Czechoslovak Mathematical Journal, 59 (134) (2009), 707–719

AN EXTENSION THEOREM FOR MODULAR MEASURES ON EFFECT ALGEBRAS

Giuseppina Barbieri, Udine

(Received February 14, 2008)

Abstract. We prove an extension theorem for modular measures on lattice ordered effect algebras. This is used to obtain a representation of these measures by the classical ones. With the aid of this theorem we transfer control theorems, Vitali-Hahn-Saks, Nikodým theorems and range theorems to this setting.

Keywords: effect algebras, modular measures, extension, Vitali-Hahn-Saks theorem, Nikodým theorem, decomposition theorem, control theorems, range, Liapunoff theorem

MSC 2000 : 06C15, 28E99

The author was partially supported by G.N.A.M.P.A. of Istituto Nazionale di Alta Matematica.

1. Introduction

This note contains an extension theorem for vector-valued modular measures defined on lattice ordered effect algebras. In spite of the presence in [2], [8], [9] of some results announced in the abstract, we consider it worth-while to revisit theorems about the range, control theorems, Vitali-Hahn-Saks and Nikodým theorems in the context of modular measures on effect algebras. Indeed, while in [2], [8], [9] the results are obtained by imitating the proof of the Boolean case, we here transfer the results directly from the case of vector-valued measures on Boolean algebras to the case of vector-valued modular measures on lattice ordered effect algebras. To this end we make use of a method elaborated by H. Weber (see [32]). Moreover, operating in this way, we obtain some results completely new such as the generalization of results on the range obtained by Fischer and Schoeler in the Boolean case or the generalization of results obtained by Kluvanek concerning the weak closure of the range in the Boolean case.

Effect algebras were introduced by Foulis and Bennett in 1994 [15] for modelling unsharp measurement in a quantum mechanical system. They are a generalization of many structures which arise in quantum physics and in mathematical economics, in particular of orthomodular lattices in noncommutative measure theory and MValgebras in fuzzy measure theory.

2. Preliminaries

In this section we give some basic definitions and fix some notation.

Definition 2.1. Let (L, �) be a poset with a smallest element 0 and a greatest element 1 and let ⊖ be a partial operation on L such that b ⊖ a is defined if and only if a � b and for all a, b, c ∈ L:

If a � b then b ⊖ a � b and b ⊖ (b ⊖ a) = a.

If a � b � c then c ⊖ b � c ⊖ a and (c ⊖ a) ⊖ (c ⊖ b) = b ⊖ a.

Then (L, �, ⊖) is called a difference poset (D-poset for short) or a difference lattice (D-lattice for short) if L is a lattice.

For the rest of the paper, let L be a D-lattice and let (E, τ) be a Hausdorff complete locally convex linear space.

One defines in L a partial operation ⊕ as follows:

a ⊕ b is defined and a ⊕ b = c if and only if c ⊖ b is defined and c ⊖ b = a.

The operation ⊕ is well-defined by the cancellation law [17, page 13] (a � b, c and b ⊖ a = c ⊖ a implies b = c), and (L, ⊕, 0, 1) is an effect algebra (see [17, Theorem 1.3.4]), that is, the following conditions are satisfied for all a, b, c ∈ L:

If a ⊕ b is defined, then b ⊕ a is defined and a ⊕ b = b ⊕ a;

if b ⊕ c is defined and a ⊕ (b ⊕ c) is defined, then a ⊕ b and (a ⊕ b) ⊕ c are defined, and a ⊕ (b ⊕ c) = (a ⊕ b) ⊕ c;

there exists a unique a^⊥ ∈ E such that a ⊕ a^⊥ is defined and a ⊕ a^⊥ = 1; if a ⊕ 1 is defined, then a = 0.

We say that a and b are orthogonal if a � b^⊥ and we write a ⊥ b. Therefore a⊕b is defined if and only if a ⊥ b, and in this case a ⊕ b = (a^⊥ ⊖ b)^⊥ by [17, Lemma 1.2.5]. If a_1, . . . , a_n ∈ L we inductively define a_1 ⊕ . . . ⊕ a_n = (a_1 ⊕ . . . ⊕ a_{n−1}) ⊕ a_n if the right-hand side exists. The sum is independent of any permutation of the elements. We say that a finite family (a_i)^n_{i=1} of (not necessarily different) elements of L is orthogonal if a_1 ⊕ . . . ⊕ a_n exists.

We say that a sequence (a_n) of elements of L is orthogonal if the set {a_1, . . . a_n} is orthogonal for every n ∈ N.

Following [20], an element p of L is central if for every a ∈ L

(1) (a ∧ p) ∨ (a ∧ p^⊥) = a.

The centre C(L) of L is the set of all central elements. We stress that it is a Boolean subalgebra of the centre in the lattice theoretical sense. In particular, C(L) is a sublattice of L.

A function μ on a D-lattice with values in E or in [0, +∞] is called a measure if for every a, b ∈ L, with a ⊥ b,

μ(a ⊕ b) = μ(a) + μ(b).

A modular measure is a measure which also satisfies the modular law, that is, for all a, b ∈ L μ(a ∨ b) + μ(a ∧ b) = μ(a) + μ(b).

A measure μ is called exhaustive if μ(x_n) → 0 for every orthogonal sequence (x_n).

A sequence of measures (μ_n) is called uniformly exhaustive if for every orthogonal sequence (x_n), μ_m(x_n) → 0 uniformly in m ∈ N. A measure μ is called σ-order continuous if the order convergence of sequences implies the convergence with respect to μ, (i.e. a_n ↑ a or a_n ↓ a implies that μ(a_n) converges to μ(a)); μ is called order continuous if the same condition holds for nets.

A uniform D-lattice is a D-lattice endowed with a uniformity which makes the operations ∨, ∧ and ⊖ uniformly continuous. We call this uniformity a D-uniformity.

If μ is an E-valued modular measure, it is known that the sets

{(a, b) ∈ L × L: ∀c, d ∈ [a ∧ b, a ∨ b] μ(c) − μ(d) ∈ W },

where W is a neighborhood of 0 in E, form a base for the μ-uniformity U (μ), which is the weakest D-uniformity that makes μ uniformly continuous (see [1, Theor. 3.2]; compare also [19] and [30, §3.1]). The topology induced by the μ-uniformity is called the μ-topology. If Λ is a set of modular functions on L, then the supremum of the λ-uniformities, λ ∈ Λ, is called the Λ-uniformity or the uniformity generated by Λ.

The proof of the following proposition is given in 4.3 of [6].

Proposition 2.2. Let U be a D-uniformity. Then N(U ) = � U∈U U is a D-

congruence and the quotient (L̂, Û ) = (L, U )/N(U ) is a D-lattice endowed with a Hausdorff D-uniformity.

We recall that, if ‖ · ‖ is a seminorm on E, for a modular measure μ: L → E, the total variation is the function

|μ|(a) = sup

�_{n−1}� i=0 ‖μ(a_{i+1}) − μ(a_i)‖: a_0 � a_1 � . . . � a_n = a � , a ∈ L.

By 1.3.10 of [31], |μ| is a modular function and by 3.11 of [13] it is a measure.

For real-valued modular measures on D-lattices the following equivalence holds ([4, Lemma 2.6]):

Proposition 2.3. Let μ: L → R be a modular measure. Then μ is bounded if and only if μ is exhaustive if and only if μ has bounded variation.

3. The representation theorem

The next theorem repeats “verbatim” [33, Theorem 2.2]. Repeating the proof, we have only to observe that μ_D(p) = � d∈D (λ̃(d ∧ p)/λ̃(d))μ̃(d) (where D is a suitable

decomposition) are measures and this follows from [4, 2.2 and 2.4]. We notice that the above net is involved in the definition of the extension μ̄ that is its weak limit and so it is a measure, too.

Theorem 3.1. Let A be a Boolean sublattice of C(L), Λ ⊂ {λ: L → R^+ : λ is a modular measure}, let U be the Λ-uniformity and μ: (A, U |_A) → (E, τ) a continuous modular measure. Then μ has an extension to an exhaustive continuous modular measure μ̄: (L, U ) → (E, τ) with μ̄(L) ⊂ co μ(A).

It turns out that Theorem 3.1 remains true for measures with values in a linear topological space which is not locally convex, i.e. ℓ_p 0 < p < 1; we are going to show this fact.

Theorem 3.2. Let A be a Boolean sublattice of C(L), Λ ⊂ {λ: L → R^+ : λ is a modular measure}, let U be the Λ-uniformity and μ: (A, U |_A) → ℓ_p (0 < p < 1) a continuous modular measure. Then μ has an extension to an exhaustive continuous modular measure μ̄: (L, U ) → ℓ_p (0 < p < 1) with μ̄(L) ⊂ co^p μ(A), where the closure is understood in (ℓ_p, ‖ ‖_p).

P r o o f. The proof proceeds by inspection from 3.1. Since ℓ_p is continuously embedded in ℓ_1 and our extension theorem holds true for measures with values in ℓ_1, we have only to ensure that starting with μ_D(L) ⊆ ℓ_p, its limit μ̄ lies in ℓ_p (0 < p < 1).

We claim that the values of μ_D lie in a bounded set of ℓ_p: Indeed, by Labuda [18, Proposition on p. 58] the convex hull of the range of a bounded measure with values in ℓ_p is bounded and (e.g. see [30, 2.3]) this implies that the range of a group-valued measure is bounded (we point out that in ℓ_p (0 < p < 1) a subset is norm bounded if and only if it is bounded).

For every a ∈ L, the bounded net μ_D(a) converges to μ̄(a) weakly, hence coordinatewise. Therefore the values of μ̄ lie in ℓ_p, as desired.

The last inclusion derives from μ̄(L) ⊂ co^1 μ(A) proved in Theorem 3.1 and from the equality co^1 μ(A) = co^p μ(A). For, co^1 μ(A) is a closed, bounded, convex set in ℓ_p. It follows from [24, Theorem 1] that co^1 μ(A) is compact in ℓ_p. As the inclusion of ℓ_p into ℓ_1 is continuous we have co^1 μ(A) = co^p μ(A).

Finally, the exhaustivity derives from the compactness and [27, 3.2.5]. The extension is U continuous by [30, 6.1] since μ is exhaustive. □

Notation 3.3. Let V , U be D-uniformities and μ, ν modular measures on L, then μ ≪ U means that μ-uniformity is weaker than U and μ ⊥ U means that the infimum between the μ-uniformity and U is the trivial uniformity. If U = νuniformity, we write μ ≪ ν or μ ⊥ ν instead of μ ≪ U or μ ⊥ U .

Repeating line by line [33, Theorem 3.1.7] and applying 3.1 when Weber applies his Theorem 2.2 and [4, 2.4] when Weber applies his Theorem 3.1.5, one obtains

Theorem 3.4. Let Λ ⊂ {λ: L → R^+ : λ is a modular measure} and let U be the Λ-uniformity and (~L, ~U ) the uniform completion of the quotient (L̂, Û ) := (L, U )/N(U ). Then:

(a) For any continuous modular measure μ: (L, U ) → (E, τ), the function μ̂: L̂ → E defined by μ̂(x̂) = μ(x) whenever x ∈ x̂ ∈ L̂, has a unique continuous extension μ̃: (~L, ~U ) → E. Denote by μ̄: C(~L) → E the restriction of μ̃ to C(~L). Then μ(L) = μ̃(~L) and co μ(L) = co μ̄(C(~L)).

(b) If U is generated by the set of all real-valued bounded modular measures on L, then the map μ → μ̄ defines an isomorphism from the linear space of all exhaustive modular measures μ: L → E onto the linear space of all order continuous measures μ̄: C(~L) → E.

(c) Let F be a complete locally convex Hausdorff linear space and let ν : (L, U ) → F , μ: (L, U ) → E be modular measures. Then μ ≪ ν if and only if μ̄ ≪ ν and μ ⊥ ν if and only if μ̄ ⊥ ν. Moreover, if T : E → F is a continuous additive map and ν = T ∘ μ, then ν̂ = T ∘ μ̂, ν̃ = T ∘ μ̃ and ν = T ∘ μ̄.

(d) Let E be a Banach space and μ: (L, U ) → E be a continuous modular measure.

Then μ has bounded variation iff μ̃ has bounded variation. Moreover, if ν := |μ| is bounded, then ν̃ = |μ̃| and ν = |μ̄|.

Remark 3.5. Applying Theorem 3.2 instead of 3.1, one can observe that Theorem 3.4(a) remains true when one substitutes ℓ_p (0 < p < 1) for a complete locally convex Hausdorff linear space.

4. Applications

We illustrate the method of transferring results from the Boolean case to this setting:

4.1. The control. A measure ν is a control for a set of measures Λ if

ν − uniformity = Λ − uniformity.

Theorem 4.1. Let E be a Banach space and μ: L → E an exhaustive modular measure. Then there exists an x^′ ∈ E^′ such that x^′ ∘ μ is a control of μ.

P r o o f. By Ribakov’s theorem there exists x^′ ∈ E^′ such that x^′ ∘ μ̄ is a control for μ̄, by 3.4 x^′ ∘ μ is a control of μ. □

In order to prove Theorem 4.4, we need some preparatory stuff. The following proposition is contained in [30, 6.2].

Proposition 4.2. Let U be a D-uniformity and μ_n : (L, U ) → (E, τ), n ∈ N, a pointwise bounded, uniformly exhaustive sequence of continuous modular measures. Then μ_n : (L, U ) → (E, τ), n ∈ N, is equicontinuous.

Proposition 4.3. Let U be the uniformity generated by {μ_n : n ∈ N} where (μ_n) is a pointwise bounded sequence of exhaustive modular measures on L with values in E. Assume the same notation as in 3.4. Then (μ_n)_{n∈N} is uniformly exhaustive if and only if (μ̄_n)_{n∈N} is uniformly exhaustive.

P r o o f. ⇒: We suppose that (μ_n) is uniformly exhaustive. Then ν := (μ_n)_{n∈N} : L → (l_∞(E), τ_∞) is exhaustive, besides, from 4.2 (μ_n) is equicontinuous with respect to U . Hence ν̂ = (μ̂_n)_{n∈N} : (L̂, Û ) → (l_∞(E), τ_∞) is continuous. Let ν̃ : (~L, ~U ) →

(l_∞(E), τ_∞) be the continuous extension of ν̂. Then ν̃ = (μ̃_n)_{n∈N}. Since ν̃ is exhaustive, (μ̃_n) is uniformly exhaustive and hence (μ̄_n) is so.

⇐: Suppose that (μ̄_n)_{n∈N} is uniformly exhaustive. Then ν := (μ̄_n)_{n∈N} : C(~L) → (l_∞(E), τ_∞) is exhaustive. Moreover, by 4.2 here applied to the Boolean case, (μ̄_n) is equicontinuous with respect to ~U |_{C(~L)}, i.e. ν : (C(~L), ~U |_{C(~L)}) → l_∞(E) is continuous. Let ν : (L, U ) → l_∞(E) be the measure which corresponds to ν according to 3.4. Applying 3.4(c) to the projections (x_n)_{n∈N} → x_n which carry from l_∞(E) to E, one obtains that ν = (μ_n)_{n∈N}. As ν : (L, U ) → l_∞(E) is continuous and hence exhaustive, (μ_n) is uniformly exhaustive. □

Theorem 4.4. Let μ_n : L → E, n ∈ N, be a pointwise bounded, uniformly exhaustive sequence of modular measures. Then there is a modular measure ν : L → E which controls (μ_n).

P r o o f. By 4.3 {μ̄_n : n ∈ N} is uniformly exhaustive and by [11, Theorem 2] it has a control ν : C(~L) → E. By 3.4 the corresponding measure ν : L → E is a control for {μ_n : n ∈ N}. □

4.2. The Vitali-Hahn-Saks theorem.

Theorem 4.5. Let L be σ-complete and let μ_n : L → E, n ∈ N, be a sequence of σ-order continuous modular measures which converges pointwise to μ: L → E. (a) Then the sequence (μ_n) is uniformly exhaustive and μ is a σ-order continuous modular measure.

(b) If for every n ∈ N, μ_n is continuous with respect to a D-uniformity V on L, then {μ_n : n ∈ N} ∪ {μ} is equicontinuous with respect to V .

P r o o f. Let U be the uniformity generated by {μ_n : n ∈ N}. As E is a subspace of a product of Banach spaces, we may assume that E is a Banach space. Then (L, U ) is complete by [31, 1.1.4]. Passing to the quotient (L̂, Û ) := (L, U )/N(U ) we can suppose that U is Hausdorff. So (L, U ) = (L̂, Û ) = (~L, ~U ). By the classical Vitali-Hahn-Saks-Nikodým theorem the restrictions μ̄_n := μ_n|_{C(L)}, n ∈ N, are uniformly exhaustive. Hence μ_n, n ∈ N, are uniformly exhaustive by 4.3 and therefore {μ_n : n ∈ N}∪{μ} is uniformly exhaustive. Hence by 4.2, {μ_n : n ∈ N}∪{μ} is equicontinuous with respect to U if μ_n ≪ U for any n ∈ N. □

4.3. The Nikodým theorem. The classical Nikodým boundedness theorem asserts that for families of exhaustive measures defined on a σ-algebra, pointwise boundedness and uniform boundedness are equivalent. It is known that an analogous result is not true for measures on effect algebras, but it is true for modular functions on orthomodular lattices.

Theorem 4.6. Let L be σ-complete and let M be a pointwise bounded set of σ-order continuous modular measures on L. Then M is uniformly bounded.

P r o o f. Since a subset A of E is bounded if and only if all countable subsets of A are bounded, we may assume that M is countable, i.e. M := {μ_n : n ∈ N}. As in the proof of 4.5 we may assume that E is a Banach space. Let U be the uniformity generated by {μ_n : n ∈ N}. Then (L, U ) is complete by [31, 1.1.4]. Passing to the quotient (L̂, Û ) := (L, U )/N(U ) we may assume that U is Hausdorff. So (L, U ) = (L̂, Û ) = (~L, ~U ). By the classical Nikodým theorem, {μ̄_n : n ∈ N} is uniformly bounded, i.e., for some positive number r we have that μ̄_n(C(L)) ⊂ {x ∈ E : ‖x‖ � r} for every n ∈ N. By 3.4 μ_n(L) ⊂ co μ̄_n(C(L)) ⊂ {x ∈ E : ‖x‖ � r}. Hence {μ_n : n ∈ N} is uniformly bounded. □

4.4. The range. First, we present the following theorem which generalizes Kluvánek’s result (see [23]). We recall that Kluvánek proved that if m is an E-valued measure on a σ-algebra and R(m) denotes the range of m, then the weak closure of R(m) coincides with the closed convex hull of R(m).

We will make use of the concept of “chained”. A uniform space (X, U ) is called chained if for every x, y ∈ X and every U ∈ U there is a finite sequence x_0, . . . , x_n ∈ X with x_0 = x, x_n = y and (x_{i−1}, x_i) ∈ U for i = 1, . . . , n. If μ: L → E is a modular measure, we say that L is μ-chained if L is chained with respect to the μ-uniformity. In [13, 2.6] it is proved that L is μ-chained if and only if for every 0- neighborhood U in E there is an orthogonal family (a_i)^n_{i=1} in L such that^n � i=1 a_i = 1 and μ([0, a_i]) ⊆ U for i = 1, . . . , n. The latter condition for a real-valued measure μ on a Boolean algebra means that μ is “strongly continuous” according to [14].

Theorem 4.7. Let μ: L → E be a modular measure such that L is μ-chained. Then for every a ∈ L, the weak closure of μ([0, a]) is convex.

P r o o f. For A ⊆ E we denote by Ā^w the weak closure of A. Moreover, let E^′ be the topological dual of E. Let a ∈ L. We prove that co μ([0, a]) ⊆ μ([0, a])^w. Let y ∈ co μ([0, a]) and f_1, . . . , f_n ∈ E^′. Set ν = (f_1 ∘μ, . . . , f_n ∘μ). Then ν : L → R^n is a modular measure such that L is ν-chained, because ν-uniformity � μ-uniformity. By [13] ν([0, a]) is convex. Then (f_1(y), . . . , f_n(y)) ∈ co ν([0, a]) = ν([0, a]). Therefore there exists x � a such that f_i(y) = f_i(μ(x)) for every i � n. Hence y ∈ μ([0, a])^w. □

Proposition 4.8. Let L be irreducible and complete. Suppose that there exists a nontrivial order continuous modular measure ν : L → E.

(a) Then there is a unique order continuous modular measure λ: L → R with λ(1) = 1, λ is strictly increasing and every order continuous modular measure has the form μ = λμ(1).

(b) If L is atomless, then the range of λ is the closed real unit interval.

P r o o f. (a) Let μ: L → E be a nontrivial order continuous modular measure. Then for some x^′ ∈ E^′, x^′ ∘ μ is not trivial and has bounded variation by 2.3. Therefore λ := |x^′ ∘ μ|/|x^′ ∘ μ|(1) is an increasing modular measure with λ(1) = 1. Since sup{x ∈ L: λ(x) = 0} ∈ C(L) = {0, 1} by [10, 5.3], λ is strictly positive and therefore strictly increasing. Moreover, λ is order continuous since λ-uniformity= x^′ ∘ μ-uniformity by [31, 1.3.11].

We will now apply 3.4 to U being the λ-uniformity. Observe that (L, U ) is complete by [31, 1.1.4] and therefore L = L̂ = ~L. Since the modular measures satisfy μ(x) = λ(x)μ(1) for x ∈ C(L), they are equal by 3.4. Hence μ = λμ(1).

(b) If L is atomless, then L is connected by [5, 4.3]. Therefore the continuous image λ(L) is an interval. Since λ is increasing, λ(1) = 1, we get λ(L) = [0, 1]. □

Remark 4.9. Proposition 4.8 remains true for modular measures with values in ℓ_p (p < 0 < 1).

We continue by recalling the following theorem which is contained in [5].

Theorem 4.10. Let G be a complete Hausdorff topological Abelian group and let μ: L → G be an exhaustive modular measure. Then there are exhaustive modular measures λ and μ_a (a ∈ A) on L and elements g_a ∈ G (a ∈ A) such that (a) (μ_a(x))_{a∈A} is uniformly summable in x ∈ L. (b) μ = λ + � a∈A μ_a.

(c) L is λ-chained.

(d) For any a ∈ A, the quotient L_a := L/N(μ_a) is an irreducible modular D-lattice of finite length; μ_a(x) = h(x̂) · g_a where x ∈ L, x̂ is the corresponding element of the quotient L_a and h(x̂) is the height of x̂ in L_a.

(e) λ(L) is dense in an arcwise connected subset of G, in particular λ(L) is connected. The range of � a∈A μ_a is relatively compact.

We can refine the previous theorem in the following way:

Theorem 4.11. Let L be complete and let μ: L → E be an order continuous modular measure such that the μ-uniformity is Hausdorff. Then there is a μcontinuous modular measure ν : L → E and there are μ-continuous increasing modular measures ϱ_a : L → R and σ_b : L → R and elements y_a, z_b ∈ E (a ∈ A, b ∈ B) with the following properties:

(a) (ϱ_a(x)y_a)_{a∈A} and (σ_b(x)z_b)_{b∈B} are summable uniformly in x ∈ L; μ = ν + ϱ + σ where ϱ = � a∈A ϱ_a · y_a and σ = � b∈B σ_b · z_b.

(b) ϱ_a(L) = [0, 1] for a ∈ A; ϱ(L) is convex and compact; σ(L) is compact and co ν(L) = co ν(C(L)).

(c) The restriction ν|_{C(L)} is an atomless measure. (d) σ = 0 if and only if L is atomless.

P r o o f. Let A be the set of all atoms a of C(L) for which [0, a] is atomless and let B be the set of the other atoms of C(L). For p ∈ A ∪ B, the interval [0, p] is an irreducible lattice. Therefore by 4.8 there is an increasing modular measure λ_p : [0, p] → R with λ_p(p) = 1 and μ(x) = λ_p(x)μ(p) (x ∈ [0, p]); λ_p([0, p]) = [0, 1] if p ∈ A. Let t be the unique complement of sup(A∪B) in C(L). We put ν(x) = μ(x∧t), ϱ_a(x) = λ_a(x ∧ a), σ_b(x) = λ_b(x ∧ b), y_a = μ(a), z_b = μ(b) for a ∈ A, b ∈ B, x ∈ L. Then the measures just defined have the desired properties. Indeed, ϱ(L) is the image of the compact convex set I^A under the continuous affine map (t_a)_{a∈A} → � a∈A t_a · y_a

and therefore it is compact and convex. Analogously, using (d) of 4.10 we obtain that σ(L) is compact; the last assertion of item (b) derives from 3.4(a). Items (c) and (d) are obvious. □

Now we furnish a tool for transferring immediately results known for classical measures on Boolean algebras to the context of modular measures defined on Dlattices.

Theorem 4.12.

(a) Assume that E has the property that μ(A) is compact for every order continuous atomless measure μ: A → E defined on a complete Boolean algebra. Then μ(L) is compact (convex, respectively) for every exhaustive modular measure μ: L → E (with L being μ-chained).

(b) Assume that E is a Banach space and μ(A) is compact (convex) for every order continuous atomless measure μ: A → E of bounded variation defined on a complete Boolean algebra. Then μ(L) is compact (convex, respectively) for every modular measure μ: L → E of bounded variation (with L being μ-chained).

P r o o f. We prove only the convexity assertion in (b). The other three assertions can be proved analogously. Let μ: L → E be a modular measure of bounded variation such that L is μ-chained. We can apply 3.4 to U = μ-uniformity, observing that by [30, 6.3] μ-uniformity=sup x^′ ∘ μ-uniformity. Since μ(L) = μ̃(~L), it is enough to show that μ̃(~L) is convex. Replacing μ and L by μ̃ and ~L we may assume that μ is order continuous and L is complete. Since L is atomless, with the notation of 4.11 we have μ(L) = ν(L) + ϱ(L). Observe that ν(L) is convex since ν(C(L)) is convex by the assumptions and therefore ν(L) = ν(C(L)). Moreover, ϱ(L) is convex. Then μ(L) is convex. □

Observe that in Theorem 4.12 one can replace the order continuous measures on complete Boolean algebras by σ-additive measures on σ-fields of sets. This follows from the representation of σ-complete Boolean algebras.

Theorem 4.12 allows us to transfer e.g. the following theorem of Uhl [25], Kadets [21], Kadets-Shekhtman [22] and Fischer-Schoeler [18] to the setting of modular measures on D-lattices.

Recall that E is said to have the Radon-Nikodým property if for every σ-algebra of sets Σ, for every σ-additive nonnegative measure ν on Σ and for every E-valued νcontinuous measure μ of bounded variation on Σ, there exists a ν-integrable function f such that μ(A) = � A f dν for all A ∈ Σ.

E is said to be B-convex if there exists an integer n � 2 and a real number 0 < k < 1 such that for every x_1, . . . , x_n in E, min_{αi=±1} ‖^n � i=1 α_ix_i‖ � kn sup_{i⩽n} ‖x_i‖.

By virtue of Theorem 4.12 we are able to generalize the following theorem to the setting of modular measures on D-lattices.

Theorem 4.13. Let F be a field, E be a Banach space and μ: F → E an atomless σ-additive measure.

If E has the Radon-Nikodým property and μ has bounded variation or if E is Bconvex and μ has bounded variation or if E = c_0 or E = ℓ_p for some p ∈]1, +∞[\{2}, then μ(F ) is convex.

Remark 4.14. Since Theorem 4.12 is still valid for E = ℓ_p (0 < p < 1), the same holds true for Theorem 4.13 in ℓ_p (0 < p < 1).

4.5. The decomposition theorem.

Theorem 4.15. Let F be a locally convex Hausdorff linear space. Let μ: L → E and ν : L → F be exhaustive modular measures. Then there are exhaustive modular measures μ_1 and μ_2 such that μ = μ_1 + μ_2, μ_1 ≪ ν and μ_2 ⊥ ν.

P r o o f. We use the notation as in 3.4 where U is generated by the set of all realvalued bounded modular measures on L. By [26, 5.1] μ̄ has a unique decomposition of the form μ̄ = λ_1 + λ_2 where λ_1 and λ_2 are E-valued μ̄-continuous measures on C(~L), λ_1 ≪ ν and λ_2 ⊥ ν. By 3.4 there are exhaustive modular measures μ_i : L → E with μ̄_i = λ_i decomposing μ. □

Acknowledgement. I wish to express my gratitude to Professor Hans Weber for a helpful discussion.

References

[1] A. Avallone: Lattice uniformities on orthomodular structures. Math. Slovaca 51 (2001), 403–419.

[2] A. Avallone: Cafiero and Nikodým boundedness theorems in effect algebras. Ital. J. Pure Appl. Math. 20 (2006), 203–214.

[3] A. Avallone: Separating points of measures on effect algebras. Math. Slovaca 57 (2007), 129–140.

[4] A. Avallone, G. Barbieri and P. Vitolo: Hahn decomposition of modular measures and applications. Comment. Math. Prace Mat. 43 (2003), 149–168.

[5] A. Avallone, G. Barbieri, P. Vitolo and H. Weber: Decomposition of effect algebras and the Hammer-Sobczyk theorem. To appear in Algebra Universalis.

[6] A. Avallone and A. Basile: On a Marinacci uniqueness theorem for measures. J. Math.

Anal. Appl. 286 (2003), 378–390.

[7] A. Avallone, A. De Simone and P. Vitolo: Effect algebras and extensions of measures.

Bollettino U.M.I. 9-B (2006), 423–444.

[8] A. Avallone, S. Rinauro and P. Vitolo: Boundedness and convergence theorems in effect algebras. Tatra Mountains Math. Publ. 37 (2007), 1–16.

[9] A. Avallone and P. Vitolo: Decomposition and control theorems for measures on effect algebras. Sci. Math. Japon 58 (2003), 1–14.

[10] A. Avallone and P. Vitolo: Congruences and ideals of effect algebras. Order 20 (2003), 67–77.

[11] A. Basile: Controls of families of finitely additive functions. Ricerche Mat. 35 (1986), 291–302.

[12] G. Barbieri: A note on fuzzy measures. J. Electr. Eng. 52 (2001), 67–70. [13] G. Barbieri: Lyapunov’s theorem for measures on D-posets. Internat. J. Theoret. Phys.

43 (2004), 1613–1623.

[14] K. P. S. Bhaskara Rao and M. Bhaskara Rao: Theory of Charges. A Study of Finitely Additive Measures. Academic Press, Inc. New York, 1983.

[15] M. K. Bennett and D. J. Foulis: Effect algebras and unsharp quantum logics. Special issue dedicated to Constantin Piron on the occasion of his sixtieth birthday. Found. Phys. 24 (1994), 1331–1352.

[16] J. Diestel and J. J. Uhl: Vector Measures. Mathematical Surveys, No. 15. American Mathematical Society, Providence, R.I., 1977.

[17] A. Dvurecenskij and S. Pulmannovà: New Trends in Quantum Structures. Kluwer Academic Publishers, Bratislava, 2000.

[18] W. Fischer and U. Schoeler: The range of vector measures in Orlicz spaces. Studia Math.

59 (1976), 53–61.

[19] I. Fleischer and T. Traynor: Equivalence of group-valued measures on an abstract lattice.

Bull. Acad. Polon. Sci. Sér. Sci. Math. 28 (1980), 549–556.

[20] D. Foulis, R. J. Greechie and S. Pulmannová: The center of an effect algebra. Order 12 (1995), 91–106.

[21] V. M. Kadets: A remark on Lyapunov’s theorem on a vector measure. Funktsional. Anal.

i Prilozhen. 25 (1991), 78–80 (In Russian.); Translation in Funct. Anal. Appl. 25 (1992), 295–297.

[22] V. M. Kadets and G. Shekhtman: Lyapunov’s theorem for lp-valued measures. Algebra i Analiz 4 (1992), 148–154 (In Russian.); Translation in St. Petersburg Math. J. 4 (1993), 961–966.

[23] I. Kluvánek: The range of a vector-valued measure. Math. Systems Theory 7 (1973), 44–54.

[24] J. Shapiro: On convexity and compactness in F -spaces with bases. Indiana Univ. Math.

J. 21 (1971/72), 1073–1090.

[25] J. Uhl: The range of a vector-valued measure. Proc. Amer. Math. Soc. 23 (1969), 158–163.

[26] H. Weber: Group- and vector-valued s-bounded contents. Lecture Notes in Math. 1089, Springer (1984), 181–198.

[27] H. Weber: Compactness in spaces of group-valued contents, the Vitali-Hahn-Saks theorem and Nikodým’s boundedness theorem. Rocky Mountain J. Math. 16 (1986), 253–275.

[28] H. Weber: Uniform lattices. I. A generalization of topological Riesz spaces and topological Boolean rings. Ann. Mat. Pura Appl. 160 (1991, 1992), 547–570.

[29] H. Weber: Uniform lattices. II. Order continuity and exhaustivity. Ann. Mat. Pura Appl.

165 (1993), 133–158.

[30] H. Weber: On modular functions. Funct. Approx. Comment. Math. 24 (1996), 35–52. [31] H. Weber: Uniform lattices and modular functions. Atti Sem. Mat. Fis. Univ. Modena XLVII (1999), 159–182.

[32] H. Weber: FN-topologies and group-valued measures. Handbook of measure theory, Vol.

I, II. North-Holland, Amsterdam, 2002, pp. 703–743.

[33] H. Weber: Two extension theorems. Modular functions on complemented lattices. Czech.

Math. J. 52 (2002), 55–74.

Author’s address: G i u s e p p i n a B a r b i e r i, Dipartimento di Matematica e Informatica, Università di Udine, Via delle Scienze 206, 33100 Udine, Italy, e-mail: giuseppina. barbieri@dimi.uniud.it.