Czechoslovak Mathematical Journal, 57 (132) (2007), 763–776

IDEALS OF HOMOGENEOUS POLYNOMIALS AND WEAKLY COMPACT APPROXIMATION PROPERTY IN BANACH SPACES

Erhan Çalışkan, İstanbul

(Received August 4, 2005)

Abstract. We show that a Banach space E has the weakly compact approximation property if and only if each continuous Banach-valued polynomial on E can be uniformly approximated on compact sets by homogeneous polynomials which are members of the ideal of homogeneous polynomials generated by weakly compact linear operators. An analogous result is established also for the compact approximation property.

Keywords: compact approximation property, weakly compact approximation property, ideals of homogeneous polynomials

MSC 2000 : 46G20, 46B28, 46G25, 47B10

1. Introduction

A Banach space E is said to have the approximation property (abbreviated AP) if given a compact set K ⊂ E and ε > 0, there is a finite rank operator T ∈ L(E; E) such that sup_{x∈K} ‖T x − x‖ � ε, and a Banach space E is said to have the compact approximation property (abbreviated CAP) if given a compact set K ⊂ E and ε > 0, there is a compact operator T ∈ L(E; E) such that sup_{x∈K} ‖T x − x‖ � ε. The AP implies the CAP, but Willis [30] has shown that the reverse implication is not true.

We say that E has the weakly compact approximation property (abbreviated WCAP) if given a compact set K ⊂ E and ε > 0, there is a weakly compact operator T ∈ L(E; E) such that sup_{x∈K} ‖T x−x‖ � ε. It is easily seen that every reflexive Banach space has the WCAP. Clearly the CAP implies the WCAP, but the converse of this implication fails since there are separable reflexive Banach spaces without the CAP (see [13]). On the other hand, since every weakly compact operator on a Schur space is a compact operator, the CAP coincides with the WCAP on Schur spaces. This in particular shows the existence of Banach spaces without the WCAP, since there are subspaces of l1 which fail the CAP (see [9, Proposition 2.12]). We note that this notion was considered also by other authors (see [17] and [19]) and investigated in different directions. Also, a similar (but strictly stronger) notion was introduced by Astala and Tylli [3], where the identity operator is approximated on weakly compact sets by weakly compact linear operators with a uniform bound.

The purpose of this paper is to approach the (weakly) compact approximation problem in connection with the ideals of homogeneous polynomials generated by (weakly) compact linear operators. In Section 2 we give some necessary definitions and a brief information on ideals of homogeneous polynomials. Section 3 is devoted to the study of the WCAP in Banach spaces for the linear case.

In [24] Mujica asserts that every Banach-valued homogeneous polynomial on E can be uniformly approximated on compact sets by homogeneous polynomials which are weakly continuous on bounded sets, whenever E has the CAP. In [11] the author shows that the converse of this implication holds also true, that is, a Banach space E has the CAP if and only if each continuous Banach-valued polynomial on E can be uniformly approximated on compact sets by compact polynomials, or equivalently, by polynomials which are weakly continuous on bounded sets. In this paper, in Section 4 we first show that a Banach space E has the WCAP if and only if each continuous Banach-valued homogeneous polynomial on E can be uniformly approximated on compact sets by weakly compact (homogeneous) polynomials. Then using this result we characterize the WCAP in terms of density of the ideal of homogeneous polynomials generated by weakly compact linear operator ideals. In our main result we prove that a Banach space E has respectively the WCAP or CAP if and only if the ideal of m-homogeneous polynomials generated by the ideal of weakly compact or compact linear operators is τ_c-dense in the space of m-homogeneous polynomials if and only if the predual of the space of m-homogeneous polynomials P (^mE), Q(^mE) has WCAP or CAP for every m ∈ N, or equivalently, for some m ∈ N. Some of the results of this paper improve and extend earlier results obtained by the author in [11].

Our terminology is rather standard. We refer to [15] or [22] for the properties of polynomials and holomorphic mappings in infinite dimensional spaces, to [21] for the theory of Banach spaces, and to [27] and [28] for details on ideals of operators and ideals of multilinear mappings.

2. Notation and preliminaries

The symbol C represents the field of all complex numbers, N represents the set of all positive integers, and N_0 = N ∪ {0}. The symbol τ_c will denote the compactopen topology. The letters E and F will always represent complex Banach spaces. The symbol B_E represents the closed unit ball of E. Given a subset M of E, the symbol T |_M will denote the restriction of a mapping T : E −→ F to the subset M, the symbol I_M will denote the identity mapping on M, and M^{τc} will denote the τ_c-closure of M in E for the compact-open topology τ_c on E.

Let L(E; F ) be the Banach space of all continuous linear operators, and let (L(E; F ), τ_c) denote the vector space L(E; F ) endowed with the topology of uniform convergence on all compact subsets of E. When F = C we write E^′ and E^′_c instead of L(E; C ) and (L(E; F ), τ_c)), respectively.

An operator T in L(E; F ) is said to have a finite rank if T (E) is finite dimensional, and an operator T in L(E; F ) is called a compact or weakly compact operator if T takes bounded subsets of E respectively to relatively compact or weakly compact subsets of F . Let L_k(E; F ) and L_{wk}(E; F )) denote respectively the subspace of all compact or weakly compact operators of L(E; F ).

For each integer n ∈ N, let L(E_1, . . . , E_n; F ) be the Banach space of all continuous n-linear mappings A: E_1 × . . . × E_n −→ F endowed with the sup norm ‖A‖ = sup{‖A(x_1, . . . , x_n)‖: ‖x_i‖ � 1, i = 1, . . . , n}. When E_1 = . . . = E_n = E we write L(^nE; F ) instead of L(E, . . . , E � � �

n times

; F ).

Given a continuous n-linear mapping A ∈ L(^nE; F ), the map P : E −→ F , defined by P (x) = A(x, . . . , x � � �

n times

) for every x ∈ E, is said to be a continuous

n-homogeneous polynomial. P(^nE; F ) will denote the vector space of all continuous n-homogeneous polynomials from E into F , which is a Banach space under the norm ‖P ‖ = sup{‖P (x)‖: ‖x‖ � 1}. When F = C we will write P(^mE) instead of P(^mE; C ).

If A is a multilinear mapping and P is the polynomial generated by A, we write P = ^A. Conversely, given a polynomial P ∈ P(^nE; F ), there is a unique symmetric continuous n-linear mapping^∨P ∈ L(^nE; F ) such that P (x) =^∨P (x, . . . , x � � �

n times

). It is

well known that the correspondence A ←→ ^A is a topological isomorphism between L^s(^nE; F ), the space of all symmetric continuous n-linear mappings from E to F , and P(^nE; F ) (see, for example, [22, Theorem 2.2]).

A mapping P : E −→ F is said to be a continuous polynomial if it can be represented as a sum P = P^0 + P^1 + . . . + P^n, with P^j ∈ P(^j E; F ) for j = 0, 1, . . . , n.

By P(E; F ) we will denote the vector space of all continuous polynomials from E into F .

Let us recall that a polynomial P ∈ P(^mE; F ) is said to be of finite type if it can be represented as a sum P (x) =^p � j=1 φ^m_j (x)y_j with φ_j ∈ E^′ and y_j ∈ F . We say

that a polynomial P ∈ P(E; F ) is compact or weakly compact if P takes bounded subsets of E respectively to relatively or relatively weakly compact subsets of F . Let P_k(E; F ) and P_{wk}(E; F ) denote respectively the subspace of all compact and weakly compact members of P(E; F ), and let P_k(^mE; F ) and P_{wk}(^mE; F ) denote respectively the subspace of all compact and weakly compact members of P(^mE; F ), for every m ∈ N.

Operator ideals and ideals of homogeneous polynomials generated by operator ideals

For each i = 1, . . . , n, let Ψ^{(n)}_i : L(E_1, . . . , E_n; F ) −→ L(E_i; L(E_1,^{[i]}. . ., E_n; F )) denote the canonical isometric isomorphism defined by

Ψ^{(n)}_i (T )(x_i)(x_1,^{[i]}. . ., x_n) = T (x_1, . . . , x_n), T ∈ L(E_1, . . . , E_n; F )

where the notation^{[i]}. . . means the ith coordinate is not involved. When E_1 = . . . = E_n = E, we will write Ψ^{(n)} instead of Ψ^{(n)}_i .

An operator ideal I is a subclass of the class of all continuous linear operators between Banach spaces such that for all Banach spaces E and F , its components I (E; F ) = L(E; F ) ∩ I satisfy:

(a) I (E; F ) is a linear subspace of L(E; F ) which contains finite rank operators. (b) If T ∈ L(E; F ), R ∈ I (F ; G) and S ∈ L(G; H), then the composition S ∘ R ∘ T is in I (E; H).

Some of the well-known examples of ideals of linear operators are the family of finite rank operators, compact operators, weakly compact operators, approximable operators, absolutely summing operators, nuclear operators and integral operators.

Similarly to the linear case, an ideal of homogeneous polynomials P is a subclass of the class of all continuous homogeneous polynomials between Banach spaces such that for all n ∈ N and Banach spaces E and F , the components P(^nE; F ) = P(^nE; F ) ∩ P satisfy:

(a) P(^nE; F ) is a linear subspace of P(^nE; F ) which contains n-homogeneous polynomials of finite type.

(b) If T ∈ L(G; E), P ∈ P(^nE; F ) and S ∈ L(F ; H) then the composition S ∘ P ∘ T is in P(^nG; H).

The ideal of all compact or weakly compact homogeneous polynomials are important examples.

There are different ways how to construct an ideal of multilinear mappings and an ideal of polynomials from a given operator ideal I . Two methods, called factorization and linearization, outlined by Pietsch [28] are the following:

Definition 1. Let I be an operator ideal.

I. Factorization method: An n-linear mapping T ∈ L(E_1, . . . , E_n; F ) is said to be of type L[I ] (T ∈ L[I ](E_1, . . . , E_n; F )) if there are Banach spaces G_1, . . . , G_n, linear operators R_j ∈ I (E_j ; G_j ), j = 1, . . . , n, and a continuous n-linear mapping S ∈ L(G_1, . . . , G_n; F ) such that T = S ∘ (R_1, . . . , R_n). A continuous n-homogeneous polynomial P ∈ P(^nE; F ) is said to be of type L[I ] (P ∈ P_{L[}I_](^nE; F )) if there are a Banach space G, a linear operator R ∈ I (E; G) and a polynomial Q ∈ P(^nG; F ) such that P = Q ∘ R.

II. Linearization method: An n-linear mapping T ∈ L(E_1, . . . , E_n; F ) is said to be of type [I ] (T ∈ [I ](E_1, . . . , E_n; F )) if Ψ^{(n)}_j (T ) ∈ I (E_j ; L(E_1,^{[j]}. . ., E_n; F )) for every j = 1, . . . , n. A continuous n-homogeneous polynomial P ∈ P(^nE; F ) is said to be of type [I ] (P ∈ P_[I_](^nE; F )) if^∨P is of type [I ].

The classes L[I ] and [I ] are ideals of multilinear mappings and the classes P_{L[}I_] and P_[I_] are ideals of homogeneous polynomials (see Botelho [5, Proposition 4.6]). If I is a closed injective operator ideal (see [8, Definition 1.2]), then L[I ] = [I ] (see [8, Theorem 3.4]), and P_{L[}I_] = P_[I_] (see [5, Proposition 4.6]).

In this paper we shall study the ideal of homogeneous polynomials generated by compact linear operators and by weakly compact linear operators. Let K and W denote respectively the ideal of compact and weakly compact linear operators between Banach spaces. It is well known that K and W are closed injective operator ideals (see, for example, [18, Theorem 2.3]). Hence we have that P_{L[}K_] = P_[K_] and P_{L[}W_] = P_[W_]. In the linear case the equality L[K ] = [K ] was proved in [2] and the equality L[W ] = [W ] was proved in [1]. It also follows from [16, Corollary 3.3] that we always have L[K ](E; F ) = K (E; F ) = L_k(E; F ), and from [14, Corollary 1] that we have L[W ](E; F ) = W (E; F ) = L_{wk}(E; F ) for any Banach spaces E and F .

On the other hand, it is clear that P_{L[}K_] ⊂ P_{L[}W_]. But it follows from the following simple example, shown to us by Geraldo Botelho, that these ideals do not coincide.

Example 2. Let E be an infinite dimensional reflexive Banach space. Let PK denote the ideal of compact homogeneous polynomials. Since P_{L[}K_] ⊂ PK , a noncompact polynomial does not belong to P_{L[}K_]. Given n ∈ N, fix φ ∈ E^′, φ ≠ 0, and consider

Q_n : E −→ E; Q_n(x) = φ(x)^{n−1} · x; Q_n ∈ P(^nE; E).

Since E is reflexive, Q_n ∈ P_{L[}W_](^nE; E) (see [5, Proposition 5.5 (a)]). But Q_n is not compact (see [4, Proposition (b)]), so Q_n /∈ P_{L[}K_](^nE; E).

We note that PK is not contained in P_{L[}K_]. Also, PW , the ideal of weakly compact homogeneous polynomials, is not contained in P_{L[}W_] and, contrary to the compact case, P_{L[}W_] is not contained in PW (see [5, pp. 16–17]).

From now on we will use the notation P_[K_] or P_[W_] to represent respectively both P_[K_] and P_{L[}K_] or P_[W_] and P_{L[}W_], and in the linear case the symbol W (E; F ) will be used in place of [W ](E; F ) (or L[W ](E; F )) because of the equalities given above.

3. The weakly compact approximation property

In this section we establish basic properties of the WCAP. We begin with the following characterization of the WCAP which is parallel to a result given in [11, Proposition 1] (for a related result see also [19, Theorem 4.1 and Corollary 4.2]).

Proposition 3. For a Banach space E the following statements are equivalent. (a) E has the WCAP. (b) L(E; E) = W (E; E)^{τc} .

(c) For every Banach space F , L(F ; E) = W (F ; E)^{τc} . (d) For every Banach space F , L(E; F ) = W (E; F )^{τc} . (e) For every choice of (x_n)^∞_{n=1} ⊂ E and (x^′_n)^∞_{n=1} ⊂ E^′ such that^∞ � n=1 ‖x_n‖‖x^′_n‖ < ∞

and satisfying^∞ � n=1 x^′_n(T x_n) = 0 for every T ∈ W (E; E), we have^∞ � n=1 x^′_n(x_n) = 0.

Proposition 3 can be proved easily using a traditional argument. It is also easily checked that every complemented subspace of a Banach space E has the WCAP whenever E has the WCAP.

In the next definition, which is a common generalization of the notions of a separable and a reflexive Banach space, a nice classification of Banach spaces is given.

Definition 4. A Banach space E is said to be generated by a weakly compact set (WCG, in short) if there is a weakly compact subset K of E such that E =

�_∞� n=1 nK � . For examples of WCG Banach spaces other than reflexive and separable Banach spaces, and properties they enjoy, we refer to [20]. Using Proposition 3 and [20, Theorem 2.1] we get the following characterization of the WCAP for WCG Banach spaces.

Proposition 5. For a WCG Banach space E, the following statements are equivalent:

(a) E has the WCAP.

(b) Every complemented subspace of E has the WCAP. (c) Every complemented and separable subspace of E has the WCAP.

Parallelling to the weakly compact case, using [11, Proposition 1] and [20, Theorem 2.1] we obtain the following characterization of the CAP for WCG Banach spaces, which is stated in [11] for reflexive Banach spaces.

Proposition 6 ([10]). For a WCG Banach space E, the following statements are equivalent:

(a) E has the CAP.

(b) Every complemented subspace of E has the CAP. (c) Every complemented and separable subspace of E has the CAP.

Proposition 6 can be seen as a generalization of [11, Proposition 3]. The motivation for the next proposition, which appeared in [10], is a question whether or not E has the CAP whenever its dual E^′ has this property, which we include here since we did not find it in literature.

Proposition 7 ([10]). Let E be a Banach space. If E^′ has the CAP then for every reflexive Banach space F we have L(E; F ) = K (E; F )^{τc} .

Proof. Let F be a reflexive Banach space and let T ∈ L(E; F ). Let φ ∈ (L(E; F ), τ_c)^′ be such that φ(S) = 0 for every S ∈ K (E; F ). Hence by [21, Proposition 1.e.3] there are sequences (x_i)^∞_{i=1} ⊂ E and (y^′_i)^∞_{i=1} ⊂ F^′ such that ∞� i=1 ‖x_i‖ · ‖y^′_i‖ < ∞ and^∞ � i=1 y^′_i(Sx_i) = φ(S) = 0 for every S ∈ K (E; F ). Since F is reflexive, given R ∈ K (F^′; E^′), by the theorem of Schauder, there always exists a unique S ∈ K (E; F ) such that R = S^′. Thus it follows that^∞ � i=1 (Ry^′_i)(x_i) = 0 for

every R ∈ K (F^′; E^′), and hence^∞ � i=1 (Ry^′_i)(x_i) = 0 for every R ∈ L(F^′; E^′), which

shows that φ(T ) =^∞ � i=1 (T^′y^′_i)(x_i) = 0. Now, it follows from the locally convex space

version of the Hahn-Banach Theorem that T belongs to K (E; F )^{τc} . □

From the preceding proposition, in particular, we conclude that a reflexive Banach space E has the CAP if and only if E^′ has the CAP, a result that was already stated in [11]. Hence, Proposition 7 sharpens [11, Corollary 2]. However, contrary to the case of the AP, in general we do not know if the CAP passes from the dual space down to the space (see Casazza [9, Problem 8.5]). We also note that, as in the case of the AP, there are (non-reflexive) Banach spaces with the CAP whose dual space fails to have the CAP (see [9, pp. 17–18]). As we have mentioned in the introduction every reflexive Banach space has the WCAP (actually, in this case there is nothing to do due to the fact that a Banach space E is reflexive if and only if every bounded subset of E is weakly compact), and for this reason, the WCAP does not imply the CAP since there are closed subspaces of sequence spaces l_p, 2 � p < ∞, without the CAP (see [13]). We end this section with the following natural question.

Question. Let E be a non-reflexive Banach space. If E^′ has the WCAP must E have the WCAP?

4. The weakly compact approximation property and ideals of homogeneous polynomials generated by weakly compact linear operators

To prove our results for the WCAP and CAP in connection with the ideals of weakly compact homogeneous polynomials and of compact homogeneous polynomials, respectively, we need some preparation.

An important tool of this work is the following version of a theorem of Ryan [29], which appeared in [24] in the following form (see also [23, Theorems 2.4 and 4.1, and Proposition 3.4]).

Theorem 8 ([29]). Let E be a Banach space and let m ∈ N. Then there are a Banach space Q(^mE) and a polynomial δ_m ∈ P(^mE; Q(^mE)) with the following universal property: For each Banach space F and each polynomial P ∈ P(^mE; F ), there is a unique operator T_P ∈ L(Q(^mE); F ) such that T_P ∘ δ_m = P . The correspondence P ∈ P(^mE; F ) −→ T_P ∈ L(Q(^mE); F )

is an isometric isomorphism. These properties characterize Q(^mE) uniquely up to an isometric isomorphism. This correspondence is also a topological isomorphism when both spaces are endowed with the compact-open topology τ_c. Moreover, P ∈ P_k(^mE; F ) or P ∈ P_{wk}(^mE; F )) if and only if T_P ∈ L_k(Q(^mE); F ) or T_P ∈ L_{wk}(Q(^mE); F )), respectively.

The space Q(^mE) given in the above theorem is defined as the closed subspace of all linear continuous functionals v ∈ P(^mE)^′ such that v|_BP_{(m E)} is τ_c-continuous, and the evaluation mapping δ_m : x ∈ E −→ δ_x ∈ Q(^mE) is defined by δ_x(P ) = P (x), for every x ∈ E and P ∈ P(^mE). The space Q(^mE) is a Banach space with the norm induced by P(^mE)^′, which is called the predual of P(^mE), m ∈ N.

Using an idea given in [6] we obtain the following useful lemma.

Lemma 9. Let E and F be Banach spaces.

(a) If P(^mE; F ) = PW (^mE; F )^{τc} for some m ∈ N then L(E; F ) = W (E; F )^{τc} . (b) If P(^mE; F ) = PK (^mE; F )^{τc} for some m ∈ N then L(E; F ) = K (E; F )^{τc} .

Proof. We will only prove (a) since the same proof works for (b). Since the case m = 1 is our hypothesis let m > 1 and suppose that P(^mE; F ) = PW (^mE; F )^{τc} . Let T ∈ L(E; F ), let K be a compact subset of E and let ε > 0. Let a ∈ K with a ≠ 0 and choose φ ∈ E^′, φ ≠ 0, such that φ(a) = 1. Consider the set K_1 := ε_1K +ε_2K +. . . +ε_mK with ε_i = ∓1, i = 1, . . . , m. Since K_1 is compact in E, the set K^′_1 := � ε_i =∓1 i=1,...,m

(ε_1K + . . . + ε_mK) is also compact in E. Since T ∘ φ^{m−1} ∈

P(^mE; F ), where T ∘φ^{m−1}(x) := T (x)φ^{m−1}(x) for every x ∈ E, by hypothesis there is a P^m ∈ PW (^mE; F ) such that

(∗) ‖P^m(x) − T ∘ φ^{m−1}(x)‖ < m! m ε for every x ∈ K^′_1.

Thus, for every (x_1, . . . , x_m) ∈ K × . . . × K � � �

m times

, we have

‖^∨P^m(x_1, . . . , x_m) − (T^∨∘ φ^{m−1})(x_1, . . . , x_m)‖ = � � � 1 m!2^m � ε_i =∓1

ε_1 . . . ε_m � P^m

�_m � i=1 ε_ix_i � − T ∘ φ^{m−1}

�_m � i=1 ε_ix_i � � � < 1 m!2^m � ε_i =∓1 m! m ε = ε m .

Then, in particular, we obtain

‖^∨P^m(x, a, . . . , a) − ( ∨ T ∘ φ^{m−1})(x, a . . . , a)‖ < ε m for every x ∈ K.

Hence using that φ(a) = 1 we get � � �^∨P^m(x, a . . . , a) − � 1 m T (x) + m − 1 m φ(x)T (a) � � = � � �^∨P^m(x, a . . . , a) −

� m − 1 m � φ(x)T (a) − 1 m T (x) � � � < ε m for every x ∈ K, or equivalently,

‖m^∨P^m(x, a . . . , a) − (m − 1)T (a)φ(x) − T (x)‖ < ε for every x ∈ K.

Therefore, if we define a linear operator T_{wk} by

T_{wk}(x) := m^∨P^m(x, a . . . , a) − (m − 1)T (a)φ(x) for every x ∈ E,

since T_{wk} ∈ W (E; F ), the last inequality completes the proof. □

Remark. The proof of Lemma 9, in fact, gives us more: If P(^mE; F ) = PW (^mE; F )^{τc} for some m ∈ N then, by using the same argument one can prove that P(^nE; F ) = PW (^nE; F )^{τc} for every n � m. The same is true for the case PK .

The next result gives a polynomial characterization of the WCAP.

Proposition 10. For a Banach space E, the following statements are equivalent: (a) E has the WCAP.

(b) P(E; F ) = P_{wk}(E; F )^{τc} for every Banach space F .

(c) P(^mE; F ) = PW (^mE; F )^{τc} for every Banach space F and for every m ∈ N. (d) P(^mE; F ) = PW (^mE; F )^{τc} for every Banach space F and for some m ∈ N. (e) Q(^mE) has the WCAP for every m ∈ N. (f) Q(^mE) has the WCAP for some m ∈ N.

Proof. (a) =⇒ (b): Let P ∈ P(E; F ), let K be a compact subset of E and let ε > 0. Then there is a δ > 0 such that ‖P (x) − P (y)‖ � ε whenever x ∈ K and ‖y − x‖ < δ. Since by Proposition 3 there is an operator T ∈ L_{wk}(E; E) with sup_{x∈K} ‖T x − x‖ < δ, we have that ‖P (T x) − P (x)‖ � ε for every x ∈ K, which shows (b) since P ∘ T ∈ P_{wk}(E; F ).

(b) =⇒ (c): Let m ∈ N, let P ∈ P(^mE; F ), let K be a compact subset of E and let ε > 0. By (b) there exists a polynomial P_{wk} ∈ P_{wk}(E; F ) such that ‖P (x) − P_{wk}(x)‖ < ε for every x ∈ K. One can show that it is always possible to write P_{wk} = P^0_{wk} + P^1_{wk} + . . . + P^n_{wk}, with n � m, where P^j_{wk} ∈ PW (^j E; F ) for each j = 0, 1, . . . , n (see, for example, the proof of [22, Proposition 2.9]). Now, by the Cauchy integral formula (see [22, Corollary 7.5]), for every x ∈ K we obtain that

‖P (x) − P^m_{wk}(x)‖ = � � � 1 2πi � |ξ|=1

P (ξx) − P_{wk}(ξx) ξ^{m+1} dξ � � � � ε,

which proves (c).

(c) =⇒ (e): If (c) holds then, by Theorem 8 we have that L(Q(^mE); F ) = W (Q(^mE); F )^{τc} for every Banach space F and every m ∈ N, which shows that Q(^mE) has the WCAP for every m ∈ N.

(f) =⇒ (d): By (f) we have that L(Q(^mE); F ) = W (Q(^mE); F )^{τc} for every Banach space F . Hence it follows from Theorem 8 that P(^mE; F ) = PW (^mE; F )^{τc} for every Banach space F .

Since the implication (d) =⇒ (a) follows immediately from Lemma 9 and Proposition 3 and the implications (c) =⇒ (d) and (e) =⇒ (f) are obvious, the proof is complete. □

If E is a Banach space (necessarily non-reflexive) without the WCAP then, by Proposition 10, Q(^mE) fails to have the WCAP for every m ∈ N. We remark that there are reflexive Banach spaces E for which Q(^mE), m > 1, is not reflexive (for the results in this direction see [7]). In this case we conclude from Proposition 10 that the space Q(^mE) (not necessarily reflexive) has always the WCAP whenever E is reflexive. Moreover, if Q(^mE) is reflexive then, by Theorem 8, the space P(^mE) also has the WCAP for every m ∈ N.

Now we give the characterization of the WCAP in connection with the ideal of homogeneous polynomials generated by weakly compact linear operators.

Theorem 11. For a Banach space E, the following statements are equivalent: (a) E has the WCAP.

(b) P(^mE; F ) = P_[W_](^mE; F )^{τc} for every Banach space F and for every m ∈ N. (c) P(^mE; F ) = P_[W_](^mE; F )^{τc} for every Banach space F and for some m ∈ N.

Proof. (a) =⇒ (b) : Let m ∈ N, let P ∈ P(^mE; F ), let K be a compact subset of E and let ε > 0. By Proposition 10 there is a polynomial P^m ∈ PW (^mE; F ) such that ‖P (x) − P^m(x)‖ � ε 2 for every x ∈ K.

By continuity there is a δ > 0 such that ‖P^m(x) − P^m(y)‖ �^1_2 ε whenever x ∈ K and ‖x − y‖ < δ. Thus, since by Proposition 3 there is an operator T ∈ W (E; F ) with sup_{x∈K} ‖T x − x‖ < δ, we have

‖P^m(x) − P^m(T x)‖ � ε 2 for every x ∈ K.

If we let Q := P^m ∘ T then clearly Q ∈ P_[W_](^mE; F ), and it follows that

‖P (x) − Q(x)‖ � ‖P (x) − P^m(x)‖ + ‖P^m(x) − P^m(T x)‖ � ε for every x ∈ K,

proving (b).

(c) =⇒ (a): Let m ∈ N. We will show that P(^mE; F ) = PW (^mE; F )^{τc} for every Banach space F . Let P ∈ P(^mE; F ), let K be a compact subset of E and let ε > 0. By (c) there is a polynomial P^m ∈ P_[W_](^mE; F ) such that ‖P (x) − P^m(x)‖ � ε for every x ∈ K. Since P^m ∈ P_[W_](^mE; F ) = P_{L[}W_](^mE; F ), there are a Banach space G, an operator R ∈ W (E; G) and a polynomial Q ∈ P(^mG; F ) such that P^m = Q ∘ R, showing that P^m ∈ PW (^mE; F ) as we desire. Now, by Lemma 9 we have that L(E; F ) = W (E; F )^{τc} for every Banach space F .

Since the implication (b) =⇒ (c) is obvious we have the proof. □

The next proposition was proved in [11] as a consequence of [11, Theorem 5]. But using the proof of Proposition 10 with [11, Proposition 1] in the case of the CAP we obtain an alternative direct proof of [11, Corollary 7], which complements this result as follows:

Proposition 12 ([11]). For a Banach space E, the following statements are equivalent:

(a) E has the CAP.

(b) P(E; F ) = P_k(E; F )^{τc} for every Banach space F .

(c) P(^mE; F ) = PK (^mE; F )^{τc} for every Banach space F and for every m ∈ N. (d) P(^mE; F ) = PK (^mE; F )^{τc} for every Banach space F and for some m ∈ N. (e) Q(^mE) has the CAP for every m ∈ N. (f) Q(^mE) has the CAP for some m ∈ N.

Considering Proposition 10 and Proposition 12 it is interesting to observe that if Q(^mE) has the WCAP or CAP for some m ∈ N, then actually it has the WCAP or CAP, respectively, for every m ∈ N. Hence, Proposition 13 improves a result due to the author [11, Corollary 7].

In the proof of Theorem 11 using [11, Proposition 1] we extend Proposition 12 to the ideal case as follows:

Proposition 13. For a Banach space E, the following statements are equivalent: (a) E has the CAP.

(b) P(^mE; F ) = P_[K_](^mE; F )^{τc} for every Banach space F and for every m ∈ N. (c) P(^mE; F ) = P_[K_](^mE; F )^{τc} for every Banach space F and for some m ∈ N.

Remark. We can give another proof of the implication (c) =⇒ (a) of Proposition 13 in the following way in which it is not necessary to use Lemma 9: After showing that P(^mE; F ) = P_k(^mE; F )^{τc} for every Banach space F (by using the proof of (c) =⇒ (a) of Theorem 11), from the proof of (h) =⇒ (c) of [12, Proposition 6.6] we conclude that (P(^mE), τ_c) has the CAP. Since for every n � m, (P(^nE), τ_c) is a complemented subspace of (P(^mE), τ_c) (see [15, Exercise 1.78]), (P(^nE), τ_c) has the CAP for every n � m. In particular, (P(^1E), τ_c) = E^′_c has the CAP. Since E = (E^′_c)^′_c then by [12, Corollary 4.6] E has the CAP. □

If P_w(^mE; F ) denotes the vector space of all m-homogeneous polynomials from E into F which are weakly continuous on bounded subsets of E, it follows from [2, Theorem 2.9] that P_[K_](^mE; F ) = P_w(^mE; F ) for all m ∈ N, E and F . Therefore we have that P_[K_] = P_w. Hence, if we replace P_[K_] by P_w in Proposition 13 this result remains true also for this class of m-homogeneous polynomials, which is a polynomial ideal.

Acknowledgements. The author would like to thank Professor Geraldo Botelho and Professor Daniel M. Pellegrino for their assistance helping to improve the paper.

References

[1] R. M. Aron, G. Galindo: Weakly compact multilinear mappings. Proc. Edinb. Math.

Soc. 40 (1997), 181–192.

[2] R. M. Aron, C. Hervés, and M. Valdivia: Weakly continuous mappings on Banach spaces. J. Funct. Anal. 52 (1983), 189–204.

[3] K. Astala, H.-O. Tylli: Seminorms related to weak compactness and to Tauberian operators. Math. Proc. Camb. Philos. Soc. 107 (1990), 367–375.

[4] G. Botelho: Weakly compact and absolutely summing polynomials. J. Math. Anal. Appl.

265 (2002), 458–462.

[5] G. Botelho: Ideals of polynomials generated by weakly compact operators. Note Mat.

25 (2005/2006), 69–102.

[6] G. Botelho, D. M. Pellegrino: Two new properties of ideals of polynomials and applications. Indag. Math. 16 (2005), 157–169.

[7] C. Boyd: Montel and reflexive preduals of the space of holomorphic functions. Stud.

Math. 107 (1993), 305–315.

[8] H. A. Braunss, H. Junek: Factorization of injective ideals by interpolation. J. Math.

Anal. Appl. 297 (2004), 740–750.

[9] P. G. Casazza: Approximation properties. In: Handbook of the Geometry of Banach Spaces, Vol. I (W. Johnson, J. Lindenstrauss, eds.). North-Holland, Amsterdam, 2001, pp. 271–316.

[10] E. Çalışkan: Aproximação de funções holomorfas em espaços de dimensão infinita. PhD.

Thesis. Universidade Estadual de Campinas, São Paulo, 2003.

[11] E. Çalışkan: Bounded holomorphic mappings and the compact approximation property.

Port. Math. 61 (2004), 25–33.

[12] E. Çalışkan: Approximation of holomorphic mappings on infinite dimensional spaces.

Rev. Mat. Complut. 17 (2004), 411–434.

[13] A. M. Davie: The approximation problem for Banach spaces. Bull. London Math. Soc.

5 (1973), 261–266.

[14] W. Davis, T. Figiel, W. Johnson, and A. Pełczyński: Factoring weakly compact operators. J. Funct. Anal. 17 (1974), 311–327.

[15] S. Dineen: Complex Analysis on Infinite Dimensional Spaces. Springer Monographs in Math. Springer-Verlag, Berlin, 1999.

[16] T. Figiel: Factorization of compact opertors and applications to the approximation problem. Stud. Math. 45 (1973), 191–210.

[17] N. Grønbæk, G. A. Willis: Approximate identities in Banach algebras of compact operators. Can. Math. Bull. 36 (1993), 45–53.

[18] S. Heinrich: Closed operator ideals and interpolation. J. Funct. Anal. 35 (1980), 397–411.

[19] Å. Lima, O. Nygaard, and E. Oja: Isometric factorization of weakly compact operators and the approximation property. Isr. J. Math. 119 (2000), 325–348.

[20] J. Lindenstrauss: Weakly compact sets—their topological properties and the Banach spaces they generate. In: Symposium on Infinite Dimensional Topology. Ann. Math. Stud. (R. D. Anderson, eds.). Princeton Univ. Press, Princeton, 1972, pp. 235–273.

[21] J. Lindenstrauss, L. Tzafriri: Classical Banach Spaces I. Sequence Spaces. Springer-Ver-lag, Berlin-Heidelberg-New York, 1977.

[22] J. Mujica: Complex Analysis in Banach Spaces. North-Holland Math. Stud. North-Hol-land, Amsterdam, 1986.

[23] J. Mujica: Linearization of bounded holomorphic mappings on Banach spaces. Trans.

Am. Math. Soc. 324 (1991), 867–887.

[24] J. Mujica: Reflexive spaces of homogeneous polynomials. Bull. Pol. Acad. Sci. Math. 49 (2001), 211–223.

[25] J. Mujica, M. Valdivia: Holomorphic germs on Tsirelson’s space. Proc. Am. Math. Soc.

123 (1995), 1379–1384.

[26] A. Pietsch: Operator Ideals. North Holland, Amsterdam, 1980.

[27] A. Pietsch: Ideals of multilinear functionals. In: Proceedings of the Second International Conference on Operator Algebras, Ideals and Applications in Theoretical Physics. Teubner, Leipzig, 1983, pp. 185–199.

[28] R. Ryan: Applications of topological tensor products to infinite dimensional holomorphy.

PhD. Thesis. Trinity College, Dublin, 1980.

[29] G. Willis: The compact approximation property does not imply the approximation property. Stud. Math. 103 (1992), 99–108.

Author’s address: Erhan Çalişkan, Yıldız Technical University, Faculty of Sciences and Arts, Department of Mathematics, Davutpaşa, 34210 Esenler, İstanbul, Turkey, e-mail: caliskan@yildiz.edu.tr.