Czechoslovak Mathematical Journal, 58 (133) (2008), 79–92

DENSELY CONTINUOUS FORMS, POINTWISE TOPOLOGY AND CARDINAL FUNCTIONS

Dušan Holý, Nová Dubnica, Peter Vadovič, Bratislava

(Received November 23, 2005)

Abstract. We consider the space D(X, Y ) of densely continuous forms introduced by Hammer and McCoy [5] and investigated also by Holá [6]. We show some additional properties of D(X, Y ) and investigate the subspace D^∗(X) of locally bounded real-valued densely continuous forms equipped with the topology of pointwise convergence τp. The largest part of the paper is devoted to the study of various cardinal functions for (D^∗(X), τp), in particular: character, pseudocharacter, weight, density, cellularity, diagonal degree, π-weight, π-character, netweight etc.

Keywords: locally bounded densely continuous form, topology of pointwise convergence, cardinal function, weight, density, netweight, cellularity

MSC 2000 : 54C60, 54A25, 54E15

1. Introduction

For Hausdorff spaces X, Y , Z we denote by F (X, Y ) the space of all functions from X to Y ; by 2^Z , K(Z) and F(Z) we mean the family of all closed, nonempty compact and finite subsets of Z, respectively. Thus F (X, 2^Y ) denotes the space of all closed-valued multifunctions (set-valued maps) from X to Y .

We also introduce other subspaces of F (X, 2^Y ) which, however, will for the sake of simplicity be denoted by G(X, Y ) and D(X, Y ). The former, G(X, Y ), denotes the subspace of all multifunctions with closed graphs. To define the latter consider the set DC(X, Y ) of the so-called densely continuous functions, i.e. functions from X to Y such that the set C(f) of points of continuity is dense in X. Now, for

This work was supported by Science and Technology Assistance Agency under the contract No. APVT-51-006904. The authors would like to thank Ľubica Holá for suggestions and comments.

f ∈ DC(X, Y ) let φ_f denote the closure of the graph of f ↾ C(f) in X × Y . The space D(X, Y ) of densely continuous forms then consists of the elements φ_f for all f ∈ DC(X, Y ). The elements φ_f of D(X, Y ) can also be regarded as closed valued multifunctions if we consider φ_f (x) = {y ∈ Y ; (x, y) ∈ φ_f } for each x ∈ X. Then one can observe that D(X, Y ) ⊆ G(X, Y ) ⊆ F (X, 2^Y ).

In the case Y = R (with the usual metric) the range space is omitted from the notation, so D(X) means D(X, R). Most of the time we shall be interested in the subspace D^∗(X) which consists of locally bounded forms from D(X), i.e. elements φ_f ∈ D(X) which are bounded on some neighborhood of every point x ∈ X. It is interesting to note that for a Baire space X the set D^∗(X) coincides with the set of all minimal USCO maps from X to R. These minimal USCO maps are known to have many interesting applications (see Holá [6] or Christensen [3]).

To define the topology τ_p of pointwise convergence on F (X, 2^Y ) consider (Y, d) to be a metric space and consider the Hausdorff (extended-valued) metric H on 2^Y defined for nonempty A, B in 2^Y by

H(A, B) = inf {ε > 0; A ⊆ S_ε[B], B ⊆ S_ε[A]} ,

where S_ε[A] = {y ∈ Y ; d(y, A) < ε}. We also define H(A, ∅) = H(∅, A) = ∞ for A ≠ ∅ in 2^Y . Then (2^Y , H) is a metric space. The topology τ_p of pointwise convergence on F (X, 2^Y ) is induced by the uniformity U_p of pointwise convergence which has a base consisting of sets of the form

W (A, ε) = {(φ, ψ); ∀x ∈ A H(φ(x), ψ(x)) < ε}

for all A ∈ F(X) and ε > 0. The general τ_p-basic neighborhood of φ ∈ F (X, 2^Y ) will be denoted by W (φ, A, ε), i.e. W (φ, A, ε) = W (A, ε)[φ]. If A = {a}, we may write W (φ, a, ε) instead of W (φ, {a}, ε). The space D^∗(X) with the induced topology τ_p will be denoted by D^∗_p(X) for short.

In the paper’s second section we establish some properties of the general space D(X, Y ) of densely continuous forms and of the particular subspace D^∗(X) of locally bounded real-valued densely continuous forms, including the metrizability and first countability of these spaces.

In the paper’s third section we investigate the cardinal characteristics of the space D^∗(X) equipped with the topology of pointwise convergence, in particular: character of the space, pseudocharacter, weight, density, diagonal degree, netweight, π-weight, π-character etc.

Throughout the paper we assume all spaces to be Hausdorff and we use a somewhat standard notation of the closure, interior, boundary and the complement of a set A, namely Ā, int A, bd A, A^c, respectively. The topology of a space Z is denoted by τ(Z) and an open local base at x ∈ Z is denoted by B(x). The cardinality of a set A is denoted by |A|.

2. Properties of densely continuous forms

The following statement is similar to Proposition 2.2 from the paper of Holá [6] with the local compactness of Y being replaced by Čech-completeness. A multifunction φ: X → Y is called upper semicontinuous at a point x ∈ X (according to Beer [1]), if for each open V containing φ(x), there is O ∈ B(x) with φ[O] ⊆ V . An everywhere upper semicontinuous multifunction with nonempty compact values is called an USCO map (see Christensen [3]).

Proposition 2.1. If X is a topological space, Y is a Čech-complete space and φ ∈ D(X, Y ), then there is a dense G_δ set U ⊆ X such that φ is upper semicontinuous and has nonempty compact values at each x ∈ U.

P r o o f. Let f ∈ DC(X, Y ) be such that φ = f ↾ C(f). By the characterization of Čech-complete spaces from Engelking (see [4], Theorem 3.9.2), there is a countable family {A_n}^∞_{n=1} of open covers of Y with the property that given a family C of closed sets which has the finite-intersection property and for every n ∈ N contains sets of diameter less than the cover A_n, then C has nonempty intersection. Define a set U ⊆ X by U = ⋂ n∈N { x ∈ X ; ∃O_n ∈ B(x) ∃A_n ∈ A_n : f [O_n ∩ C(f)] ⊆ A_n } .

Clearly U is G_δ , because the intersecting sets are open. If x ∈ C(f) and n ∈ N, then A_n covers the point f(x), i.e. there is an open set A_n ∈ A_n such that f(x) ∈ A_n. Since f is continuous at x and Y is Tychonoff, there is O_n ∈ B(x) such that f [O_n ∩ C(f)] ⊆ f [O_n] ⊆ A_n. Therefore x ∈ U, that is, U contains C(f) and hence is dense.

Next we show that φ(x) ≠ ∅ for each x ∈ U (every φ ∈ D(X, Y ) is closedvalued). So let x ∈ U and consider the family C(x) of closed sets of the form C(x) = {f [O ∩ C(f)] ; O ∈ B(x)}. Then C(x) has the finite-intersection property (FIP). Moreover, since x ∈ U, for each n ∈ N there are O_n ∈ B(x) and A_n ∈ A_n with f [O_n ∩ C(f)] ⊆ A_n and f [O_n ∩ C(f)] ∈ C(x). Therefore C(x) contains a set of diameter less than the cover A_n for each n ∈ N, so by the characterization of Čech-completeness the intersection of C(x) is nonvoid, i.e. ∅ ≠ ⋂ C(x) = φ(x).

To show that φ has compact values we use a variation of this approach and an equivalent definition of compactness. Choose x ∈ U arbitrarily. Since φ(x) is closed in Y , any subset closed in φ(x) is also closed in Y . So let H = {C_α ; α ∈ I} be a family of closed subsets of φ(x) with FIP. Since x ∈ U, for each n ∈ N there are O_n ∈ B(x) and A_n ∈ A_n such that A_n ⊇ f [O_n ∩ C(f)] ⊇ φ(x) ⊇ C_α for each α ∈ I. Therefore H contains sets of diameter less than the cover A_n for each n ∈ N and hence by the characterization of Čech-completeness H has nonempty intersection in Y which must belong to φ(x). So φ(x) is compact.

Finally, we show that φ is upper semicontinuous at every x ∈ U. Let x ∈ U and let V ⊆ Y be open and such that φ(x) ⊆ V . Considering the family C(x) with all its properties from the previous paragraphs we see that the extended family C(x) ∪ {V^c} cannot have FIP, because otherwise its intersection would be nonempty, i.e. ∅ ≠ ⋂ C(x) ∩ V^c = φ(x) ∩ V^c, which is a contradiction. On the other hand, we know that C(x) has FIP, hence there is a finite subfamily {O_1, O_2, . . . O_k} ⊆ B(x) such that ∅ = k⋂ i=1 f [O_i ∩ C(f)] ∩ V^c ⊇ f [( ⋂ i O_i ) ∩ C(f) ] ∩ V^c.

By putting O =^k ⋂ i=1 O_i we see that O ∈ B(x) and for each y ∈ O we have

φ(y) ⊆ f [O ∩ C(f)] ⊆ V . Consequently, φ is upper semicontinuous at x ∈ U, which proves the proposition. □

Note 2.2. It is easy to show that if Y is locally compact and φ ∈ G(X, Y ), then φ is USCO if and only if φ is locally bounded (i.e. for each x ∈ X there is O ∈ B(x) with φ[O] compact). We shall use this statement frequently in the later course of our paper mainly as a characterization of elements of D^∗(X). A similar condition of Berge (see [2] p. 112 or, additionaly, Holá [6], the remark after Theorem 3.8) saying that any multifunction φ: X → Y with closed graph and a compact range φ[X] is upper semicontinuous, may also be used later on.

Now we present the main theorem of this section. The theorem investigates the metrizability of the space (D(X, Y ), τ_p) analogously to similar results for the topology of uniform convergence on compacta from the paper of Holá [6].

Theorem 2.3. For a topological space X and a metric space (Y, d) the following statements are equivalent:

(a) (F (X, 2^Y ), U_p) is metrizable, (b) (F (X, 2^Y ), τ_p) is first countable, (c) (G(X, Y ), U_p) is metrizable,

(d) (G(X, Y ), τ_p) is first countable, (e) (D(X, Y ), U_p) is metrizable, (f) (D(X, Y ), τ_p) is first countable, (g) X is countable.

P r o o f. Since we have D(X, Y ) ⊆ G(X, Y ) ⊆ F (X, 2^Y ), it is clear that (a) ⇒ (c) ⇒ (e) ⇒ (f) and (a) ⇒ (b) ⇒ (d) ⇒ (f). We first show that (f) ⇒ (g). Let y_0 ∈ Y be arbitrary but fixed and let φ_f ∈ D(X, Y ) be the densely continuous form generated by the constant function f ≡ y_0. Without loss of generality we may suppose that the local base at φ_f is of the form {W (φ_f , A_n, 1/m); n, m ∈ N} for some finite sets {A_n ; n ∈ N} ⊆ F(X). Suppose that X is not countable; hence X \ ⋃ A_n ≠ ∅ and there is x /∈ ⋃ A_n. For each n ∈ N the set A_n is compact so there is an open U_n ⊆ X such that x ∈ U_n ⊆ U_n ⊆ A^c_n. Choose a point y_1 ≠ y_0 in Y and define a function g_n : X → Y by

g_n(z) = { y_1, if z ∈ U_n, y_0, otherwise.

Then g_n is continuous at the points of the set (bd U_n)^c, so g_n ∈ DC(X, Y ). The induced form φ_n ∈ D(X, Y ) satisfies φ_n(x) = {y_1} and φ_n(z) = {y_0} for each z ∈ A_n ⊆ U_n^c. Therefore for each n ∈ N and m ∈ N we have φ_n /∈ W (φ_f , x, d(y_o, y_1)) and φ_n ∈ W (φ_f , A_n, 1/m). This contradicts the claim of the local base at φ_f , because then W (φ_f , x, d(y_o, y_1)) cannot contain any basic set W (φ_f , A_n, 1/m).

Now it suffices to prove (g) ⇒ (a), i.e. to show that the uniformity U_p of pointwise convergence has a countable base on F (X, 2^Y ). If X is countable, then it has countably many finite subsets, so {W (A, 1/n); A ∈ F(X), n ∈ N} is a countable base for U_p. This proves the theorem. □

Corollary 2.4. For a topological space X the following statements are equivalent:

(a) (D^∗(X), U_p) is metrizable, (b) (D^∗(X), τ_p) is first countable, (c) X is countable.

P r o o f. The implication (c) ⇒ (a) follows from the definition of D^∗(X) and the preceding theorem; (a) ⇒ (b) is obvious. For the proof of (b) ⇒ (c) observe that in the proof of Theorem 2.3 the induced multifunctions φ_n as well as φ_f in fact belong to D^∗(X) (in view of Note 2.2) and hence this proof also works in the space D^∗(X). □

Note 2.5. Since the space C(X, Y ) of continuous functions from X to Y is contained in D(X, Y ), if X is a Tychonoff space, the implication (f) ⇒ (g) of Theorem 2.3 follows from a statement of McCoy and Ntantu (see [8], Exercise 1, p. 68): the space (C(X, Y ), τ_p) is metrizable (or first countable) iff X is countable.

3. Cardinal Functions on D^∗_p(X)

Definition. For a topological space Z we define the weight of Z: w(Z) = ℵ_0 + min{|B|; B is a base in Z}, the density of Z: d(Z) = ℵ_0 + min{|D|; D is dense in Z}, the cellularity of Z:

c(Z) = ℵ_0 + sup{|U|; U ⊆ τ(Z) is a pairwise disjoint family};

a network in Z is a family N = {N_s ; s ∈ S} of subsets of Z such that if z ∈ Z and U ∈ B(z), then there is s ∈ S with z ∈ N_s ⊆ U. The network weight of Z is

nw(Z) = ℵ_0 + min{|N|; N is a network in Z}.

Then obviously c(Z) � d(Z) � nw(Z) � w(Z). Throughout this section we assume that the space X is not finite, i.e. |X| � ℵ_0.

Corollary 3.1. If X is countable, then c(D^∗_p(X)) = d(D^∗_p(X)) = nw(D^∗_p (X)) = w(D^∗_p (X)).

P r o o f. Since the desired equality is true for metrizable spaces, the statement is clear in view of Corollary 2.4. □

Definition. For a topological space Z we define: the pseudocharacter of Z is Ψ(Z) = sup{Ψ(Z, z); z ∈ Z}, where

Ψ(Z, z) = ℵ_0 + min{|G|; G ⊆ τ(Z): ⋂ G = {z}},

the diagonal degree of Z is

Δ(Z) = ℵ_0 + min{|G|; G ⊆ τ(Z × Z): ⋂ G = Δ_Z }.

Obviously for any space Z we have Ψ(Z) � Δ(Z).

Theorem 3.2. If X is regular, then Ψ(D^∗_p(X)) = Δ(D^∗_p(X)) = d(X).

P r o o f. First we want to show that d(X) � Ψ(D^∗_p (X)). So let φ_f be the zero form induced by the zero function f ≡ 0 on X and let G = {G_m ; m ∈ M} be a family of open sets in D^∗_p(X) such that ⋂ G = {φ_f } and |G| = |M| = Ψ(D^∗_p(X), φ_f ).

Since the pointwise topology τ_p has a particular local base at φ_f , we may, without loss of generality, suppose that each open G_m is of the form W (φ_f , A_m, ε_m) for some A_m ∈ F(X) and ε_m > 0. Consider the set A = ⋃ {A_m ; m ∈ M} and suppose that A is not dense in X. Thus there is x /∈ Ā and since X is regular, there is V ∈ B(x) such that V is disjoint from Ā. If we define g : X → R by

g(y) = { 1, y ∈ V , 0, otherwise

then C(g) = (bd V )^c. Since the boundary of V is nowhere dense, C(g) is dense in X, so g ∈ DC(X). In view of Note 2.2 the induced form φ_g belongs to D^∗(X) and satisfies the following condition: if y ∈ ⋃ A_m ⊆ V^c, then φ_g (y) = 0 = φ_f (y) and hence φ_g ∈ ⋂ m W (φ_f , A_m, ε_m) = {φ_f }, but φ_g ≠ φ_f because φ_g (x) = 1 and φ_f (x) = 0; a contradiction. Consequently, the set A is dense in X and has cardinality |A| = |M|, since each A_m is finite. Therefore d(X) � |M| � Ψ(D^∗_p(X)).

Now it suffices to show Δ(D^∗_p (X)) � d(X). To prove that consider D ⊆ X which is dense in X and such that |D| = d(X). For each a ∈ D and n ∈ N consider the set G(a, n) = ⋃ {W (φ, a, 1/n) × W (φ, a, 1/n); φ ∈ D^∗(X)} which is open in the product topology of D^∗_p(X) × D^∗_p (X) and contains the diagonal Δ_D∗_{(X)}. Moreover, the family G = {G(a, n); a ∈ D, n ∈ N} has cardinality |G| = |D|, so if we show that ⋂ G = Δ_D∗_{(X)}, then by the definition of the diagonal degree Δ(D^∗_p (X)) � |G| = |D| = d(X). So suppose the converse, i.e. let (φ_f , φ_g ) ∈ ⋂ G and φ_f ≠ φ_g . Without loss of generality we may suppose that there is y ∈ φ_g (z) \ φ_f (z) for some z ∈ X, which means that there is ε > 0 such that the distance of y and φ_f (z) exceeds 2ε or, in other words, S_ε(y) ∩ S_ε[φ_f (z)] = ∅. Moreover, since the elements of D^∗(X) are upper semicontinuous (Note 2.2), there is O ∈ B(z) such that φ_f [O] ⊆ S_{ε/2}[φ_f (z)].

On the other hand, since (z, y) ∈ φ_g = g ↾ C(g), there is t ∈ C(g) ∩ O with g(t) ∈ S_{ε/2}(y). By the continuity of g at t there is U ∈ B(t), U ⊆ O, such that g[U] ⊆ S_{ε/2}(y). This (in view of Observation 2.1 from Holá [6]) implies φ_g [U] ⊆ S_{ε/2}(y). Finally, since D is dense, there is a ∈ D with a ∈ U ⊆ O. Choose n ∈ N such that 1/n < ε/2. Since (φ_f , φ_g) ∈ G(a, n), there is φ ∈ D^∗(X) with (φ_f , φ_g) ∈ W (φ, a, 1/n) × W (φ, a, 1/n), which by the definition of the Hausdorff metric H implies φ(a) ⊆ S_{ε/2}[φ_g (a)] ⊂ S_ε(y) and φ(a) ⊂ S_{ε/2}[φ_f (a)] ⊂ S_ε[φ_f (z)], a contradiction with our assumption of 2ε-disjointness. Therefore Δ(D^∗_p(X)) � d(X) and the proof of the theorem is complete. □

Corollary 3.3. Let X be regular. The following statements are equivalent: (a) Each element of D^∗_p(X) is a G_δ-set, (b) Each compact subset of D^∗_p(X) is a G_δ-set, (c) D^∗_p(X) has a G_δ -diagonal, (d) X is separable.

Note 3.4. If X is a Tychonoff space, then by a result of McCoy and Ntantu (see [8], Theorem 4.3.1) we have Ψ(C_p(X)) = Δ(C_p(X)) = d(X), which extends our Theorem 3.2.

Definition. In a topological space Z a family P(z) of nonempty open sets is called a local π-base at z ∈ Z, if for each U ∈ B(z) there is P ∈ P(z) with P ⊆ U. We define the π-character of Z by π_χ(Z) = ℵ_0 + sup{π_χ(Z, z); z ∈ Z}, where

π_χ(Z, z) = min{|P(z)|; P(z) is a local π-base at z}.

Define the character of Z by χ(Z) = ℵ_0 + sup{χ(Z, z); z ∈ Z}, where

χ(Z, z) = min{|B(z)|; B(z) is a local base at z}.

For every space Z we have π_χ(Z) � χ(Z).

Theorem 3.5. For every X we have π_χ(D^∗_p (X)) = χ(D^∗_p (X)) = |X|.

P r o o f. We shall proceed similarly as in the proof of Theorem 3.2. First we would like to prove |X| � π_χ(D^∗_p (X)). Once again, let φ_f be the zero form induced by the zero function f ≡ 0 and let P = {P_m ; m ∈ M} be a local π-base at φ_f such that |P| = |M| = π_χ(D^∗_p(X), φ_f ). Since each P_m is nonempty and open in D^∗_p(X), for each m ∈ M there are φ_{fm} ∈ D^∗(X), A_m ∈ F(X) and ε_m > 0 such that W (φ_{fm} , A_m, ε_m) ⊆ P_m, that is, {W (φ_{fm} , A_m, ε_m); m ∈ M} is also a local π-base at φ_f . We would like to show that X = ⋃ {A_m ; m ∈ M}.

So let x ∈ X and choose ε > 0 arbitrarily. Thus there is m ∈ M with the property W (φ_{fm} , A_m, ε_m) ⊆ W (φ_f , x, ε). Suppose now that x /∈ A_m. Since A_m is finite (compact) and X is Hausdorff, there is U ∈ B(x) with U ⊆ A^c_m. Define a function g : X → R by

g(y) = { ε, y ∈ U, f_m(y), otherwise.

Again, C(g) is dense and it induces a form φ_g ∈ D^∗(X). Since A_m ⊆ U^c we see that φ_g = φ_{fm} on A_m and hence φ_g ∈ W (φ_{fm} , A_m, ε_m). On the other hand, φ_g (x) = ε and φ_f (x) = 0 shows that φ_g /∈ W (φ_f , x, ε), which contradicts the inclusion between the basic sets. Therefore x ∈ A_m, i.e. X = ⋃ {A_m ; m ∈ M}, which implies |X| � |M| � π_χ(D^∗_p(X)).

Now, since we know that the family of all finite subsets of X has again cardinality |X|, it is easy to see that for any φ_f ∈ D^∗_p(X) the family {W (φ_f , A, 1/n); A ∈ F(X), n ∈ N} is a local base at φ_f of cardinality at most |X| and hence χ(D^∗_p(X)) � |X|. This concludes the proof of the theorem. □

Corollary 3.6. The following statements are equivalent: (a) D^∗_p(X) is first countable, (b) π_χ(D^∗_p (X)) is countable, (c) X is countable.

Note 3.7. Analogously as before we get an extension of our Theorem 3.5, since by Theorem 4.4.1 of McCoy and Ntantu [8], if X is Tychonoff, then π_χ(C_p(X)) = χ(C_p(X)) = |X|.

Consider the set K(R) of nonempty compact subsets of the reals and equip the set with the already defined Hausdorff metric H. Since R is a complete metric space, so is (K(R), H) (see Beer [1], Theorem 3.2.4 and Exercise 3.2.4(b)). We also know that the second countability of R is inherited by (K(R), H) (see Engelking [4], exercises 4.5.22(a) and 3.12.26(b)). So (K(R), H) is a second countable complete metric space.

Theorem 3.8. For each space X we have w(D^∗_p (X)) = |X|.

P r o o f. We first show w(D^∗_p (X)) � |X|. Let B be a countable base for the topology for (K(R), H). For x ∈ X and V ∈ B define W [x, V ] = {φ ∈ D^∗(X); φ(x) ∈ V }. In view of Note 2.2 each form in D^∗(X) has only nonempty compact values. It is easy to see (since K(R) has the metric topology induced by H) that the family A = {W [x, V ]; x ∈ X, V ∈ B} is just another subbase for the topology of pointwise convergence on D^∗(X), i.e. it generates the same topology as our usual subbase {W (φ, x, ε); φ ∈ D^∗(X), x ∈ X, ε > 0}. Since B is countable, the subbase A has cardinality |A| = |X|·|B| = |X|. We know that the family of finite intersections of sets in A, which is then a base for D^∗_p(X), has again cardinality |X|, which implies w(D^∗_p (X)) � |X|.

On the other hand, since the character of a space is less than or equal to the weight, the desired statement follows from Theorem 3.5. □

Definition. A family P of nonempty open subsets of a space Z is called a π-base for Z, if every nonempty open subset of Z contains an element of the family P. The π-weight of Z is then defined to be πw(Z) = ℵ_0 + min{|P|; P is a π-base for Z}. Obviously d(Z) � πw(Z) � w(Z).

Theorem 3.9. For any topological space X we have

|X| = w(D^∗_p (X)) = πw(D^∗_p (X)) = |X| · c(D^∗_p (X)) = |X| · d(D^∗_p (X)) = |X| · nw(D^∗_p (X)).

P r o o f. From Theorems 3.5, 3.8 and from our previous remarks we deduce the inequalities

|X| = π_χ(D^∗_p (X)) � πw(D^∗_p (X)), w(D^∗_p (X)) = |X| = |X| · ℵ_0, ℵ_0 � c(D^∗_p (X)) � d(D^∗_p(X)) � nw(D^∗_p (X)) � w(D^∗_p (X)), d(D^∗_p (X)) � πw(D^∗_p (X)) � w(D^∗_p (X)),

which imply the desired result. □ The next corollary follows immediately from the previous results and extends Corollaries 2.4 and 3.6.

Corollary 3.10. D^∗_p(X) is second countable if and only if X is countable. The next statement is (together with its proof) analogous to Theorem 3.6 from the paper of Holá and McCoy [7] where a similar topic is investigated for the topology of uniform convergence on compacta.

Theorem 3.11. If X is regular, then nw(X) � nw(D^∗_p (X)). P r o o f. Let N = {N_m ; m ∈ M} be a network in D^∗_p(X) such that |N| = |M| = nw(D^∗_p (X)). For each m ∈ M define a set

N^∗_m = {x ∈ X ; ∀φ ∈ N_m φ(x) ∩ (0, ∞) ≠ ∅}.

We would like to show that the family N^∗ = {N^∗_m ; m ∈ M} is a network in X. So let x ∈ X and let U ⊆ X be an open neighborhood of x. Since X is regular, there is an open V with x ∈ V ⊆ V ⊆ U. Define a function f : X → R by

f(y) = { 1, y ∈ V, 0, y ∈ V^c.

Then f ∈ DC(X) and φ_f ∈ D^∗(X). Since N is a network in D^∗_p(X), there is m ∈ M with φ_f ∈ N_m ⊆ W (φ_f , x, 1). Is it true that x ∈ N^∗_m ⊆ U? Well, if y ∈ U^c, then φ_f (y) = {0}, which together with φ_f ∈ N_m implies y /∈ N^∗_m. Therefore N^∗_m ⊆ U. Furthermore, we have φ_f (x) = {1} and since N_m ⊆ W (φ_f , x, 1), for each φ ∈ N_m we get φ(x) ⊆ (0, 2), which implies x ∈ N^∗_m. This shows that N^∗ is a network in X of cardinality at most |M| and hence nw(X) � nw(D^∗_p (X)). This completes the proof of the theorem. □

To determine the cellularity of D^∗_p(X) first recall that if Y is a dense subspace of a topological space Z, then c(Y ) = c(Z). Now, since every form φ ∈ D^∗(X) assumes only values from (K(R), H), the set D^∗(X) is contained in the product space F_p(X, K(R)) of all nonempty-compact-valued multifunctions on X. Using the reasoning from Theorem 3.8 we see that the topology on D^∗_p(X) is the relative topology from F_p(X, K(R)), i.e. D^∗_p(X) is a subspace of F_p(X, K(R)). In view of the results 2.3.17 and 2.3.18 from Engelking [4] we are able to determine the cellularity of certain product spaces. Hence we would be interested in knowing under what condition D^∗(X) is dense in F_p(X, K(R)). This analysis, however, depends on whether X has isolated points or not.

Lemma 3.12. If X is first countable regular without isolated points, then D^∗(X) is dense in F_p(X, K(R)).

P r o o f. Since this proof is rather long and technical, we shall state only the main idea here. The full details will be available in the second author’s subsequent dissertation which is due to appear in 2006. So if W (ψ, A, ε) is an arbitrary basic open set in F_p(X, K(R)) and A = {x_1, . . . x_k }, then for each i = 1, . . . k there is a finite subset A^i = {y_1, . . . y_{li} } of ψ(x_i) such that ψ(x_i) ⊆ S_{ε/2}[A^i]. We want to construct a form φ ∈ D^∗(X) such that φ(x_i) = A^i for every i = 1, . . . k, because this would imply ψ(x_i) ⊆ S_{ε/2}[φ(x_i)] and φ(x_i) = A^i ⊆ ψ(x_i), which gives H(ψ(x_i), φ(x_i)) � ε/2 < ε for every such i, or equivalently, φ ∈ D^∗(X) ∩ W (φ, A, ε), which proves the lemma.

In order to do that we need to define a generating function f : X → R of the form φ which is continuous at the points of a dense subset C(f) of X. We proceed as follows: for each i = 1, . . . k there is an open neighborhood O_i of the point x_i ∈ A such that O_i ∩ O_j = ∅ if i ≠ j. Moreover, for each fixed index i ∈ {1, . . . k} there is a sequence of open neighborhoods {B_n ; n ∈ N} of x_i which are contained in O_i and satisfy B_{n+1} ⊆ B_n and B_n \ B_{n+1} ≠ ∅. On each of the open sets B_n \ B_{n+1} let f assume the value from A^i = {y_1, . . . y_{li} } with the index l = (n mod l_i) + 1, i.e. f assumes y_2 on B_1 \ B_2, y_3 on B_2 \ B_3 and so on with the values from A^i repeated infinitely many times on the sequence of sets {B_n \ B_{n+1} ; n ∈ N}. Elsewhere in O_i the function f may assume any constant from the set A^i. Outside ⋃ O_i the function f can be put arbitrarily constant.

Now, it is true that for each i = 1, . . . k the closed set C_i = {x_i} ∪^∞ ⋃ n=1 bd B_n is

nowhere dense in X. Hence the set C =^k ⋃ i=1 C_i is also closed and nowhere dense. The definition of f implies that it is continuous at the points of the complement of C which is dense in X. So f induces a form φ = f ↾ C(f) (taking the closure of the graph). Moreover, since f assumes only finitely many values, in view of our Note 2.2, φ belongs to D^∗(X). From the construction of f we see that φ(x_i) = {y_1, . . . y_{li} } = A^i as requested. In view of the initial remarks, this completes the proof of the lemma. □ In the case when X contains isolated points we are not able to directly use the preceding approach, because at an isolated point every generated densely continuous form is just an ordinary (singleton-valued) function. Thus, in order to prove the following general statement, we have to modify slightly the product space considered.

Theorem 3.13. If X is a first countable regular space, then c(D^∗_p(X)) = ℵ_0.

P r o o f. Let I(X) denote the set of all isolated points in X. Consider the product space Z = ∏ x∈X Y_x where Y_x = R with the usual topology for x ∈ I(X) and

Y_x = (K(R), H) if x /∈ I(X). According to Corollary 2.3.18 from Engelking [4] we know that c(Z) = ℵ_0. Since I(X) has “the discrete topology”, every locally bounded densely continuous form φ ∈ D^∗(X) is a single-valued function on I(X), so again D^∗_p(X) is a subspace of the product space Z. To show that D^∗(X) is dense in Z we would have to find a form φ ∈ D^∗(X) which is ε-close to some ψ ∈ Z at the points of a finite set A ⊆ X for any given ψ, A, ε > 0. This means defining a generating function f for such a form φ ∈ D^∗(X). To define f at the points of X \ I(X) we can make use of the approach from Lemma 3.12. Since ψ ↾ I(X) is single-valued, we may put f(x) = ψ(x) for x ∈ I(X). Such function f clearly generates the desired form φ ∈ D^∗(X) and hence D^∗(X) is dense in Z. In view of the initial remarks we obtain c(D^∗_p (X)) = ℵ_0. □

4. Examples

Example 4.1. We have d(D^∗_p (R)) > ℵ_0.

P r o o f. Suppose by the contrary that the subset D = {ψ_n ; n ∈ N} is dense in D^∗_p(R). For every t ∈ R define a function f_t : R → R by

f_t(x) = cos ( 1 x − t ) , x ≠ t,

0, x = t.

Since C(f_t) = R \ {t}, every f_t generates a form φ_t ∈ D^∗(R) for which φ_t(t) = [−1, 1]. Now, for each n ∈ N define a set H_n = {t ∈ R; ψ_n ∈ W (φ_t, t, 1/2)}. Since D is dense, for each t ∈ R there is n ∈ N such that t ∈ H_n or, in other words, R = ⋃ {H_n ; n ∈ N}.

On the other hand, if ψ_n ∈ W (φ_t, t, 1/2), then the Hausdorff metric satisfies H(ψ_n(t), φ_t(t)) < 1/2, which implies [−1, 1] ⊆ S_{1/2}(ψ_n(t)) and hence ψ_n(t) cannot be a singleton (if it were, the diameter of S_{1/2}(ψ_n(t)) would equal 1, a contradiction). Consequently, if t ∈ H_n, then ψ_n(t) is not a singleton. Now, if g_n : R → R is the generating function of ψ_n, then we know that ψ_n ↾ C(g_n) = g_n is a singleton-valued function (see Observation 2.1 in Holá [6]). By a classic result of real analysis the set C(g_n) of points of continuity of g_n is a G_δ set in R (and must be dense by our assumption), i.e. its complement is of first Baire category. Therefore every H_n is of first category, which implies that also R is of first category, a contradiction. □

Example 4.2. Considering D(m) as the discrete space of cardinality m � ℵ_0 and βD(m) as the Stone-Čech compactification of D(m) we claim that

d(D^∗_p (βD(m))) � nw(D^∗_p (βD(m))) < w(D^∗_p (βD(m))).

P r o o f. First, by our Theorem 3.8 and Theorem 3.6.11 from Engelking [4] we have w(D^∗_p (βD(m))) = |βD(m)| = 2^{2m} . On the other hand, it is (generally) d(D^∗_p (βD(m))) � nw(D^∗_p (βD(m))) � |D^∗(βD(m))|. Now, consider the mapping Ψ which assigns to a densely continuous form φ ∈ D^∗(βD(m)) its restriction φ ↾ D(m). Since every dense subset of βD(m) contains D(m) and D(m) is discrete, each such restriction φ ↾ D(m) is an ordinary continuous function on D(m). In view of Example 4.3 of the paper of Holá and McCoy [7], our mapping Ψ: D^∗(βD(m)) → C(D(m), R) is injective.

More precisely, since D(m) is open and dense in βD(m), each continuous function g ∈ C(D(m), R) generates a densely continuous form φ_g = g ↾ D(m) for which Ψ(φ_g ) = g, i.e. the mapping Ψ is a bijection from D(βD(m)) onto C(D(m), R). This implies |D(βD(m))| = |C(D(m), R)| = |F (D(m), R)| = c^m = 2^{ℵ0·m} = 2^m. Combining all our inequalities we obtain

d(D^∗_p (βD(m))) � nw(D^∗_p (βD(m))) � |D(βD(m))| = 2^m < 2^{2m} = w(D^∗(βD(m))).

This completes the proof. □

References

[1] G. Beer: Topologies on Closed and Closed Convex Sets. Kluwer Academic Publishers, Dordrecht, 1993.

[2] C. Berge: Topological Spaces. Oliver and Boyd, Edinburgh, 1963. [3] J. P. R. Christensen: Theorems of Namioka and R. E. Johnson type for upper semicontinuous and compact valued set-valued mappings. Proceedings of the American Mathematical Society 86 (1982), 649–655.

[4] R. Engelking: General Topology. PWN - Polish Scientific Publishers, Warsaw, 1977. [5] S. T. Hammer and R. A. McCoy: Spaces of densely continuous forms. Set-Valued Analysis 5 (1997), 247–266.

[6] Ľ. Holá: Spaces of densely continuous forms, USCO and minimal USCO maps.

Set-Valued Analysis 11 (2003), 133–151.

[7] Ľ. Holá and R. A. McCoy: Cardinal invariants of the topology of uniform convergence on compact sets on the space of minimal USCO maps. Rocky Mountain Journal of Mathematics 37 (2007), 229–246.

[8] R. A. McCoy and I. Ntantu: Topological properties of spaces of continuous functions.

Lecture Notes in Mathematics 1315. Springer-Verlag, Berlin, 1988.

Authors’ addresses: P e t e r Va d o v i č, Mathematical Institute, Slovak Academy of Sciences, Štefánikova 49, Bratislava SK-814 73, Slovakia, e-mail: vadovic@mat.savba.sk; D u š a n H o l ý, Faculty of industrial technologies in Púchov, Trenǐn university of Alexander Dubček, Ivana Krasku 491/30, Púchov SK-02001, Slovakia, e-mail: holy@fpt.tnuni.sk.