arc-transitive graph of order p2q2,

where G 6 AutΓ and p, q are distinct odd primes. Then one of the following

statements holds:

(1) G is soluble, Γ = Cay(H,S) is a G-normal Cayley graph, G1 6 Z2
2 and S =

{a, aτ , a−1, (a−1)τ}, where a ∈ H , and τ ∈ Aut(H) is an involution.

(2) G is insoluble, and one of the following holds:

(i) |V Γ| = 225 or 441, G ∼= F×A5 = Zpq×A5 or Zpq×PSL(2, 7), and |Gα| = 4

or 8;

(ii) |V Γ| = 225 or 441, and soc(G) ∼= A2
5 or PSL(2, 7)

2, where soc(G) is the

socle of G.
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2. Preliminary results

In this section, we will give some necessary preliminary results. The next lemma

deals with a basic group-theoretic result.

Lemma 2.1 ([14], Theorem 4.5). LetH be a subgroup of a groupG. Then CG(H)

is a normal subgroup of NG(H), and the quotient NG(H)/CG(H) is isomorphic to

a subgroup of Aut(H).

For a graph Γ and a positive integer s, an s-arc of Γ is a sequence (α0, α1, . . . , αs)

of vertices such that αi−1, αi are adjacent for 1 6 i 6 s and αi−1 6= αi+1 for

1 6 i 6 s − 1. A graph Γ is said to be (G, s)-arc-transitive, where G 6 AutΓ,

if G is transitive on the set of s-arcs of Γ. If Γ is (G, s)-arc-transitive but not

(G, s + 1)-arc-transitive, then Γ is called a (G, s)-transitive graph. In particular,

when (G, s) = (AutΓ, s) then Γ is simply called an s-transitive graph. The following

result characterizes the vertex stabilizers of tetravalent edge-transitive graphs of odd

order.

Lemma 2.2. Let Γ be a tetravalent G-edge-transitive graph of odd order, where

G 6 AutΓ. Let α ∈ V Γ and {α, β} ∈ EΓ. Then either

(1) Gα is a 2-group, and Γ is G-half-arc-transitive; or

(2) Γ is (G, s)-transitive with 1 6 s 6 3. Furthermore, the pair (s,Gα) satisfies the

following Table 1:

s Gα

1 2-group

2 A4 6 Gα 6 S4

3 A4 × Z3 6 Gα 6 S4 × S3

Table 1.

P r o o f. Assume that Γ is G-arc-transitive. Then the part (2) can be easily

derived from [18], Lemma 2.5. Assume that Γ is not G-arc-transitive. Note that |V Γ|

is odd, so Γ is G-vertex-transitive. It follows that Γ is G-half-arc-transitive. By [17],

Lemma 2.1, G
Γ(α)
α 6 S4 is a {2, 3}-group. If 3

∣

∣ |G
Γ(α)
α |, then G

Γ(α)
α = A4 or S4. It

follows that Gα is transitive on Γ(α), and so Γ is G-arc-transitive, a contradiction.

Thus Gα is a 2-group. This completes the proof of this lemma. �

By [3], page 337, Table 8.1, we give the soluble maximal subgroups of GL(2, p) in

the following lemma.

Lemma 2.3. Let M be a soluble maximal subgroup of GL(2, p). Then M is

isomorphic to one of the following groups:

(1) Zp−1 × (Zp : Zp−1);
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(2) Zp2
−1 : Z2;

(3) Zp−1 ≀ Z2;

(4) 2 · S4.

By [21], we have the following lemma regarding the tetravalent edge-transitive

graph with odd but not a prime power order.

Lemma 2.4 ([21], Lemma 4.3). Let Γ be a tetravalent G-edge-transitive graph

with odd but not a prime power order, where G 6 AutΓ. Suppose that N is a nilpo-

tent normal subgroup of G. Then N is semiregular on V Γ.

For a group G, the largest nilpotent normal subgroup of G is called the Fitting

subgroup of G.

Lemma 2.5 ([23], page 30, Corollary). Let F be the Fitting subgroup of

a group G. If G is soluble, then F 6= 1 and the centralizer CG(F ) 6 F .

The next two lemmas give a characterization and classification for the tetravalent

edge-transitive graphs of order p2q with p, q distinct odd primes.

Lemma 2.6 ([30], Lemma 3.3). Let p, q be distinct odd primes and Γ a tetravalent

half-arc-transitive graph of order p2q. Then Γ is a normal Cayley graph.

Lemma 2.7 ([21], Theorem 5.3). Let Γ be a tetravalent G-edge-transitive graph

of order p2q, where G 6 AutΓ and p, q are distinct odd primes. Then one of the

following statements holds:

(1) Γ is of order 45, 63, 75 or 147, given in [31]. In particular, there are exactly

17 pairwise nonisomorphic graphs in this case;

(2) Γ ∼= G153 is a tetravalent arc-transitive graph of order 153 with AutΓ ∼=

PSL(2, 17);

(3) Γ = Cay(H,S) is a G-normal edge-transitive Cayley graph, and either

(i) Γ is (G, 1)-transitive, and S = {a, aσ, aσ
2

, aσ
3

}, where σ ∈ Aut(H) is of

order 4; or

(ii) G1 6 Z2
2 and S = {a, aτ , a−1, (a−1)τ}, where τ ∈ Aut(H) is an involution.

Remark on Lemma 2.7. For the cases (1) and (2), G is insoluble; and for the

case (3), G is soluble.

For a tetravalent G-edge-transitive graph Γ of odd order, where G 6 AutΓ is

a insoluble group, we have the following lemma.

Lemma 2.8 ([21], Corollary 2.4). Let Γ be a tetravalent G-edge-transitive graph

of odd order, where G 6 AutΓ. If G is insoluble, then Γ is not a G-normal edge-

transitive Cayley graph.
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Let G be a finite group and let π(G) = {p : p is a prime divisor of |G|}. Herzog

in [11] and Huppert et al. in [15] classified nonabelian finite simple groups G for

|π(G)| = 3, from which we may deduce the following lemma.

Lemma 2.9. Let G be a nonabelian simple group, if |π(G)| = 3. Then

(G, |G|,Out(G)) lies in Table 2:

G |G| Out(G) G |G| Out(G)

A5 22·3·5 Z2 A6 23·32·5 Z2
2

PSp(4, 3) 26·34·5 Z2 PSL(2, 7) 23·3·7 Z2

PSL(2, 8) 23·32·7 Z3 PSL(2, 17) 24·32·17 Z2

PSL(3, 3) 24·33·13 Z2 PSU(3, 3) 25·33·7 Z2

Table 2. Nonabelian simple {2, q, p}-groups

Regarding the Cayley graph Γ = Cay(G,S), we have the following basic result.

Lemma 2.10 ([10], Lemma 2.1). Let Γ = Cay(G,S) be a Cayley graph. Then

the normalizer NAut Γ(G) = G : Aut(G,S).

Lemma 2.11 ([21], Lemma 2.10). Let G 6 Sym(Ω) be a transitive permutation

group on Ω, and let pm be a divisor of |αG|, where α ∈ Ω and p is a prime. If G

has a subgroup H such that (p, |G : H |) = 1, then pm divides |αH |. In particular, if

(|Ω|, |G : H |) = 1, then H is transitive on Ω.

Let Γ be a vertex-transitive graph, and let N be a subgroup of AutΓ. Denote

by ΓN the quotient graph corresponding to the orbits of N , that is, the graph having

the orbits of N as vertices with two orbits adjacent in ΓN if there is an edge in Γ

between those orbits. Let B be the set of N -orbits on V Γ. If for any adjacent

orbits B, C of N , the induced subgraph [B,C] of Γ is regular, then Γ is called

a multi-cover of ΓN . If in addition [B,C] is of valency 1, then Γ is called a normal

cover of ΓN .

Lemma 2.12. Let Γ be a connectedG-half-arc-transitive graph, whereG 6 AutΓ.

Let N E G and let N have more than two orbits on V Γ. Then Γ is a multi-cover

of ΓN , and G/K 6 AutΓN , where K is the kernel of the action of the set of N -orbits

on V Γ. If |Γ(α)∩B| = 0 or 1 for any N -orbit B and α ∈ V Γ \B, then the following

statements hold:

(1) G/N 6 AutΓN ;

(2) Γ is a normal cover of ΓN ;

(3) ΓN is a G/N -half-arc-transitive graph.
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P r o o f. Let B be the set of N -orbits on V Γ and let K be the kernel of the action

of G on B. Obviuosly, N 6 K. Since N E G, it is easy to show that the induced

subgraph [B,C] of Γ is regular for any adjacent orbits B,C. Hence Γ is a multi-cover

or a normal cover of ΓN and G/K 6 AutΓN

Suppose that |Γ(α)∩B′| = 1, where B′ is an N -orbit on V Γ. Since N is transitive

on B and B′, it follows that the subgraph [B,B′] is a perfect matching and so Γ

and ΓN have the same valency. It then follows that Γ is a normal cover of ΓN . For

α ∈ V Γ , the stabilizer Kα fixes each member of B setwise, and since distinct vertices

of Γ(α) lie in distinct N -orbits, we have that Kα acts trivially on Γ(α). Since Γ is

connected it follows that Kα fixes all the vertices of Γ, and hence Kα = 1. Since this

is true for all α, K acts semiregularly on V Γ, and hence so does N . Furthermore,

as N 6 K and acts transitively on the orbits of K, we see that K = N . Thus

GV ΓN ∼= G/N and so G/N 6 AutΓN .

For any (α, β), (γ, δ) ∈ AΓ, we have (αN , βN ), (γN , δN ) ∈ AΓN , where α, β, γ, δ ∈

V Γ. If ΓN is G/N -arc-transitive, then we have g ∈ G such that (αN )g = αgN = γN

and (βN )g = βgN = δN . It then follows that (α, β)g = (γn1 , δn2) for some

n1, n2 ∈ N . And for (γn1 , δn2), (γ, δ) ∈ AΓ, we have n ∈ N such that (γn1 , δn2)n =

(γ, δ). Hence (α, β)gn = (γ, δ). Thus Γ is G-arc-transitive, a contradiction. So ΓN

is G/N -half-arc-transitive. �

For the tetravalent normal half-arc-transitive Cayley graphs, the following propo-

sition gives a general construction.

Proposition 2.13. Let Γ = Cay(H,S) be a tetravalent G-half-arc-transitive Cay-

ley graph of order p2q2, where p, q are distinct odd primes. Let 1 denote the vertex

of Γ corresponding to the identity element ofH . Assume thatH ⊳ G. ThenG1 6 Z2
2

and S = {a, aτ , a−1, (a−1)τ}, where τ ∈ Aut(H) is an involution.

P r o o f. By Lemma 2.10, G1 6 Aut(H,S). Since Γ is connected, H = 〈S〉 and

then G1 acts faithfully on Γ(1) = S, which implies G1 6 S4. Since G1 is a 2-group,

G1 6 D8. Let a ∈ S. If G1 > 〈σ〉 ∼= Z4, then 〈σ〉 is regular on S. Hence Γ is G-arc-

transitive, a contradiction. Thus G1 6 Z2
2. Since Γ is a G-normal half-arc-transitive

Cayley graph, S = T−1 ∪ T by [22], Proposition 1, where T is an orbit of the action

of G1 on S. So there exists an involution τ ∈ G1 such that a
τ 6= a or a−1; it follows

that S = {a, aτ , a−1, (a−1)τ}. �

By Proposition 2.13, more specific constructions of the graph Γ = Cay(H,S) de-

pend on the automorphism group of the group H .
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3. Proof of Theorem 1.1

Let Γ be a tetravalent G-half-arc-transitive graph of order p2q2, where G 6 AutΓ

and p, q are distinct odd primes. Let α ∈ V Γ. By Lemma 2.2, Gα is a 2-group, and

hence G is a {2, p, q}-group. Obviously, G has no nontrivial normal 2-subgroup.

Now we first consider the case when G is soluble.

Lemma 3.1. If G is soluble, then Γ is a G-normal Cayley graph.

P r o o f. Since Gα is a 2-group, |G| = 2ip2q2 for some positive integer i. Let F

be the Fitting subgroup of G. By Lemma 2.5, F 6= 1, CG(F ) 6 F . In particular,

F = ∨p(G)×∨q(G), where ∨p(G) and ∨q(G) are the largest normal p-subgroup and

q-subgroup of G, respectively. Therefore, F is abelian and CG(F ) = F . Now F is

semiregular on V Γ and hence |F |
∣

∣ p2q2.

Assume F ∼= Zp. Then by Lemma 2.1 G/F 6 Aut(F ) ∼= Zp−1, it follows that

p2 ∤ |G|, which is not possible. Similarly, we can exclude the cases F ∼= Zq and Zpq.

Assume |F | = p2. Then we consider the quotient graph ΓF , induced by F . Let K

be the kernel of G acting on V ΓF . By Lemma 2.12, G/K 6 AutΓF and K = F : Kα.

Suppose that val(ΓF ) = 4. Again by Lemma 2.12, we obtain that K = F and Γ

is a normal cover of ΓF . So ΓF is a G/F -half-arc-transitive graph of order q2. If

F = Zp2 , then G/F 6 Aut(F ) is abelian. Thus G/F is regular on V ΓF , which is

not possible. So F ∼= Z2
p, and G/F 6 Aut(F ) ∼= GL(2, p). Note that G/F is soluble,

G/F is one of subgroups listed in Lemma 2.3. We consider the candidates one by one.

(1) Suppose thatG/F 6 Zp−1×(Zp : Zp−1). Since p ∤ |G/F |, henceG/F = Zl×Zm

for some l,m | p− 1, which is not possible.

(2) Suppose that G/F 6 Zp2−1 : Z2. Then G/F = Zk : Z2 for some k | p − 1

and q2 | k. Let Q be a Sylow q-subgroup of G/F . Then |Q| = q2 and Q ⊳ G/F .

Therefore, G has a normal subgroup isomorphic to F · Q which is regular on V Γ.

That is to say Γ is a G-normal Cayley graph in this case.

(3) Suppose that G/F 6 Zp ≀ Z2. Then G/F = (Zt × Zt) : Z2 for some t | p − 1

and q | t. Similarly, the Sylow q-subgroup Q of G/F is normal, and G has a normal

subgroup isomorphic to F ·Q which is regular on V Γ. Therefore Γ is also a G-normal

Cayley graph.

(4) Suppose that G/F 6 2 · S4. Obviously, this is not possible since q
2 ∤ |G/F |.

Now we consider the case val(ΓF ) = 2. Then ΓF := {B1, B2, . . . , Bq2} is a cycle of

length q2, where Bi is adjacent to Bi+1 in ΓF for 1 6 i 6 q2 − 1, so the induced

subgraph [Bi, Bi+1] is a cycle of length 2p2. This implies that Kα 6 Z2, K = F or

F : Z2, and G 6 K · AutΓF = K ·D2q2 . It follows that G has a normal Hall {p, q}-

subgroup which is regular on Γ, hence Γ is a G-normal Cayley graph. Similarly, Γ is

also a G-normal Cayley graph when |F | = q2.
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Assume |F | = p2q. Then G/K 6 AutΓF , where K is the kernel of G acting

on V ΓF . If val(ΓF ) = 4, then K = F and ΓF is G/F half-arc-transitive of order q.

Note that G/F is soluble. It follows that G/F 6 Zq : Zq−1 from [6], Corollary 3.5B.

Thus G has a normal subgroup isomorphic to F ·Zq which is regular on V Γ. So Γ is

a G-normal half-arc-transitive Cayley graph. For val(ΓF ) = 2, Kα 6 Z2, K = F or

F : Z2, and G 6 K · AutΓF = K · D2q. It follows that G has a normal Hall-{p, q}-

subgroup which is regular on Γ, hence Γ is a G-normal Cayley graph. Similarly, Γ is

also a G-normal Cayley graph when |F | = pq2.

Finally, assume |F | = p2q2. Then F is regular on V Γ, and so Γ is a G-normal

Cayley graph on F . �

Next we consider the case when G is insoluble.

Lemma 3.2. LetM be the radical of G, and let F be the Fitting subgroup ofM .

If G is insoluble, then one of the following statements holds:

(1) M 6= 1, F ∼= Zpq, |V Γ| = 225 or 441, G ∼= F ×A5 = Zpq×A5 or Zpq×PSL(2, 7),

and |Gα| = 4 or 8;

(2) M = 1 and soc(G) ∼= A5,A6,PSL(2, 7), PSL(2, 8),PSL(2, 17),A
2
5 or PSL(2, 7)

2.

P r o o f. Let N be the socle of G, that is, the product of all minimal normal

subgroups of G. Let M be the radical of G, that is, the largest normal soluble

subgroup of G. And let |G| = 2ip2q2 for some integer i.

Case 1. Assume M 6= 1. Let F be the Fitting subgroup of M . Then F E G

and F 6= 1 by Lemma 2.5. We consider ΓF . Let K be the kernel of G acting

on V ΓF . Then K = FKα, and hence K is soluble as Kα is soluble by Lemma 2.2.

If val(ΓF ) = 2, then ΓF is a cycle and G/K 6 AutΓF = D2m, where m = |V ΓF |.

So G is soluble, which is a contradiction. Thus, val(ΓF ) = 4. Then K = F and

G/F 6 AutΓF . Further, by Lemma 2.4, F is semiregular on V Γ and hence |F |

divides p2q2. Suppose |F | = p2q2, then Γ is a G-normal half-arc-transitive Cayley

graph of F , which is not possible by Lemma 2.8.

Suppose |F | = p2. Then ΓF is a tetravalent G/F -half-arc-transitive graph of

order q2. If q > 5, then we obtain a contradiction by [21], Lemma 4.2. If q = 3

then ΓF is an edge-transitive graph of order 9. By [20], ΓF = DW (3, 3) is a deleted

wreath graph, and AutΓF
∼= Z2

3 · D8. It follows that G is soluble, a contradiction.

Similarly, we can exclude the case |F | = q2.

Suppose |F | = pq2. Then ΓF is a tetravalent G/F -half-arc-transitive graph of

order p. Since |V ΓF | = p, G/F is almost simple and 2-transitive on V ΓF by [6],

page 99. It follows that ΓF = Kp. Since val(ΓF ) = 4, p = 5. As G/F 6 AutK5 = S5

is insoluble, we have G = F · A5 or F · S5, and so 3
∣

∣ |Gα|, which is a contradiction

by Lemma 2.2. Similarly, we can exclude the case |F | = p2q.
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Suppose |F | = pq. Then ΓF is a tetravalent G/F -half-arc-transitive graph of

order pq. But by [1], [26], there is no tetravalent edge-transitive graph of order pq

which is half-arc-transitive, so ΓF is arc-transitive. It follows that (pq, ΓF , AutΓF ,

(AutΓF )α) satisfies Table 1 in [21], Lemma 2.6, where α ∈ V ΓF . We first consider

rows 1–2 of Table 1. If pq = 15 or 21, then |V Γ| = 225 or 441, G ∼= F×A5 = Zpq×A5

or Zpq×PSL(2, 7), and |Gα| = 4 or 8, respectively. For rows 3–5 of Table 1. If pq = 35

as in row 3, then G/F < AutΓF = S7. Note that G/F is insoluble, and since G/F

is edge-transitive on V ΓF , 70
∣

∣ |G/F |, we conclude that G/F > A7. It follows that

|G| > |F ||A7|, and so 3
∣

∣ |Gα|, which is a contradiction by Lemma 2.2. Similarly, we

can also exclude the cases where pq = 55 or 253, as in rows 4 or 5, respectively.

Finally, suppose |F | = p. Then ΓF is a tetravalent G/F -half-arc-transitive Cayley

graph of order pq2. It follows that AutΓF is half arc-transitive or arc-transitive

on ΓF . For convenience, we say ΓF = Cay(R,S), where |R| = pq2. If AutΓF is half

arc-transitive on ΓF ; then R ⊳ AutΓF by Lemma 2.6. That is, ΓF = Cay(R,S) is

a normal edge transitive Cayley graph. Noting that G is insoluble, ΓF is not normal

edge transitive by Lemma 2.8. A contradiction occurs. If AutΓF is arc-transitive

on ΓF , by checking the tetravalent edge-transitive graphs of order pq
2 in Lemma 2.7,

then ΓF = G153 and AutΓF = PSL(2, 17). It follows that G = F · PSL(2, 17) =

F × PSL(2, 17). But there exists no tetravalent half arc-transitive graph of order

32 · 172 admitting G as a graph automorphism group by simple computing.

Case 2. Assume M = 1. Then each nontrivial normal subgroup of G is insoluble.

Let soc(G) = M1× . . .×Ms, whereMi (1 6 i 6 s) are all minimal normal subgroups

of G. Suppose thatMk = T dk

k , where Tk is a nonabelian simple group and 1 6 k 6 s.

Since Gα is a 2-group, N is a {2, p, q}-group. By Lemma 2.9, soc(G) ∼= A5, A6,

PSL(2, 7), PSL(2, 8), PSL(2, 17), A2
5 or PSL(2, 7)

2. �

P r o o f of Theorem 1.1. Let Γ be G-half-arc-transitive. If G is soluble, then, by

Lemma 3.1, Γ is a G-normal half-arc-transitive Cayley graph. Combining Proposi-

tion 2.13, we complete the proof of part (1) in Theorem 1.1.

Suppose that G is insoluble. Let soc(G) ∼= A5, A6, PSL(2, 7), PSL(2, 8),

PSL(2, 17), A2
5 or PSL(2, 7)

2. Let α ∈ V Γ. Then |G| = |Gα| · p
2q2. If N :=

soc(G) ∼= A5, then G = A5 or S5. Since |A5| = 22 ·3 ·5 and |S5| = 23 ·3 ·5, p2q2 ∤ |G|.

Similarly, we can exclude the cases N ∼= A6, PSL(2, 7), PSL(2, 8) and PSL(2, 17).

If N ∼= A2
5, then |N | = 24 · 32 · 52. Since |N |

∣

∣ |Gα| · p
2q2 and Gα is a 2-group,

(p2q2, |G : N |) = 1. By Lemma 2.11, N is transitive on V Γ. So |N : Nα| = 32 · 52,

that is, |V Γ| = 225. Similarly, we can obtain that |V Γ| = 441 when N ∼= PSL(2, 7)2.

Apply Lemma 3.2 (1), we complete the proof of part (2) in Theorem 1.1. �
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[13] A.Hujdurović, K.Kutnar, D.Marušič: Half-arc-transitive group actions with a small
number of alternets. J. Comb. Theory, Ser. A 124 (2014), 114–129. zbl MR doi

[14] B.Huppert: Endliche Gruppen. I. Die Grundlehren der mathematischen Wissenschaften
134, Springer, Berlin, 1967. (In German.) zbl MR doi

[15] B.Huppert, W. Lempken: Simple groups of order divisible by at most four primes. Izv.
Gomel. Gos. Univ. Im. F. Skoriny 16 (2000), 64–75. zbl

[16] K.Kutnar, D.Marušič, P. Šparl, R. J.Wang, M.Y.Xu: Classification of half-arc-
transitive graphs of order 4p. Eur. J. Comb. 34 (2013), 1158–1176. zbl MR doi

[17] C.H. Li: Semiregular automorphisms of cubic vertex transitive graphs. Proc. Am. Math.
Soc. 136 (2008), 1905–1910. zbl MR doi

[18] C.H. Li, Z. P. Lu, H. Zhang: Tetravalent edge-transitive Cayley graphs with odd number
of vertices. J. Comb. Theory. Ser. B 96 (2006), 164–181. zbl MR doi

[19] C.H. Li, H. S. Sim: On half-transitive metacirculant graphs of prime-power order.
J. Comb. Theory Ser. B 81 (2001), 45–57. zbl MR doi

[20] B.D.McKay: Transitive graphs with fewer than twenty vertices. Math. Comput. 33
(1979), 1101–1121. zbl MR doi

[21] J.Pan, Y. Liu, Z. Huang, C. Liu: Tetravalent edge-transitive graphs of order p2q. Sci.
China Math. 57 (2014), 293–302. zbl MR doi

[22] C.E. Praeger: Finite normal edge-transitive Cayley graphs. Bull. Aust. Math. Soc. 60
(1999), 207–220. zbl MR doi

[23] M.Suzuki: Group Theory II. Grundlehren der mathematischen Wissenschaften 248,
Springer, New York, 1986. zbl MR

[24] D.E.Taylor, M.Y.Xu: Vertex-primitive half-transitive graphs. J. Aust. Math. Soc.
Ser. A 57 (1994), 113–124. zbl MR doi

400

https://zbmath.org/?q=an:0808.05056
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1293821
http://dx.doi.org/10.1023/A:1022466626755
https://zbmath.org/?q=an:0205.54601
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0269532
http://dx.doi.org/10.4153/CMB-1970-047-8
https://zbmath.org/?q=an:1303.20053
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3098485
http://dx.doi.org/10.1017/CBO9781139192576
https://zbmath.org/?q=an:0217.02403
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0279000
http://dx.doi.org/10.2307/1995785
https://zbmath.org/?q=an:0583.05032
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0884254
http://dx.doi.org/10.1016/0095-8956(87)90040-2
https://zbmath.org/?q=an:0951.20001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1409812
http://dx.doi.org/10.1007/978-1-4612-0731-3
https://zbmath.org/?q=an:0922.05032
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1668232
http://dx.doi.org/10.1080/00927879908826426
https://zbmath.org/?q=an:1226.05134
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2781962
http://dx.doi.org/10.1007/s10801-010-0257-1
https://zbmath.org/?q=an:1159.05024
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2397337
http://dx.doi.org/10.1016/j.ejc.2007.05.004
https://zbmath.org/?q=an:0489.05028
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0637829
http://dx.doi.org/10.1007/BF02579330
https://zbmath.org/?q=an:0167.29101
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0233881
http://dx.doi.org/10.1016/0021-8693(68)90088-4
https://zbmath.org/?q=an:0423.05020
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0615008
http://dx.doi.org/10.1002/jgt.3190050210
https://zbmath.org/?q=an:1283.05126
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3176193
http://dx.doi.org/10.1016/j.jcta.2014.01.005
https://zbmath.org/?q=an:0217.07201
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0224703
http://dx.doi.org/10.1007/978-3-642-64981-3
https://zbmath.org/?q=an:1159.20303
https://zbmath.org/?q=an:1292.05134
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3055230
http://dx.doi.org/10.1016/j.ejc.2013.04.004
https://zbmath.org/?q=an:1157.05028
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2383495
http://dx.doi.org/10.1090/S0002-9939-08-09217-4
https://zbmath.org/?q=an:1078.05039
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2185986
http://dx.doi.org/10.1016/j.jctb.2005.07.003
https://zbmath.org/?q=an:1024.05038
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1809425
http://dx.doi.org/10.1006/jctb.2000.1992
https://zbmath.org/?q=an:0411.05046
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0528064
http://dx.doi.org/10.2307/2006085
https://zbmath.org/?q=an:1286.05071
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3150279
http://dx.doi.org/10.1007/s11425-013-4708-8
https://zbmath.org/?q=an:0939.05047
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1711938
http://dx.doi.org/10.1017/S0004972700036340
https://zbmath.org/?q=an:0586.20001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0815926
https://zbmath.org/?q=an:0808.05055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1279290
http://dx.doi.org/10.1017/S1446788700036090


[25] W.T.Tutte: Connectivity in Graphs. Mathematical Expositions 15, University of
Toronto Press, Toronto; Oxford University Press, London, 1966. zbl MR

[26] R. J.Wang: Half-transitive graphs of order a product of two distinct primes. Commun.
Algebra 22 (1994), 915–927. zbl MR doi

[27] X.Wang, Y.Q.Feng: Half-arc-transitive graphs of order 4p of valency twice a prime.
Ars Math. Contemp. 3 (2010), 151–163. zbl MR doi

[28] X.Wang, Y.Q. Feng: There exists no tetravalent half-arc-transitive graph of order 2p2.
Discrete Math. 310 (2010), 1721–1724. zbl MR doi

[29] Y.Wang, Y.Q.Feng: Half-arc-transitive graphs of prime-cube order of small valencies.
Ars Math. Contemp. 13 (2017), 343–353. zbl MR doi

[30] X.Wang, Y. Feng, J. Zhou, J.Wang, Q.Ma: Tetravalent half-arc-transitive graphs of
order a product of three primes. Discrete Math. 339 (2016), 1566–1573. zbl MR doi

[31] S.Wilson, P. Potočnik: A census of edge-transitive tetravalent graphs, Mini-Census.
Available at https://www.fmf.uni-lj.si/~potocnik/work.htm.

[32] M.Y.Xu: Half-transitive graphs of prime-cube order. J. Algebr. Comb. 1 (1992),
275–282. zbl MR doi

Authors’ addresses: H a i l i n L i u, School of Science, Jiangxi University of Science and
Technology, No. 86, Hongqi Ave, Ganzhou, Jiangxi 341000, P.R.China, e-mail: hailinliuqp
@163.com; H a i l i n L i u , B e n g o n g L o u (corresponding author), School of Mathematics
and Statistics, Yunnan University, No. 2, Cuihubei Rd, Kunming 650091 P.R.China, e-mail:
bengong188@163.com; B o L i n g, School of Mathematics and Computer Science, Yunnan
Minzu University, No. 2929, Yuehua Ave, Kunming 650504, P. R.China, e-mail: bolinggxu
@163.com.

401

https://zbmath.org/?q=an:0146.45603
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0210617
https://zbmath.org/?q=an:0795.05072
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1261014
http://dx.doi.org/10.1080/00927879408824885
https://zbmath.org/?q=an:1213.05129
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2729365
http://dx.doi.org/10.26493/1855-3974.125.164
https://zbmath.org/?q=an:1223.05119
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2610274
http://dx.doi.org/10.1016/j.disc.2009.11.020
https://zbmath.org/?q=an:1380.05042
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3720537
http://dx.doi.org/10.26493/1855-3974.964.594
https://zbmath.org/?q=an:1333.05144
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3475570
http://dx.doi.org/10.1016/j.disc.2015.12.022
https://zbmath.org/?q=an:A0786.05044
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1194079
http://dx.doi.org/10.1023/A:1022440002282

