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1. INTRODUCTION

The numerical approximation of stochastic partial differential equations (SPDE’s)
encounters all difficulties that arise in the numerical solution of deterministic PDE’s
as well as technicalities caused by the nature of the driving white noise process.
A well known procedure used to approximate SPDE’s is the method of lines. It is
a semidiscrete numerical method where the derivatives %u(t, x) with respect to the
space variable are approximated by the finite difference quotients

u(t,z) —u(t,x — h) u(t,z+h) —u(t,x)
5 or Y ,

where h > 0 is a discretization step. By approximating the derivatives we reduce the
given PDE to a system of ordinary differential equations. Once spatial derivatives are
discretized, we transfer the large system of SPDE’s to an integral fixed-point equa-
tions taking values in R? or Banach spaces. These integral equations are of Volterra
type. The most important property of the scheme is convergence. It means that
the solution of the difference scheme approximates the solution of the corresponding
partial differential equation and the approximation improves as the grid spacing h
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tends to zero. The concept of the stability of the semidiscrete numerical scheme
is to perturb both initial condition and the right-hand side of the main equation.
These perturbations do not amplify as the discretization step decreases. Under these
conditions we prove the convergence of the perturbed solution to the exact solution
in the appropriate norm as the discretization step h tends to zero. Next, from the
Lax equivalence theorem, we obtain the convergence of the scheme. For the proof of
convergence of the method of lines scheme we use an integral representation of the
first-order hyperbolic equation and its semidiscrete counterpart. The effectiveness
of that representation follows from the method of lines analysis in [16] based on the
maximum principle. There is no classical maximum principle for stochastic PDE’s,
instead we use Doob’s martingale inequality to estimate classical It6 integrals. The
stability of the method of lines for autonomous linear evolution equation is shown
in [20].

The method of lines was widely used to discretize deterministic partial differential
equations of various types. It was applied to hyperbolic differential equations by
Kreiss and Scherer in [14]. In [3] we can find the method of lines for second-order
hyperbolic integro-differential equations in R™ of the form

0%u ¢
—5 () — Viu(t,z) = f(t,z) —|—/ k(t — s)V2u(s,z)ds for (t,2) € (0,T] x R",
u(0,2) = fi(z), %(O,x) — fo(z) foraz e R™

A spatial approximation for evolution equations can be found in the work of Batkai,
Csomés and Nickel in [4].

Random transport equations are considered by many authors. The first one who
introduced a new type of partial differential equation of first order with a random
coefficient of the form

%(t, z;w) + {Bi(w) + b(t, x)}%(t, ryw) = c(t, x)u(t, x;w) + d(t, x)
on [0,T] x R was Funaki [9]. Kim [12] focused on the Cauchy problem for transport
equations with random noise.

The stability of difference schemes whose accuracy is of the second-order for
hyperbolic-parabolic equations is studied in [2]. A difference scheme for the Cauchy
problem for a hyperbolic equation with a self-adjoint operator is introduced in [1].
The stability of the numerical solution of hyperbolic partial differential-difference
equations forward in time and backward in space and error analysis can be found
in [22].

There are a number of papers which deal with the method of lines applied to
stochastic differential equations. In [23] a finite-difference method is employed to
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approximate a class of stochastic partial differential equations in weighted Sobolev
spaces. The spatial discretization in [21] is carried out using a second-order finite
volume method and it is tested for a stochastic advection-diffusion problem and
a stochastic Burgers equation driven by white noise. The method of lines for linear
eliptic and parabolic SPDE’s is presented in [17]. The case of fractional heat equa-
tions perturbed by multiplicative cylindrical white noise is treated in [7]. The space
discretization for stochastic wave equations is performed in [19].

The aim of this paper is to discuss the uniform stability of the space discretiza-
tion for the initial value problem corresponding to the stochastic partial differential
equation which arises from the McKendrick-von Foerster equation of the form

ou ou
Piatied

St + G tn) =ttt [ utay)
0 e8]
+/ K(ts,y)u(t +s,y) dy dsB,

with the boundary condition u(t,0) = v(t) for ¢ € [0,T]. Note that the nonlocal
coefficient of By is independent of z. We study the following generalization of the
above modified McKendrick-von Foerster equation

@ ou

(1'1) ot (tv :L’) + a(tv x)%(ta {E) = f(ta z, u(t,x)) + g(t, u(t,O))Bta

where u . is a Hale-type operator, i.e. ug ,)(7,0) = u(t + 7,2 + 0) for (7,0) €
[-7,0] x R, » > 0, (t,x) € [0,T] x R. It is crucial for the given volatility g to
be independent of x, therefore its composition with the Hale operator has to be
independent of z. Hence, we can use it at (¢,0). An example of a diffusion term
that satisfies the assumptions under which we prove our main results is g(¢, u(t,0)) =
sup,, u(t, z). This example shows that the technique of the paper is subtle and nearly
optimal. One can verify that it is not possible to include in g any dependence on z,
because this would lead to Volterra-Itd integrals which are no longer martingales.

The main result of the paper, i.e. the stability of the method of lines (Theorem 3.6),
is demonstrated by means of appropriate estimates for an infinite-dimensional system
of SDE’s (Lemma 3.3). For simpler differential operators associated with the method
of lines, e.g. defined by

Tk+1 — Tk

(Apx), = W , DAL =1P(2), kel xel’(Z), p=1,

one needs to find its spectrum and show that

Ant| < 0.

sup le
t€[0,T], he[0,1]
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Equation (1.1) is much more complicated, because the coeflicient a(t, ) depends on
time and space. Thus, the respective semigroup of operators has no infinitesimal
generator, not to mention any spectral properties, inevitable in the frame of Da
Prato and Zabczyk [6]. Even if we dropped the time dependence, so a(t, z) = a(z),
then spectral properties of the infinitesimal generator (Apz)r = ar(Tkr1 — zx)/h
would not be obvious. Since the main problem arises in mathematical biology and
plays the role of a transport equation describing the kinetics of some densities [18],
it should be treated in [°° or I!.

The paper is organized as follows. In Section 2 we introduce basic notations and
formulate the problem. The main result concerning the stability of the method of
lines (Section 3) bases on several lemmas: the representation, existence and unique-
ness, and the estimation of solution. Proofs of these lemmas are presented in Sec-
tion 4.

2. FORMULATION OF THE PROBLEM

Fix T > 0 and 0 < r < co. Denote Ry = [0,00), Z4y = {0,1,...}. Let (Q,F,P)
be a complete probability space, { B fogt<r the standard one-dimensional Brownian
motion, {F;logicr = 0(Bs,0 < s < t) its natural filtration which we extend as
Fi = Fp for t € [-r,0). We recall that a standard one-dimensional Brownian
motion is a stochastic process { B, }o<i<r with the following properties:

(1) Bo = 0;

(2) With probability 1 the function ¢ — By is continuous in ¢;

(3) The process {B:}o<t<r has stationary, independent increments;

(4) The increment By, ;— B, has the normal distribution with mean 0 and variance ¢.

Let L?(2) be the space of all random variables Y:  — R such that E[Y?] < .
By B, we denote the time-dependent one-dimensional white noise, a formal or a dis-
tributional derivative of Brownian motion. It is a generalized stochastic process
constructed as a probability measure on the space of tempered distributions, that is
the dual of the Schwartz space of rapidly decreasing smooth real valued functions
on R (see [10]). Let Dy = [-r,0] x R and Dy = [-r,T] x R. By Cp,. we denote the
space of these continuous and {F;}o<i<r-adapted processes u: Dp — L?(Q) which
satisfy

(2.1) HuH%DT =E sup  |uP(t,z)|| < oo.
te[—r,T),z€R
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Then Cp,. is a Banach space with respect to ||-[|c,,,.. For (¢,z) € [0,T] x R we define
a Hale-type operator of the form

UGy (1,0) = u(t + 1,2+ 0), (7,0) € Do.

Notice that the domain of the Hale-type operator is unbounded. Usually it is
considered to be a compact set (see [15]). Suppose that a: [0,7] x R — R, f:
[0,7] x R x C(Dg,R) = R, g: [0,T] x C(Dg,R) = R, ¢: Dy — R are continuous
functions and C(Dg, R) denotes the space of all continuous functions v: Dy — R. We
consider the following initial value problem for the first-order stochastic functional
partial differential equation

ou ou .

E(t J?) + a(ta J))% (t7 J?) = f(ta xz, u(t,x)) + g(ta u(t,O))Bt
(2:2) for (t,z) € [0,T] x R,

u(t,z) = ¢(t,x) for (t,z) € Dy.

The solution to (2.2) is understood as an {F;}o<i<r-adapted continuous process
satysfying the integral equation

t

t
U(t, J?) = 410(0) ntx(o)) + / f(57 Ut’x(5)7 u(s,r]"v*’(s))) ds + / 9(57 U’(s,O)) dBS;
0 0

where the last term is the It stochastic integral and n%®(s) is the solution of the
characteristic equation

¢
n(s):x—/a(T,n(T))dT, 0<s<t<T.

Assumption 2.1.  Suppose that the function f is continuous and satisfies the
Lipschitz condition with respect to the third (functional) variable, so there exist
constants L1, C; > 0 such that

(23) |f(t,x,v) _f(taxaﬁﬂ < L1 sup |’U(S,y)—’l_)(8,y)|
(s,9)€Do

(2.4) |f(t,z,0)] < C4

for all t € [0,T], x € R, v,7 € C(Dp,R). Suppose that the function g is continuous
and satisfies the Lipschitz condition with respect to the second (functional) variable,
so there exist constants Lo, Co > 0 such that

(2.5) lg(t,v) —g(t, )| < Lz sup [v(s,y) —0(s,y)|
(s,y)€Do

(2.6) 19(2,0)] < Co

for all t € [0,T1], v,7 € C(Dy, R).
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3. STABILITY OF THE METHOD OF LINES

First we consider the following deterministic initial value problem for the first-
order partial differential equation

ot Oz
u(0,2) = 0(z) for x € R,

du Ju
(3.1) { = (ta) +alt,z)o—(t,2) =¢(t,z) for (t,z) € [0,T] x R,

where a,1 € C([0,T] x R, R), § € C(R, R). Problem (3.1) is discretized in the spatial
variable as follows. We introduce a uniform mesh on R with the discretization step
h > 0. The method of lines for (3.1) is of the form

du® (t) ) a® (t) ) a® (t) .
—= '\ @2\ =) 2\ (2) ;
(3.2) T +u'(t) " u (t) +¢(t) forte|0,T], i€ Z,

h
u(0) =00 foric 7,
where a(¥ (), 1) (t), 8 are approximations of a(t,ih), ¥ (t,ih), 6(ih), respectively.
We assume they are continuous and a(¥(t) > 0. The cases of nonpositive a(?(t) or

arbitrary a()(t) are covered in Appendix. The main result is the stability of the
method of lines. We shall prove it with the help of several lemmas.

Lemma 3.1. Suppose that a()(t) > 0 and

sup a9 (t) < oo, sup [ ()] < o0, sup|8?| < oc.
t€[0,T],i€Z tel0,T],i€Z =y

Then problem (3.2) admits a solution u(?(t) satisfying

sup  |u(t)] < o0
t€[0,T],i€Z

of the form

oo

t
(3.3) IOESY (0“’”1‘“’“(1&,0) + / w(ik)(s)f‘(i’k)(t,s)ds),
0

k=0

where T'(:F) (t,s) 20forieZ, ke Zy,0< s<t<T is defined by the recurrence
160 (¢t 5) = e~ J (@ @)/m)dw

) t t oG (%) )
Lk (t,s) = / e Ja (@@ (w)/h)dw & 151) }Esl)F(’_l’k_l)(sl, s)dsy,

S

(3.4)

and it satisfies the normalization property

[e e}

(3.5) > TER(,s) =1,

k=0
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The proof of Lemma 3.1 is provided in Section 4. Now let us consider the method
of lines for the initial value problem corresponding to the first-order stochastic func-
tional partial differential equation. We denote by J, the linear interpolating operator
given by

ih

x—zh) +U(i+1)(t)x_T’ x € [ih, (i + 1)h],

(nu)(t,w) = u () (1 -

which maps discrete functions to continuous functions and whose supremum norm
is equal to 1 (see [11]). Then the method of lines for (2.2) is of the form

du®(t N a®(t i a® (t ,
T() +uD(t # =ull 1)(15)# + f(t,ih, (Jau)t,in))
(3.6) +9(t, (Jpu) 0By fort€[0,T)], i€ Z,

u®(t) = 0(t) forte[-r0], i€ Z,

where () (t) is the approximation of o(t,ih). By X7 we denote the space of these
continuous and {F; }o<i<r-adapted processes w = (w);ez, w®: [—r, T] — L*(Q)
which satisfy

lwl||? := [E[~ sup |w(i)(f)|2} <oo, 0<t<T.

te[—r,t], i€l

If w: [-r,T] — L*(Q2) is an {F; }o<i<r-adapted continuous process, then

w2 = [E[ sup |w(£)|2}, 0<t<T.
te[—nrt]

By X[T] we denote the space of these continuous and {F;}o<i<r-adapted processes
w= (w)ez, w®: [0,T] = L*(Q) which satisfy

loll? = €[ s wO@P], 0<t<T

tel0,t],i€Z

If w: [0,7] — L*(Q) is an {F; }o<i<r-adapted continuous process, then

lwly = €[ swp [w@P], 0<t<T.
t€[0,t]
Using Lemma 3.1 we introduce an integral representation of (3.6) in the following

lemma.

Lemma 3.2. Let F),G € Xg), F = (FD);cz, oV € C([0,T],Ry), o) €
C([-r,0],R) and
sup  aP(t) < oo, suple®(0)| < oco.
te[0,T),i€Z €7
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Then the initial-value problem

(@)
du'"(t) S

— w1 (1)

T L FO + 0B

(3.7) fort €[0,T], i € Z,

u®(t) = pW(t) forte[-r0], icZ

admits a solution u = (u(i))iez, u® € Xp of the form
(3. 8)

o0
=3 Pl PR 1, 0) + /ZF”“) F<Z’“tsds+/G B,
0 r—o

k=0
for t < T, where T:*)(t,5) are given by (3.4).
Lemma 3.3. Let F),G € Xg), F = (FD);cz, oV € C([0,T],Ry), o) €

C([-r,0],R) and

sup  aP(t) < oo, suple®(0)| < co.
t€[0,T],i€Z €7

Then any continuous solution u = (u(i))iez of (3.7) such that u® € Xp, satisfies the

estimate
t t
(3.9) lJull? < 3lullfy +3t/0 IFI7;ds + 12/0 IG|I%,; ds.

The proof of Lemma 3.3 is provided in Section 4.

Remark 3.4. Considering (3.7) with the zero initial condition, by the elementary
inequality (a + b)? < 2a? + 2b2, the estimate (3.9) takes the form

t t
Jul? < 2t / |FJ2, ds+8 / IGJ2, ds.
0

The existence and uniqueness of the solution of Volterra-type integral equations
is proved in [5] and [8]. Analogously, by using Picard iterations, we can prove the
existence and uniqueness of the solution of (3.6).

Theorem 3.5. Let Assumption 2.1 hold. Suppose that a'¥ € C([0,T],R), o) €
C([-r,0],R) and
sup  aP(t) < oo, suple®(0)| < co.
te[0,T),i€Z €7

Then there exists a solution u = (u));c7 of (3.6) such that u") € Xp.
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The proof of Theorem 3.5 is provided in Section 4. Let processes qﬁgi), ¢2 € X1
and qbgi) € C([—r,0], R) be deterministic and satisfy sup |¢§i) (0)| < oco. The perturbed
ez

system related to (3.6) is of the form

da(d ()
dt

X a(i) t .
= a0 O pein, () )

(3.10) +g(t, (i) 0))Br + 61 () + ¢o(t) By for t € [0,T), i € Z,

a®(t) = pO(t) + 95" (t) fort € [-r,0), i € Z,

where qbgi) and ¢ are perturbations of the right-hand side of (3.6) and qbgi) are
perturbations of the initial conditions. We say that the method of lines (3.6) is
stable if

|t —ullr =0 ash—0

provided that
¢sllo + |1 lliry + I@2l7y = 0 as h — 0.

In the following theorem we show the stability of the method of lines (3.6).
Theorem 3.6. Let the functions f and g satisfy the assumptions of Lemma 3.3
with F' = f, G = g. Then the method of lines (3.6) is stable.

Proof. Let u be the solution of (3.6) and % be the solution of (3.10). Denote
2O (t) = a®(t) —u®(t). By Lemma 3.2, (¥ satisfies the integral equation

20 = 3 6§ ()T 1, 0) + / S FE ()T 1, 5) ds + / i(s)dB,
k=0 0 k=0 0

for 0 <t < T, where

() = F(tsih, (Tnw) imy) — f(t i, (Jn@) gimy) — 657 (1),
(1) = g(t, (Jnuw) o)) — 9(t, (Jni)0)) — o (t)

and T'(%) (¢, 5) are given by (3.4). By Lemma 3.3 we obtain the estimate

t t
J21 < 3llalf +3¢ | 177ds+12 [ al as.
Denote gg := ||¢3]lo, €1 := ||¢1]|j7) and &2 := ||p2||;7) and assume that

co+er+exa—0 ash—0.
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It follows immediately from Assumption 2.1 that
Ifullfy < 2L3020F + 261, 1311y < 2L3112[17 + 2¢3.

To complete the proof, it is sufficient to show that ||z||: — 0 on [0, T]. It follows from
the above estimates and the fact that (a + b+ ¢)? < 3a? + 3b% + 3¢? that

t t
2117 < 3e2 + 3t/0 (2L3||2||% + 2¢%) ds + 12/0 (2L3| 2| + 2¢3) ds.
Finally, we have
t
12112 < 32 + 622 4 242 + (621 + 24L§)/ 1212 ds.
0
From Gronwall’s lemma we get
127 < (363 + 6c3t? + 24e3t)e!(CLit+24L3)

and ||z||s — 0 for €9 + €1 + €2 — 0. Thus, the method of lines is stable. O

4. PROOFS

In this section, proofs of the lemmas from Section 3 will be presented. First, we
prove Lemma 3.1.

Proof of Lemma 3.1. From the recurrence equation (3.4) it can be evaluated
that T(*) (¢, s) > 0. To check formula (3.3) for the solution of (3.2) we begin with
the fact that any solution of (3.2) satisfies the integral equation

(4.1) uD(t) = o= o (@ (s)/h) ds (i)

t ) ]
n / o I @ w)/n) dw%u(i—n(s) ds
0

t . .
+/ e~ JI @V w)/mydwy() () ds for 0 < s <t < T
0

By (3.3), the left-hand side (LHS) of (4.1) is given by

o0

t
Z(e“ BIDER) (£, 0) + / w(i_k)(s)F(i’k)(t,s)ds)
0

k=0
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Putting (3.3) for ¢ — 1 to the right-hand side (RHS) of (4.1), we have

RHS — = Jo (@ ()/h) ds ()
t L () (s)
n / o= 1 @ w)/h) dw 87 (5)
. h

k=1
t )
n / o= J1 @ ) /) dw i) (5) s
0

Changing the order of summation and integration, we have

RHS = o~ Jo (@@ (s)/h) ds ()

t o (s
+Z/ T, / o 1 @ (w)/h) dw h( Jpl-1k-1) (5 1) ds dsy

. " ore
+Ze(z—k)/ e -/ (a® (w)/h) dw & h( )F(z 1,k— 1)(5 O)d

t )
b [fe et mmanyo ) as
0

X Z (9(i_k)F(i_1’k_1)(s,0) —I—/ Y=k () DO LE=1) () sl)dsl) ds
0

Comparing the terms of LHS and RHS, we obtain the recurrence formulas for

I'(4k) (¢, 5), which completes the proof of the first part. Now we show that

o0

Zl”k)to—l for 0<t<T.
k=0

If () (t) = 0, then

[ee]
t)=>_00PTER (¢, 0)
k=0

is the only solution of (3.2). Hence

oo

u(t) =Y TR (¢, 0)

k=0

is the only solution to the Cauchy problem
du® (t) N aB(t) . a® (t)
=\ (O VAN CE ) PR A W24
g” u'™(t) - u (t)
uD(t) =1 forte[-r0], icZ.

for t € 10,71, i €

VA
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On the other hand, u(? (t) = 1 is the solution of this sample problem. Thus
TR} 0)=1 for0<t< T
k=0
Similarly, we can prove that
Zf(i’k)(t,s) =1 for0<s<t<T.
k=0
It is sufficient to consider (3.2) with ¢» = 1 and § = 0. This completes the proof. [

Proof of Lemma 3.3. From Lemma 3.2 we have

oo t o0
@ < |3 P OTER (1,0)| + ‘ / ST FER(PER (¢, 5) ds
k=0 [t 0 k=0 [t]
t
+‘/ G(s)dBs|| =1+ Iz + Is.
0 4]

Since (¥ (0), T'(#*)(¢,0) are deterministic and by (3.5) we obtain the estimate of I;
of the form

[e'e) 2 e’} 2
112 — Z sD(z—k) (O)F(z,k) (t, 0) — sup sD(z—k) (O)F(z,k) (f, 0)
k=0 [t]  telo,t],iezl—,

<sup [V (0) = [|ullfy.
lez

Now we estimate Is.

2
2 _
sz

oo
> / FO=R (TR (E 5) ds
k=070

[t
oo
> / FOR (TR (F 5) ds
k=070

|

= [E{ sup
telo,t], i€z

Using the Cauchy-Schwarz inequality we have

P i
/ ZF(”k)(t,s)ds x/
0 0

k=0 k=

o0

(FO=R) (s)2TER)(F 5) ds
0

|

IZ < [E[ sup
te[0,t],i€Z
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By (3.5) we obtain

I22 <E sup
Lt€[0,t],i€Z

i /O t i(F(i"“) (s)°TER(E, 5) ds

|

k=0
- i oo
<E| sup f/ Y TR s)  sup  (FU(3))? ds]
Lic(0,t], i€z (U— 3efo,t],lez
r t
< E| sup f/ sup  (FO(3) } / ||FH ds.
Lie(o,t], | Jo 3€[0,1],1€Z

Applying the Doob martingale inequality (see [13]) and the It6 isometry (see [13]),

2 t
/G )dB, } [E{ ]<4/ IG|1%,; ds.
0

t t
PRI «/Ilullﬁoﬁ\/t L ds+¢4 | e, s

From the fact that (a + b+ ¢)? < 3a? + 3b? 4 3¢? we obtain the estimate

we have

[ sup
i€[0,t]

Hence

¢ t
N < 3ty +3¢ | IFIR s +12 [ IGIR ds,
0 0

which completes the proof. ([

Proof of Theorem 3.5. In order to prove the existence of a solution we define

ul(t) = oD (t) forte[-r0], i€z,
ué”(t) =(0) forte[0,T],icZ

and the Picard iterations

dull (6) a1 —ul (@) . .
T?-Fa(z)(t) 1 h 1 = f(t,ih, (Jnum)@,in)) + 9t (Jntm)(¢,0)) Bt

for t € [0,7T], i € Z, m € Z4 with the initial condition

ul (8) = oD (t) for t € [0,
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Using (3.9), we can prove by induction on m that the sequence (u%))m is a Cauchy
sequence in the Banach space Xpr. Hence it is convergent and its limit is a solution

to the Cauchy problem (3.6). Let Aul) (t) = uff@)ﬂ(t) —ulp) (t). For m = 0 we have

Aul? (1) — ATV (1)
h
= f(ta Zha (JhUO)(t,ih)) + g(t’ (JhUO)(t,O))Bta i€ Zv te [Oa T]

dAul (1)

@ (¢
3 Ta®)

From Remark 3.4 we obtain

t t
| Auo ()| < 2t / 1(fadol2, ds +8 / 9ol ds,

where
(fn)o = f(t,ih, (Jnuo)w,in))s 9o = g(t, (Jnto)(t,0))-

We shall estimate ||(f#)oll[g and [[go[|;s)- By Assumption 2.1 we have

| f(t,ih, (Jhuo)(t,ih))”[Qt] < QL%HUOH% + 2C127
lg(t, (Jauo)(e,0)) Iy < 2L3]|uoll? + 2C3.

Under the inductive assumption for m > 0, we shall show the assertion for m + 1.

dAul) (1) o Aul) (1) — Al (1)
—a +a'(t) -

= f(tv Zhv (Jhum)(t,ih)) - f(ta Zha (Jhumfl)(t,ih))
+ g(t, (Jnum)(,0)) Bt = 9(t, (Jntam—1)(1,0)) Bt

for i € Z, ¢t € [0,T]. Applying Remark 3.4, we obtain

t t
| At (B2 < 2 / 1A f )l ds + 8 / | Agnl s ds,
where

(Afn)m = [t ih, (Jpum)@iny) — f(E iR, (Tntim—1) 1)),
Agm = g(tv (Jhum)(t,o)) - g(tv (Jhumfl)(t,o))'

Hence, by Assumption 2.1 one can show that
1A f)mlfy < LHAWE,  1(Ag)mll < Lall Au)|.
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Consequently,
IAuF < @erd+513) [ au) s
It follows that

; 2tL? + 8L3)™
||Au(1) |? < const - u

m+1 ml
Thus, the series of partial sums
n—1
up! (1) + Y (a0 = u (0] = uP (1)
k=0

is convergent on [0,7]. Thus, uld (t) converges to the unique solution u(¥(t) of

equation (3.6). O

5. APPENDIX

For a()(t) < 0 the method of lines for (3.2) is of the form

61 d00 Ul
: dt h
uD(t) =W (t) forte[-r0], icZ

. A () A
—u(t) = —u(”l)(t)aT(t) +4@O(t) fortel0,T), i€,

Any solution u = (u(?);c7 of (5.1) such that u(?) € X7 has the integral representation
(3.3), where T%)(#,5) > 0 for i € Z and 0 < s < t < T is defined by the recurrence

PO, 5) = ol (@ @)/ dw,

t . i
TR (¢ ) = _/ ol (@ (w)/h) dw al _)lgsl)rufl,kfl)(sl,s) dsy.

S

In the case when the coefficient a(¥)(t) changes sign we cannot employ the forward
and backward finite difference quotients as it leads to the discontinuity of coefficients.
Instead, we employ a viscosity term

O
2 a8x2

to get the following form of the method of lines for (3.2):

(1) (t) — w1 ()

du®(t)
(1)
@ T o
. G+1) (4) — 94, (i—1) )
gy D=2 RO o) forte o), iz,

uD(t)= oD (t) forte[-r0], icZ.
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ad@) a0 . la® ()] —aD(t)
(1) 7 W "\ (i+1)
@ oW oh W
(4) (1) . ;
N WW—%) +9O(t) fort €[0,T), i €7,
uD(t) = oD(t) forte[-r0], icZ.

Any solution u = (u));cz of (5.2) such that u(Y) € Xr has the integral representa-
tion (3.3), where

1]

2]
3]
[4]
[5]
[6]
[7]
8]
[9]

[10]

[11]
[12]

[13]
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TG0 (1, ) = o= I (0 @w)l/n) dw

¢ . i i
TR (1 5) = / o 11 (a® @)l /m) dw(|a( )(s1)] — al )(51)11(”1,1@71)(81’ 5)

2h
(@) (1) .
n la (81)|2—£ a (Sl)r(z—l,k—l)(sl’s)> dsy.
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