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Abstract. Let o = {o;: @ € I} be some partition of the set of all primes P, G be a finite
group and o(GQ) = {o;: o;N7(G) # 0}. A set H of subgroups of G is said to be a complete
Hall o-set of G if every non-identity member of H is a Hall o;-subgroup of G and H contains
exactly one Hall o;-subgroup of G for every o; € o(G). G is said to be o-full if G possesses
a complete Hall o-set. A subgroup H of G is o-permutable in G if G possesses a complete
Hall o-set H such that HA"= A*H for all A € H and all z € G. A subgroup H of G is
o-permutably embedded in G if H is o-full and for every o; € o(H), every Hall o;-subgroup
of H is also a Hall o;-subgroup of some o-permutable subgroup of G.

By using the o-permutably embedded subgroups, we establish some new criteria for
a group G to be soluble and supersoluble, and also give the conditions under which a normal
subgroup of G is hypercyclically embedded. Some known results are generalized.

Keywords: finite group; o-subnormal subgroup; o-permutably embedded subgroup;
o-soluble group; supersoluble group
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1. INTRODUCTION

Throughout this paper, all groups are finite and G always denotes a finite group.
If n is an integer, then the symbol 7(n) denotes the set of all primes dividing n; as
usual, 7(G) = 7(|G|), the set of all primes dividing the order of G.

In what follows, 0 = {o;: i € I'} is some partition of all primes P, thatis, P = |J o;
and o; No; = ( for all i # j. We write 0(G) = {o;: o; N7(G) # 0}. el

Following [20], [29], [30], G is said to be o-primary if |0(G)| < 1; o-soluble if every
chief factor of G is o-primary. A set H of subgroups of G is said to be a complete
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Hall o-set of G if every non-identity member of H is a Hall g;-subgroup of G for
some o; and H contains exactly one Hall o;-subgroup for every o; € o(G). G is said
to be o-full if G possesses a complete Hall o-set; o-nilpotent if G has a complete Hall
o-set H = {Hq, Ho,...,H;} such that G = Hy X Hy X ...x H;. Clearly, a o-nilpotent
group is o-soluble. G is said to be a o-full group of Sylow type if every subgroup
of G is a D,,-group for all o; € o(G). A subgroup H of G is said to be o-subnormal
in G if there exists a subgroup chain H = Hy < H; < ... < H, = G such that
either H; 1 is normal in H; or H;/(H;—1)py, is o-primary for alli=1,...,n.

Let £ be some nonempty set of subgroups of G and K < G. Following [29],
a subgroup H of G is called L-permutable if HA = AH for all A € L; L% -permutable
if HA* = AH for all A € £ and all z € K. In particular, a subgroup H of G is
o-permutable in G if G has a complete Hall o-set H such that H is HE-permutable.

It is well known that embedded subgroups play an important role in the theory of
finite groups. For example, a subgroup H of G is said to be normally embedded in G
(see [12], page 250) if for each prime p dividing the order of H, a Sylow p-subgroup
of H is also a Sylow p-subgroup of some normal subgroup of G. A subgroup H of G
is said to be permutably embedded in G (see [5]) if for each prime p dividing the order
of H, a Sylow p-subgroup of H is also a Sylow p-subgroup of some permutable sub-
group of G. (Note that a subgroup H of G is said to be permutable in G if HS = SH
for any subgroup S of G.) A subgroup H of G is said to be s-permutably embedded
in G (see [8]) if for each prime p dividing the order of H, a Sylow p-subgroup of H
is also a Sylow p-subgroup of some s-permutable subgroup of G. (Note that a sub-
group H of G is said to be s-permutable in G if HP = PH for any Sylow subgroup P
of G.) A subgroup H of G is o-permutably embedded in G (see [19]) if H is o-full
and for every o; € o(H), every Hall o;-subgroup of H is also a Hall o;-subgroup of
some o-permutable subgroup of G. By using the above embedded subgroups, the
researchers have obtained a series of interesting results (see, for example, [3], [5], [8],
[19], [24], [31]).

Some properties of o-permutably embedded subgroups were analysed in [19]. In
this paper, we continue the research of o-permutably embedded subgroups.

We first obtain the following result.

Theorem 1.1. Let G be a o-full group of Sylow type and H = {Hy, Ho, ..., H:}
be a complete Hall o-set of G such that H; is a supersoluble o;-subgroup for all
i=1,...,t. If every maximal subgroup of non-cyclic H; is o-permutably embedded
in G, then G is supersoluble.

Recall that a normal subgroup E of G is called hypercyclically embedded in G
([25], page 217) if every chief factor of G below E is cyclic. Hypercyclically embedded
subgroups play an important role in the theory of soluble groups (see [6], [9], [15], [25])
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and the conditions under which a normal subgroup is hypercyclically embedded in G
were found by many authors (see books [6], [9], [15], [25] and, for example, the recent
papers [16], [18], [23], [27], [28], [32]).

In this paper, we also get the following results in this line researches.

Theorem 1.2. Let G be a o-full group of Sylow type and H = {H;, Ho, ..., H:}
be a complete Hall o-set of G such that H; is a nilpotent o;-subgroup for all i =
1,...,t. Let E be a normal subgroup of G. If every maximal subgroup of any non-
cyclic H; N E is o-permutably embedded in G, then FE is hypercyclically embedded
in G.

Theorem 1.3. Let G be a o-full group of Sylow type and H = {H;, Ho, ..., H:}
be a complete Hall o-set of G such that H; is a supersoluble o;-subgroup for all
i=1,...,t. Let E be a normal subgroup of G. If every cyclic subgroup H of any
non-cyclic H; N E of prime order and order 4 (if the Sylow 2-subgroup of E is non-
abelian and H % Z(G)) is o-permutably embedded in G, then E is hypercyclically
embedded in G.

In Section 3 and Section 4 we give the proofs of Theorems 1.1, 1.2 and 1.3. In
Section 5 we will give some applications of our results.

All unexplained terminologies and notations are standard. The reader is referred
to [12], [15] if necessary.

2. PRELIMINARIES

We use S, to denote the class of all o-soluble groups and F,(G) to denote the
product of all normal o-nilpotent subgroups of G.

Lemma 2.1 ([29], Lemma 2.1). The class &, is closed under taking direct prod-
ucts, homomorphic images and subgroups. Moreover, any extension of a o-soluble
group by a o-soluble group is a o-soluble group as well.

Lemma 2.2 ([29], Lemma 2.6 (11)). Let G be a o-full group and A be a o-
subnormal subgroup of G. If A is o-nilpotent, then A is contained in Fy(G).

Lemma 2.3 ([19], Lemma 2.6 (i)). F,(G) is o-nilpotent.

Lemma 2.4 ([29], Lemma 2.8). Let H, K and N be subgroups of G. Let H =
{Hy,Hy,...,H;} be a complete Hall o-set of G and £ = H*. Suppose that H is
L-permutable and N is normal in G.
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(1) The subgroup HN/N is L*-permutable, where
L£*={H,N/N,...,HN/N}N/N

In particular, if H is o-permutable in G, then HN/N is o-permutable in G/N.
(2) If G is a o-full group of Sylow type and E/N is a o-permutable subgroup of
G/N, then E is o-permutable in G.

Lemma 2.5 ([29], Theorem B). Let H be a subgroup of a o-full group G. If H is
o-permutable in G, then H is o-subnormal in G and H®/Hg is o-nilpotent.

Lemma 2.6. Let H < K and N be subgroups of G. Suppose that N is normal
in G.

(1) If G is a o-full group of Sylow type and H is o-permutably embedded in G,
then H is o-permutably embedded in K.

(2) If H is o-permutably embedded in G, then HN/N is o-permutably embedded
in G/N.

(3) If G is a o-full group of Sylow type and H/N is o-permutably embedded in
G/N, then H is o-permutably embedded in G.

Proof. (1)-(2) can be found in [19], Lemma 2.2.

(3) Let H; be a Hall o;-subgroup of H, where o; € o(H). Then H;N/N is a Hall
o;-subgroup of H/N. By the hypothesis, there exists a o-permutable subgroup T'/N
of G/N such that H;N/N is a Hall o;-subgroup of T/N. Then T is o-permutable
in G by Lemma 2.4 (2). Since N < H, H;N < H and so H; is a Hall ;-subgroup
of H;N. It follows that |T': H;| = |T : H;N||H;N : H;| is a o}-number. Hence, H; is
a Hall o;-subgroup of T'. This shows that H is o-permutably embedded in G. O

Following [29], [20], we use O%(G) to denote the subgroup of G generated by all

o;-subgroups of GG, and O, (G) and O,/ (G) to denote the subgroup of G generated
by all normal o;-subgroups and normal o}-subgroups of G, respectively.

Lemma 2.7 ([29], Lemma 3.1). Let H be a o1-subgroup of a o-full group G.
Then H is o-permutable in G if and only if 0% (G) < Ng(H).

Let P be a p-group. If P is not a non-abelian 2-group, then we use Q(P) to
denote Q4 (P). Otherwise, Q(P) = Qa(P).

Lemma 2.8 ([17], Lemma 4.3). Let C be a Thompson critical subgroup of
a p-group P (see [13], page 185).
(1) If p is odd, then the exponent of (C) is p.
(2) If P is a non-abelian 2-group, then the exponent of Q(C) is 4.
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The following lemma is a corollary of [17], Lemma 4.4 and [11], Lemma 2.12.

Lemma 2.9. Let P be a normal p-subgroup of G and C be a Thompson critical
subgroup of P. If either P/®(P) is hypercyclically embedded in G/®(P) or Q(C)
is hypercyclically embedded in G, then P is hypercyclically embedded in G.

Lemma 2.10 ([28], Theorem C). Let E be a normal subgroup of G. If F*(E) is
hypercyclically embedded in G, then E is hypercyclically embedded in G.

In this lemma, F*(E) is the generalized Fitting subgroup of E, that is, the largest
normal quasinilpotent subgroup of E (see [22], Chapter X).

Recall that a class of groups § is said to be a formation provided that (i) if
G € Fand N <4 G, then G/N € §, and (i) if G/M € § and G/N € §, then
G/(M N N) € § for any normal subgroup M, N of G. A formation § is said to be
saturated if G/®(G) € § implies that G € §.

Lemma 2.11 ([26], Lemma 2.16 or [15], Theorem 1.2.7 (b)). Let § be a saturated
formation containing all supersoluble groups and E be a normal subgroup of G such
that G/E € §. If E is cyclic, then G € §.

3. PROOFS OF THEOREMS 1.1 AND 1.2
The following fact is one of the main steps in the proofs of Theorems 1.1 and 1.2.

Proposition 3.1. Let G be a o-full group of Sylow type and H={H,, Hs, ..., H:}
be a complete Hall o-set of G such that H; is a soluble o;-subgroup for alli = 1, ...,
and let the smallest prime p of 7(G) belong to o1. If every maximal subgroup of Hq
is o-permutably embedded in G, then G is soluble.

Proof. Assume that this is false and let (G, H1) be a counterexample with min-
imal |G| + |H1|. Then p =2 € n(H;) by the Feit-Thompson theorem.

(1) G is not o-soluble, and so |o(G)| > 1. Assume that G is o-soluble. Then for
every chief factor, H/K of G is o-primary, that is, H/K is a o;-group for some 1.
But since H; is soluble, H/K is an elementary abelian group. It follows that G is
soluble. This contradiction shows that (1) holds.

(2) O, (G) = 1. Assume that Oy (G) # 1. Let N = O, (G). If N = Hy,
then G/N is soluble by Feit-Thompson theorem, and so G is o-soluble, contrary to
claim (1). Hence N # Hy, and so H;/N is a non-identity Hall o1-subgroup of G/N.
Let M/N be a maximal subgroup of H;/N. Then M is a maximal subgroup of H;.
By the hypothesis and Lemma 2.6 (2), M/N is o-permutably embedded in G/N.
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Then, clearly, the hypothesis holds for (G/N, H;/N). Hence G/N is soluble by the
choice of (G, Hy). Consequently, G is o-soluble, which contradicts claim (1). Hence
we have (2).

(3) Osr (G) = 1. Assume that K = Oy (G) # 1. Then H1K/K is a Hall
o1-subgroup of G/K. Let W/K be a maximal subgroup of H1K/K. Then W =
(Hy NW)K is a maximal subgroup of H1 K. If H; N W is not a maximal subgroup
of Hy, then there exists a subgroup E of H; such that H1 "W < E < H;. Since
(|H1),|K|) =1, W < EK < H, K. This contradiction shows that H; N W is a max-
imal subgroup of H;. By the hypothesis and Lemma 2.6 (2), W/K is o-permutably
embedded in G/K. This shows that (G/K, H1K/K) satisfies the hypothesis, so
G/K is soluble by the choice of (G, Hy). But since K is soluble by Feit-Thompson
theorem, it follows that G is soluble. This contradiction shows that (3) holds.

(4) Let R be a minimal normal subgroup of G. Then R is not o-soluble and
G/R is soluble. Assume that R is o-soluble. Then R is a o;-group for some i.
Hence, R < Oy, (G) or R < O, (G), which contradicts claim (2) or (3). Hence,
R is not o-soluble. By the hypothesis and Lemma 2.6 (1), it is easy to see that
(RH,, Hy) satisfies the hypothesis. If RH; < G, then RH; is soluble by the choice
of G. It follows that R is soluble, a contradiction. Hence, G = RH;, and so
G/R = H1R/R = H,/(H1 N R) is soluble since H; is soluble.

(5) R is the unique minimal normal subgroup of G and F,(G) = 1. This directly
follows from claim (4).

(6) Final contradiction. Let L be any maximal subgroup of H;. By the hypothesis,
there exists a o-permutable subgroup 7" of G such that L is a Hall o1-subgroup of T.
If T¢ = 1, then T is o-nilpotent and o-subnormal in G by Lemma 2.5. Then
by Lemma 2.2 and claim (5), we get that 7' < F,(G) = 1. This implies that
L =1, and so |G| = 2n, where n is an odd number. It follows that G is soluble,
a contradiction. Hence, T # 1, and so R < T by claim (5). Then T > RL. Hence,
L=TnNH, > RLNH, = (RN H;p)L for any maximal subgroup L of H;. This
implies that RN Hy < ®(H;). Then by [21], Lemma IV.4.6, there exists a normal
subgroup M of R such that R/M is a oj-group and |RN Hy| | |[R/M]|. Tt follows
that O7*(R) < M. Since O%*(R) char R < G, we have O°*(R) < G, so O°*(R) =1
or R by claim (5). If O7*(R) = 1, then R < Hy, witch contradicts claim (2). Hence
O%'(R) = R, and therefore M = R. Moreover, since |[RNH1| | |R/M|, we obtain that
RNH; = 1. But clearly, RNH; is a Hall o1-subgroup of R. Thus, R is a o-subgroup,
so R < Oy (G) = 1, contrary to claim (4). This completes the proof. O

Proof of Theorem 1.1. Assume that this is false and let G be a counterexample
of minimal order. Then: (1) G is soluble. By Feit-Thompson theorem, we may
assume that 2 | |G|. Without loss of generality, we may assume that 2 € w(Hy).
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If H, is cyclic, then G has a cyclic Sylow 2-subgroup. Hence G is 2-nilpotent by [21],
Theorem IV.2.8, and so G is soluble. If H; is non-cyclic, then G is soluble by
Proposition 3.1.

(2) Let R be a minimal normal subgroup of G. Then G/R is supersoluble. It
is clear that H = {H,R/R, HoR/R,...,H;R/R} is a complete Hall o-set of G/R
and H;R/R = H;/H; N R is supersoluble. By claim (1), R is an elementary abelian
p-group for some prime p. Without loss of generality, we may assume that R < H;.
Assume that H;/R is non-cyclic. Then H; is non-cyclic. Let M/R be a maximal
subgroup of Hy/R. Then M is a maximal subgroup of H;. By the hypothesis
and Lemma 2.6 (2), M/R is o-permutably embedded in G/R. Now let M;/R be
a maximal subgroup of H; R/ R, where ¢ # 1, and suppose that H; R/R is non-cyclic.
Then M; = (H; N M;)R is a maximal subgroup of H;R. With the same discussion
as for claim (3) in the proof of Proposition 3.1, we have that H; N M; is a maximal
subgroup of H;. Then by the hypothesis and Lemma 2.6 (2), M;/R is o-permutably
embedded in G/R. This shows that the hypothesis holds for G/R. The choice of G
implies that G/R is supersoluble.

(3) R is the unique minimal normal subgroup of G, ®(G) =1, Cq(R) = R, R is
an elementary abelian p-group for some prime p and |R| > p. This directly follows
from claims (1), (2) and [12], Theorem A.15.2.

Without loss of generality, we may assume that p € w(H;y). Then R < Hj.

(4) Final contradiction. Since ®(G) = 1, R £ ®(H;) by [21], Lemma II1.3.3.
Hence, there exists a maximal subgroup K of H; such that H; = RK. Let E = RNK.
By claim (3), we have that £ < H;. Since H; is supersoluble, |R : E| = |RK : K| =
|Hy : K| is a prime. Hence, E is a maximal subgroup of R, and so E # 1 by
claim (3). Since R is not cyclic by claim (3) and R < H;, H; is non-cyclic. Then
by the hypothesis, there exists a o-permutable subgroup 7" of G such that K is
a Hall oq-subgroup of T'. If Tz = 1, then T is o-nilpotent and o-subnormal in G by
Lemma 2.5. It follows from Lemma 2.2 that T < F,(G). But since R < F,(G) and
Ca(R) = R, we have that T is a o1-group by Lemma 2.3, so T = K. It follows from
Lemma 2.7 that O7'(G) < Ng(K). Hence O (G) < Ng(K N R) = Ng(E). This
implies that E < GG, which contradicts the minimality of R. Hence Ts # 1. Then by
claim (3), R < T < T. Consequently, K < H; < T. But K is a Hall o;-subgroup
of T, a contradiction. This completes the proof. O

Proof of Theorem 1.2.  Assume that this is false and let (G, E) be a coun-
terexample with minimal |G| + |E|. Then: (1) E is supersoluble. It is clear that
H*={HiNE,HNE,...,H NE} is a complete Hall o-set of E, H; N E is nilpotent
and F is a o-full group of Sylow type. By Lemma 2.6 (1) and Theorem 1.1, we get
that FE is supersoluble.
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(2) Let R be a minimal normal subgroup of G contained in E. Then R is an
elementary abelian p-group for some prime p, E/R is hypercyclically embedded in
G/R and R is non-cyclic. By claim (1), R is an elementary abelian p-group for
some prime p. Without loss of generality, we may assume that R < H;. Clearly,
H = {H/R,H2R/R,...,H,R/R} is a complete Hall o-set of G/R and H;R/R =
H;/(H; N R) is nilpotent. Assume that (H;/R)N (E/R) is non-cyclic. Then Hy N E
is non-cyclic. Let M/R be a maximal subgroup of (Hy/R) N (E/R). Then M is
a maximal subgroup of H; N E. Hence, M/R is o-permutably embedded in G/R by
the hypothesis and Lemma 2.6 (2). Now assume that M;/R is a maximal subgroup
of some non-cyclic (H;R/R) N (E/R), where ¢ # 1. Then H; RN E is non-cyclic and
M; = (H;NM;)R is a maximal subgroup of H; RNE. With the same discussion as for
claim (3) in the proof of Proposition 3.1, we have that H; N, is a maximal subgroup
of H; N E. Then by the hypothesis and Lemma 2.6 (2), M;/R is o-permutably
embedded in G/R. This shows that (G/R, E/R) satisfies the hypothesis. Hence
E/R is hypercyclically embedded in G/R by the choice of (G, E).

(3) R is the unique minimal normal subgroup of G contained in E. Let L be
a minimal normal subgroup of G contained in F such that L # R. Then E/L is also
hypercyclically embedded in G/L by claim (2). It follows that RL/L is hypercycli-
cally embedded in G/L. Then |R| = p for RL/L = R, contrary to claim (2). Hence
we have (3).

Without loss of generality, we may assume that p € w(Hy).

(4) E is a p-group, and so E < Hy. Let @ be a Sylow ¢g-subgroup of F, where ¢
is the largest prime belong to 7(E). Since F is supersoluble by claim (1), we obtain
that @ char E < G and so Q < G. Hence, R < Q, p=gq and F(E) = Q is a Sylow
p-subgroup of E by claim (3). It follows from [14], Theorem 1.8.18, that Cr(Q) < Q.
Moreover, since (Q < H;NE and H; is nilpotent, we obtain that Q = H; N E. Hence,
HiNQ=Q =HNE and H;NQ = 1for alli =2,...,¢t. This implies the hypothesis
holds for (G, Q). Assume that @Q < E. Then @ is hypercyclically embedded in G
by the choice of (G, F). It follows that R is hypercyclically embedded in G, so R is
cyclic, contrary to claim (2). Hence F = Q is a p-group, and so E < Hj.

(6) ®(E) = 1, so E is an elementary abelian p-group. Assume that ®(E) # 1.
Then R < ®(E) by claim (3). Hence E/®(FE) is hypercyclically embedded in G/®(E)
by claim (2) and [15], Theorem 1.2.6 (d). It follows from claim (4) and Lemma 2.9
that E' is hypercyclically embedded in G. This contradiction shows that (5) holds.

(6) Final contradiction. Let Ry be a maximal subgroup of R such that Ry < H;.
Then |R;| > 1 by claim (3). By claim (5), there exists a complement S of R in F
(maybe S = 1). Let V = R;S. Then clearly Ry = RNV and V is a maximal
subgroup of E. By the hypothesis and claims (2)—(5), there exists a o-permutable
subgroup T' of G such that V is a Hall o;-subgroup of T'. We show that V is also
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o-permutable in G. Let L be a Hall o;-subgroup of G. If ¢ = 1, then V < L by
claim (4). This implies that VL = LV. If ¢ # 1, then V is a Hall o;-subgroup
of TL = LT. (Note that since T is o-permutable in G, TL = LT.) Since E is
normal in G, V is subnormal in G by claim (4), so V is also subnormal in T'L.
But as V is a Hall oy-subgroup of 7', V' is normal in T'L. Hence VL = LV. This
implies that V is o-permutable in G. Then by Lemma 2.7, 07 (G) < Ng(V), and so
071 (G) < Ng(VNR) = Ng(R:). Moreover, since Ry < Hy, we obtain that Ry < G.
This contradiction completes the proof. O

4. PROOF OF THEOREM 1.3
In order to prove Theorem 1.3, we first prove the following;:

Lemma 4.1. Let G be a o-full group of Sylow type and H = {Hy, Ho, ..., H:}
be a complete Hall o-set of G such that H; is a supersoluble o;-subgroup for all
i=1,...,t. Let P be a normal p-group of G and P < Hj for some j. If every cyclic
subgroup H of P of prime order and order 4 (if P is a non-abelian 2-group and
H % Z+(Q)) is o-permutably embedded in G, then P is hypercyclically embedded
in G.

Proof. Assume that this is false and let (G, P) be a counterexample with mini-
mal |G| + |P|. Without loss of generality, we may assume that j = 1.

(1) Let P/N be a chief factor of G. Then N is hypercyclically embedded in G.
Hence, N is a unique normal subgroup of G such that P/N is a chief factor of G and
|P/N| > p.

It is clear that (G, N) satisfies the hypothesis. Hence, N is hypercyclically em-
bedded in G by the choice of (G, P). Assume that G has another normal subgroup
R # N such that P/R is a chief factor of G. Then R is also hypercyclically embedded
in G. It follows that P/N = RN/N is hypercyclically embedded in G/N. Hence,
P is hypercyclically embedded in G. This contradiction shows that IV is a unique
normal subgroup such that P/N is a chief factor of G. It is also clear that |P/N| > p.

(2) The exponent of P is p or 4 (if P is a non-abelian 2-group). Let C be a Thomp-
son critical subgroup of P (see [13], page 185). If Q(C) < P, then Q(C) < N is hy-
percyclically embedded in G by claim (1). Hence, by Lemma 2.9, P is hypercyclically
embedded in G, a contradiction. Hence, Q(C) = P, so by Lemma 2.8, the exponent
of P is p or 4 (if P is a non-abelian 2-group).

(3) Final contradiction. Since H; /N is supersoluble and |P/N| > p, H;/N has a
minimal normal subgroup L/N such that 1 # L/N < P/N and L/N is cyclic. Let x €
L\ N and H = (z). Then L = HN and |H| =p or 4 (if P is a non-abelian 2-group)
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by claim (2). If H < Zs(G), then L/N = HN/N < Z(G)N/N < Z-(G/N)
by [15], Theorem 1.2.6 (d). So Z.(G/N)N P/N # 1. Hence, P/N < Zs(G/N)
since P/N is a chief factor of G. It follows from claim (1) that P is hypercyclically
embedded in G. This contradiction shows that H £ Z(G). Then by the hypothesis,
there exists a o-permutable subgroup T of G such that H is a Hall o;-subgroup of T'.
With a similar argument as for claim (6) in the proof of Theorem 1.2, we have that
H is o-permutable in G. Then HN/N is o-permutable in G/N by Lemma 2.4 (1).
Hence, O?*(G/N) < Ng/n(HN/N) by Lemma 2.7. Moreover, since L/N < H; /N,
we obtain that HN/N = L/N < G/N, and so L < G. This contradiction completes
the proof. O

Proof of Theorem 1.3. Assume that this is false and let (G, E') be a counterex-
ample with minimal |G|+ |E|. Let P be a Sylow p-subgroup of E, where p is the
smallest prime contained in 7(F). Without loss of generality, we may assume that
P<H NE.

(1) H1 N E is non-cyclic. Assume that H; N E is cyclic. Then P is cyclic. By [21],
Theorem IV.2.8, E is p-nilpotent. Let E, be a normal Hall p’-subgroup of E. Then
Ey < G. If By, =1, then E is cyclic, so E is hypercyclically embedded in G,
a contradiction. Hence E,» # 1. Clearly, H; N E, = H; N E for i = 2,...,t. This
shows the hypothesis holds for (G, E,/), so E, is hypercyclically embedded in G by
the choice of (G, E). But as E/E, = P is cyclic, it follows that E is hypercyclically
embedded in G. This contradiction shows that (1) holds.

(2) If E = P, then F is hypercyclically embedded in G. This directly follows from
Lemma 4.1 and claim (1).

(3) E is not p-nilpotent. Assume that E is p-nilpotent. Let E, be a normal Hall
p’-subgroup of E. Then E,, < G. By claim (2), E, # 1. Clearly, H = {H1E,/ /E,,
HyEy /Ey,...,HEy/Ey,} is a complete Hall o-set of G/E, and H;E, /E, =
H;/H;N E, is supersoluble.

We claim that the hypothesis holds for (G/E,,E/E,). In fact, H;E,/E, N
E/E, =1fori=2,...,t and HHE,/Ey NE/E, = E/E,. It is trivial when
E/E, is cyclic. We may therefore assume that E/E, is non-cyclic. Let H/E,, be
a cyclic subgroup of E/E, of order p or 4 (if the Sylow 2-subgroup of E/E,/ is non-
cyclic and H/E, £ Z«(G/E,)). Then by Schur-Zassenhaus theorem, H = E,» x L
and without loss of generality, we may assume that L < F N H;. Note that if
L < ZOO(G), then H/Ep/ = LEp//Ep/ < ZOO(G)Ep//Ep/ < ZOO(G/EP/) by [15],
Theorem 1.2.6 (d). Hence, L is of order p or 4 (if the Sylow 2-subgroup of F is
non-cyclic and L ¢ Z.(G)). Then by Lemma 2.6 (2), we see that the hypothesis
holds for (G/E,,E/E,). Hence, E/E, is hypercyclically embedded in G/E, by
the choice of (G, E). On the other hand, it is clear that the hypothesis holds for
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(G, Ep), so Ey is hypercyclically embedded in G by the choice of (G, E). Therefore
E is hypercyclically embedded in G, a contradiction. Hence we have (3).

(4) Final contradiction. By claim (3), [21], Theorem IV.5.4, and [14], Theorem
3.4.11, E has a p-closed Schmit subgroup S = P; x @, where P; is a Sylow p-
subgroup of S of exponent p or 4 (if P; is non-abelian 2-group), @ is a Sylow ¢-
subgroup of S for some prime ¢ # p, P1/®(P1) is an S-chief factor, Z,,(S) = ®(5)
and ®(S)N P, = ().

We claim that |P, : ®(Py)| = p. If ¢ € n(H;), then S is a o1-group, and so
S < H{ for some g € G since G is a o-full group of Sylow type. Since H; is
supersoluble and P, /®(P;) is an S-chief factor, |P; : ®(P;)| = p. Now we consider
that ¢ ¢ w(Hp). Assume that there exists a minimal subgroup D/®(P;) of Py /®(P;)
such that D/®(P;) is not o-permutable in S/®(P;). Let « € D\ ®(Py) and U = (z).
Then D = U®(P;) and |U| = p or 4 (if P; is non-abelian 2-group). If U < Z(G),
then U < Z(S)N P = ®(S) N P, = &(P1), a contradiction. Hence U £ Z(G).
Then by the hypothesis and Lemma 2.6 (1), there exists a o-permutable subgroup T'
of S such that U is a Hall o;-subgroup of T. Let K be a Hall g;-subgroup of S,
where o; N7(S) £ 0. If i = 1, then K = P, and so UK = KU = P,. If i # 1,
then U is a Hall o;-subgroup of TK = KT. But as D < P; < S and p € 01, we
have that TK < S. Hence, TK is nilpotent, and so U < TK. Thus UK = KU.
This implies that U is o-permutable in S. It follows from Lemma 2.4 (1) that
D/®(P)) = UP(P,)/®(Py) is o-permutable in S/®(P;). This contradiction shows
that every minimal subgroup of P; /®(P;) is o-permutable in S/®(P;). Consequently,
every minimal subgroup of P, /®(P;) is s-permutable in S/®(P;) since 7(S) = {p, ¢}
and ¢ ¢ w(Hy). Then by [26], Lemma 2.12, we also have that |P; : ®(P1)| = p.
Hence, P; is cyclic of exponent p. This implies that P; is a group of order p. Since
Ng(P1)/Cs(P1) < Aut(Py) is a group of order p — 1 and p is the smallest prime
contained in 7(F), it follows that Cs(P;) = Ng(P1) = S. Thus @ < S. This
contradiction completes the proof. O

5. SOME APPLICATIONS OF THE RESULTS

It is clear that every o-permutable subgroup of G is o-permutably embedded
in G. In the case when o = {{2},{3},...}, every normal subgroup, every normally
embedded subgroup, every permutable subgroup, every permutably embedded sub-
group, every s-permutable subgroup and every s-permutably embedded subgroup
of G are all o-permutably embedded in G. However, the converse is not true in
general (see [19], Example 1.2). Hence, the following results directly follow from
Theorem 1.1.
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Corollary 5.1 ([31], Theorem 1). If all maximal subgroups of every Sylow sub-
group of G are normal in G, then G is supersoluble.

Corollary 5.2 ([5], Theorem 4). If all maximal subgroups of every Sylow sub-
group of G are permutably embedded in G, then G is supersoluble.

Corollary 5.3 ([31], Theorem 2). If all maximal subgroups of every Sylow sub-
group of G are s-permutable in G, then G is supersoluble.

Corollary 5.4 ([8], Theorem 1). If all maximal subgroups of every Sylow sub-
group of G are s-permutably embedded in G, then G is supersoluble.

By Theorems 1.2 and 1.3, we may obtain the following results.

Corollary 5.5. Let § be a saturated formation containing all supersoluble groups
and let E be a normal subgroup of G with G/E € §. Suppose that G is a o-full
group of Sylow type and H = {Hy, Ha,...,H:} is a complete Hall o-set of G such
that H; is a nilpotent o;-subgroup for all i = 1,...,t. If every maximal subgroup of
any non-cyclic H; N E is o-permutably embedded in G, then G € §.

Corollary 5.6. Let § be a saturated formation containing all supersoluble groups
and let E be a normal subgroup of G with G/E € §. Suppose that G is a o-full
group of Sylow type and H = {H;y, Ho,...,H;} is a complete Hall o-set of G such
that H; is a supersoluble o;-subgroup for alli =1,...,t. If every cyclic subgroup H
of any non-cyclic H; N E of prime order and order 4 (if the Sylow 2-subgroup of E
is non-abelian and H £ Z.(G)) is o-permutably embedded in G, then G € §.

Theorems 1.2-1.3 and Corollaries 5.5-5.6 cover a lot of known results, in particular,
[4], Theorem 4.1, [8], Corollary, [2], Theorem 1.3, [3], Theorem 3.3, [10], Theorem 3,
[1], Theorem 3.1, [24], Theorem 3.3 and [7], Theorem 2 and Theorem 5.

Corollary 5.7. Let § be a saturated formation containing all supersoluble groups
and let E be a normal subgroup of G with G/E € §. Suppose that G is a o-full
group of Sylow type and H = {H;, Hos,...,H;} is a complete Hall o-set of G such
that H; is a nilpotent o;-subgroup for alli = 1,...,t. If every maximal subgroup of
any non-cyclic H; N F*(E) is o-permutable embedded in G, then G € §.

Proof. By the hypothesis and Theorem 1.2, we have that F*(E) is hypercycli-
cally embedded in G. Then E is hypercyclically embedded in G by Lemma 2.10.
Therefore G € § by Lemma 2.11. O
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By using a similar argument as in the proof of Corollary 5.7, we deduce the
following corollary from Theorem 1.3.

Corollary 5.8. Let § be a saturated formation containing all supersoluble groups
and let E be a normal subgroup of G with G/E € §. Suppose that G is a o-full
group of Sylow type and H = {Hy, Ha,...,H:} is a complete Hall o-set of G such
that H; is a supersoluble o;-subgroup for alli =1,...,t. If every cyclic subgroup H
of any non-cyclic H; N F*(E) of prime order and order 4 (if the Sylow 2-subgroup
of F*(E) is non-abelian and H % Z(G)) is o-permutably embedded in G, then
Geg.

Corollaries 5.7 and 5.8 also cover many known results, in particular, [24], The-
orem 3.1, Theorem 3.4 and Corollary 3.5, [2], Theorem 1.4, [3], Corollary 3.4, [4],
Theorem 3.2 and [8], Theorem 2.
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