Czechoslovak Mathematical Journal, 53 (128) (2003), 949–962

TORSIONS OF CONNECTIONS ON HIGHER ORDER COTANGENT BUNDLES

Miroslav Doupovec, Brno, and Jan Kurek, Lublin

(Received January 24, 2001)

Abstract. By a torsion of a general connection Γ on a fibered manifold Y → M we understand the Frölicher-Nijenhuis bracket of Γ and some canonical tangent valued oneform (affinor) on Y . Using all natural affinors on higher order cotangent bundles, we determine all torsions of general connections on such bundles. We present the geometrical interpretation and study some properties of the torsions.

Keywords: affinor, general connection, torsion

MSC 2000 : 53C05, 58A20

1. Introduction

Given a linear connection Γ on a manifold M, there are two classical approaches to the concept of the torsion of Γ. First, if we interpret Γ as a linear connection on the tangent bundle T M, we can define the torsion of Γ as the covariant exterior differential in the sense of Koszul of the identity tensor on M. This approach leads to the well known formula

(1) τ(X, Y ) = 1 2 (∇_X Y − ∇_Y X − [X, Y ])

for every two vector fields X, Y on M. On the other hand, Γ can be also interpreted as a principal connection on the frame bundle P M of M. In this case we can introduce the torsion of Γ as the standard covariant differential of the canonical R^m -valued

The first author was supported by the Grant No 201/99/0296 of the Grant Agency of the Czech Republic, the second author by the Maria Curie-Skłodowska University.

form Θ: T P M → R^m of P M, m = dim M. Clearly, both above definitions of the torsion of Γ give the same result. Further, if Γ^∗ is the dual linear connection on the cotangent bundle T^∗M, the torsion of Γ^∗ can be introduced as the composition

(2) σ ∘ Γ^∗

of the formal exterior differential σ : J^1T^∗M → ∧^2T^∗M with the connection Γ^∗ itself, [8]. But the composition (2) can be defined for arbitrary (not only linear) connections on the cotangent bundle.

If Y → M is a fibered manifold, the (general) connection on Y is a smooth section Γ: Y → J^1Y of the first jet prolongation of Y . Obviously, Γ can be identified with its horizontal projection T Y → T Y , which is a tangent valued one-form on Y . If Q: T Y → T Y is an arbitrary canonical tangent valued one-form on Y (in other words an affinor), the Frölicher-Nijenhuis bracket [Γ, Q] of Γ and Q is called a (general) torsion of Γ. Let F be a natural bundle on the category M f_m of all m-dimensional manifolds and their local diffeomorphisms and Γ: F M → J^1F M be a connection on F M. If we determine all natural affinors on F M, then we can completely describe all general torsions of Γ. Such an approach has been used e.g. in [2], [6] and [9] for many particular cases of F .

In this paper we determine all general torsions of connections on r-th order cotangent bundles T^{r∗}M. We also study the geometrical interpretation and properties of the torsions. In the geometrical construction of the torsions we essentially use the vertical prolongation of connections on vector bundles. We characterize linear connections and projectable connections on T^{r∗}M by means of certain properties of their torsions. We also show the interpretation of (2) for arbitrary (not only linear) connections. We remark that higher order cotangent bundles and their dual bundles (which are called higher order tangent bundles) are used e.g. in higher order mechanics. For example, in the study, within a continuum mechanical context, of higher order gross bodies, it is useful to study fields with values in tensor products of tangent and cotangent spaces of “higher order contact”, cf. [10]. All manifolds and maps are assumed to be infinitely differentiable.

2. Affinors and general torsions

Denoting by C^∞(T M ⊗ ∧^pT^∗M) the space of all tangent valued p-forms on M, the Frölicher-Nijenhuis bracket is a map

[ , ]: C^∞(T M ⊗ ∧^pT^∗M) × C^∞(T M ⊗ ∧^q T^∗M) → C^∞(T M ⊗ ∧^{p+q} T^∗M),

(cf. [3]). In particular, for p = 0 = q the Frölicher-Nijenhuis bracket coincides with the Lie bracket of vector fields on M. By the Frölicher-Nijenhuis theory, tangent valued 1-forms on M are exactly affinors on M, which are defined as linear morphisms T M → T M over the identity of M. Then the Frölicher-Nijenhuis bracket of two such affinors K, L is a tangent valued 2-form [K, L] given by

[K, L](X, Y ) = [KX, LY ] + [LX, KY ] + KL[X, Y ] + LK[X, Y ] (3) − K[X, LY ] − K[LX, Y ] − L[X, KY ] − L[KX, Y ],

X, Y being arbitrary vector fields on M.

Let p: Y → M be a fibered manifold and denote by V Y the vertical tangent bundle. An affinor φ ∈ C^∞(T Y ⊗T^∗Y ) on Y is called vertical if φ ∈ C^∞(V Y ⊗T^∗Y ). Consider now the inclusion T^∗M ⊂ T^∗Y of cotangent bundles.

Definition. A vertical affinor φ ∈ C^∞(V Y ⊗ T^∗M) is called a soldering form.

Clearly, J^1Y → Y is an affine bundle, the associated vector bundle of which is V Y ⊗ T^∗M. In this way soldering forms on Y can be considered as “deformations” of connections on Y in the following sense: If Γ: Y → J^1Y is a connection and φ: Y → V Y ⊗ T^∗M a soldering form on Y , then their sum (Γ + φ) is a connection on Y . On the other hand, the difference of two connections on Y is a soldering form.

If we identify a connection Γ: Y → J^1Y with its horizontal projection T Y → T Y (denoted by the same symbol Γ), we obtain an affinor on Y . In this situation the Frölicher-Nijenhuis bracket turns out to be a very powerful tool in the theory of connections. For example, by [3], the curvature of Γ is given by

(4) CΓ = 1 2 [Γ, Γ]

and the Bianchi identity can be simply expressed in the form [Γ, CΓ] = 0. Consider now a soldering form φ: Y → V Y ⊗ T^∗M (i.e. a deformation of Γ) and modify the curvature formula (4) by

(5) τ_φ := [Γ, φ].

By Mangiarotti and Modugno, [8], τ_φ : Y → V Y ⊗ ∧^2T^∗M is called a torsion of Γ with respect to the soldering form φ. By [8], τ_φ generalizes the classical concept of the torsion of a connection. Finally, the most general definition of a torsion was given by Kolář and Modugno, [2]. The main idea is to replace the soldering form φ in (5) by an arbitrary affinor on Y , which is canonical in the following sense:

Definition. A natural affinor on a natural bundle F over manifolds is a system of affinors Q_M : T F M → T F M for every m-manifold M satisfying T F f ∘ Q_M = Q_N ∘ T F f for every local diffeomorphism f : M → N.

Let F be a natural bundle on the category M f_m and Γ: F M → J^1(F M → M) be a connection on F M.

Definition. Let Q be a non identical natural affinor on F . The Frölicher- Nijenhuis bracket [Γ, Q] is called the (general) torsion of a connection Γ.

Clearly, [Γ, φ] ∈ C^∞(T Y ⊗ ∧^2T^∗Y ) and if Id: F M → F M is a trivial identical affinor, then we have [Γ, Id] = 0. For many particular cases of a natural bundle F we are able to determine all natural affinors on F and in this way all general torsions of a given connection Γ on F M. For example, any product preserving functor F on the category M f of all smooth manifolds and all smooth maps is a Weil functor of the form F = T^A, where A = F R is the corresponding Weil algebra, [3]. By Kolář and Modugno, [2], all natural affinors on F are parametrized by F R. An important example of a product preserving functor is the functor T^r_k of k-dimensional velocities of order r, which is defined by

T^r_k M = J^r_0 (R^k , M), T^r_k f(j^r_0 g) = j^r_0 (f ∘ g)

for an arbitrary smooth manifold M and a smooth map f : M → N. On the basis of the complete list of all natural affinors on product preserving bundles, Kolář and Modugno have described all general torsions of connections on the bundles T M, T^1_k M, T^2_1 M and on the frame bundle P M, [2]. The same authors have also computed general torsions on the cotangent bundle.

From (3) it follows that the Frölicher-Nijenhuis bracket of a connection Γ: Y → J^1Y and a soldering form φ: Y → V Y ⊗ T^∗M is of the form

(6) [Γ, φ](U, V ) = 1 2 � [ΓU, V ] − [ΓV, φU] − φ[U, V ] �

for every two vector fields U, V on M. Denoting by (x^i, y^p) the local fibered coordinates on Y , the equations of a connection Γ: Y → J^1Y are

dy^p = F^p_i (x, y) dx^i

so that the corresponding horizontal projection Γ: T Y → T Y is of the form (dx^i, dy^p) → (dx^i, F^p_i dx^i), i.e.

δ^i_j ∂ ∂x^i

⊗ dx^j + F^p_i ∂ ∂y^p

⊗ dx^i.

Further, if φ^p_i (x, y) ∂ ∂y^p

⊗ dx^i

is the coordinate expression of a soldering form φ ∈ C^∞(V Y ⊗ T^∗M), then (6) is of the form (7) � ∂φ^p_j ∂x^i

+ F^q_i

∂φ^p_j ∂y^q

− φ^q_j

∂F^p_i ∂y^q � ∂ ∂y^p

⊗ (dx^i ∧ dx^j ).

3. Natural affinors on higher order cotangent bundles

Let M be a smooth manifold. The space

T^{r∗}M = J^r(M, R)_0

is called the r-th order cotangent bundle. Every local diffeomorphism f : M → N extends to a vector bundle morphism T^{r∗}f : T^{r∗}M → T^{r∗}N, j^r_xφ → j^r_{f (x)}(φ ∘ f^{−1}), where f^{−1} is constructed locally. Then T^{r∗} is a vector bundle functor defined on the category M f_m. Clearly, the functor T^{r∗} does not preserve products and for r = 1 we obtain the classical cotangent functor T^∗. Denoting by (x^i) some local coordinates on M, the induced coordinates (u_i, u_{ij} , . . . , u_{i1...ir} ) on T^{r∗}M (symmetric in all indices) are given by

u_i(j^r_xf) = ∂f ∂x^i � � � x , u_{ij} (j^r_xf) =

∂^2f ∂x^i∂x^j � � � x , u_{i1...ir} (j^r_xf) =

∂^rf ∂x^{i1} . . . ∂x^{ir} � � � x . Denote by π_M : T^{r∗}M → M and p_M : T M → M the bundle projections and q_M : T^{r∗}M → T^∗M the projection given by q_M (j^r_xf) = j^1_xf. Let λ_M : T T^{r∗}M → R be the generalized Liouville form on T^{r∗}M defined by

λ_M (X) = ⟨q_M (p_T r∗_M (X)), T π_M (X)⟩

and A^r_s : T^{r∗}M → T^{r∗}M be the s-th power natural transformation of T^{r∗}M into itself defined by A^r_s(j^r_xf) = j^r_x(f)^s, where (f)^s denote the s-th power of f. Since π_M : T^{r∗}M → M is a vector bundle, the vertical tangent bundle V T^{r∗}M can be identified with the Whitney sum T^{r∗}M ⊕ T^{r∗}M. Taking into account this identification, we can define natural affinors Q^s_M : T T^{r∗}M → V T^{r∗}M by

(8) Q^s_M (X) = (p_T r∗_M (X), λ_M (X)A^r_s(p_T r∗_M (X))).

In coordinates,

Q^s_M = u_{i1...is} u_j ∂ ∂u_{i1...is}

⊗ dx^j (9) + (s + 1)! (s − 1)! 2!

u_{(i1} . . . u_{is−1} u_{isis+1)}u_j ∂ ∂u_{i1...is+1}

⊗ dx^j + . . . + r! (s − 1)! (r − s + 1)!

u_{(i1} . . . u_{is−1} u_{is...ir )}u_j ∂ ∂u_{i1...ir}

⊗ dx^j

where (i_1 . . . i_r) denote the symmetrization. The second author has proved, [4]:

Lemma 1. All natural affinors on the r-th order cotangent bundle T^{r∗}M are of the form (10) k_0 Id +k_1Q^1_M + . . . + k_rQ^r_M with any real parameters k_0, k_1, . . . k_r.

Obviously, all nontrivial natural affinors on T^{r∗}M are vertical and we have Q^i_M ∈ C^∞(V T^{r∗}M ⊗ T^∗M), i.e. all Q^i_M are even soldering forms, i = 1, . . . , r. The second author has also described all natural transformations of T^{r∗} into itself, [5].

Lemma 2. All natural transformations T^{r∗} → T^{r∗} are of the form (11) k_1A^r_1 + . . . + k_rA^r with any real parameters k_1, . . . , k_r.

4. Vertical prolongation of connections on vector bundles We first recall the concept of the vertical prolongation of a connection, see [3].

Let Γ: Y → J^1Y be a connection on a fibered manifold p: Y → M. Applying the vertical tangent functor V , we obtain a map V Γ: V Y → V J^1Y . Let i_Y : V J^1Y → J^1V Y be the canonical exchange isomorphism, [3]. Then the composition V Γ := i_Y ∘ V Γ: V Y → J^1V Y is a connection on V Y → M. Denote by (x^i, y^p, η^p = dy^p) the canonical coordinates on V Y . If dy^p = F^p_i (x, y)dx^i is the coordinate form of Γ, then the vertical prolongation V Γ has equations

dy^p = F^p_i (x, y)dx^i,

dη^p =

∂F^p_i (x, y) ∂y^q η^q dx^i.

Now let p: E → M be a vector bundle. Then J^1E → M is a vector bundle too and we have the canonical identifications V E ∼= E ⊕_M E and V J^1E ∼= J^1E ⊕_M J^1E. Using the exchange isomorphism i_E : V J^1E → J^1V E we obtain an identification

α_E : J^1V E ∼= J^1E ⊕_M J^1E.

Consider the classical Liouville vector field

L_E : E → V E ⊂ T E

which is generated by the one-parameter group of homotheties of the vector bundle E, in coordinates L_E = y^{p ∂}_{∂yp} . If Γ: E → J^1E is a connection on E (not necessarily linear), then the composition

(12) Γ := pr_2 ∘ α_E ∘ V Γ ∘ L_E : E → J^1E

is a section of J^1E. Clearly, Γ is a connection on E → M with the coordinate expression

dy^p =

∂F^p_i (x, y) ∂y^q y^q dx^i.

We have

Proposition 1. Γ = Γ if and only if the connection Γ is linear.

Proof. Linearity of Γ means F^p_i (x, y) = F^p_{ir} (x)y^r. On the other hand, Γ = Γ iff F^p_i (x, y) =^{∂F pi (x,y)}_{∂yq} y^q. □

One verifies directly

Proposition 2. Let Γ be a connection on the vector bundle E → M. Then the vertical prolongation V Γ: V E → J^1V E is of the form

V Γ = (Γ × Γ): E ⊕_M E ∼= V E → J^1V E ∼= J^1E ⊕_M J^1E.

Suppose now that E = F M, where F is a natural vector bundle functor. To construct the connection Γ, we have used the Liouville vector field L_{F M} : F M → V F M. This vector field is canonical (more precisely natural) in the following sense:

Definition. A natural vector field ξ on F is a system of vector fields ξ_M : F M → T F M for every m-manifold M satisfying T F f ∘ ξ_M = ξ_N ∘ F f for all local diffeomorphisms f : M → N.

Roughly speaking, natural vector fields on F can be interpreted as absolute (or constant) natural operators transforming vector fields on M into vector fields on F M, [3]. By [3], every natural vector field on F M is vertical.

Example. Let Φ(t) be a smooth one-parameter family of natural transformations F → F , where smoothness means that the map (Φ(t))_M : R×F M → F M is smooth for every manifold M. Then the formula ξ_M =^∂_{∂t} � �_0(Φ(t))_M defines a natural vector field ξ_M : F M → V F M.

If we replace the Liouville vector field L_{F M} in (12) by an arbitrary natural vector field L: F M → V F M, we obtain

Proposition 3. Let Γ: F M → J^1F M be a connection on a natural vector bundle F . Then every natural vector field L: F M → V F M induces a connection Γ_L : F M → J^1F M by

(13) Γ_L = pr_2 ∘ α_{F M} ∘ V Γ ∘ L.

If L is the Liouville vector field L_{F M} , then Γ_L = Γ.

Let Γ: E → J^1E be a connection on the vector bundle E → M and f : E → E be a vector bundle morphism over the identity of M. In the rest of this section we describe the construction of a connection on E by means of the vector bundle morphism f. Denoting by Id_E : E → E the identity morphism, the difference (Id_E − f): E → E is also a vector bundle morphism over id_M . Using the inclusion E ⊂ J^1E we obtain a vector bundle morphism

~f := (Id_E − f): E → J^1E over the identity of M. On the other hand, the composition

g := J^1f ∘ Γ: E → J^1E

is another vector bundle morphism over the identity of M. Then the sum of ~f and g on the vector bundle structure J^1E is a section of J^1E,

(14) Γ_f := ( ~f + g): E → J^1E.

Clearly, Γ_f is a connection on E and for f = Id_E we have Γ_{IdE} = Γ.

5. The torsion on the cotangent bundle

By Lemma 1, we have one nontrivial affinor Q^1_M : T T^∗M → V T^∗M on the cotangent bundle, Q^1_M (dx^i, du_i) = (0, u_iu_kdx^k). If

du_i = Γ_{i,l}(x, u)dx^l

are equations of a connection Γ on T^∗M, then by (7) the torsion τ := [Γ, Q^1_M ]: T^∗M → V T^∗M ⊗ ∧^2T^∗M is of the form τ = � Γ_{k,i}u_j + Γ_{j,i}u_k −

∂Γ_{k,i} ∂u_m u_mu_j � ∂ ∂u_k

⊗ (dx^i ∧ dx^j ).

Write

τ^L = Γ_{j,i}(dx^i ∧ dx^j ) ⊗ � u_k ∂ ∂u_k � , τ^∗ = � Γ_{k,i} −

∂Γ_{k,i} ∂u_m u_m � u_j ∂ ∂u_k

⊗ (dx^i ∧ dx^j ).

Then we have

Proposition 4. The torsion on the cotangent bundle T^∗M is of the form

τ = τ^L + τ^∗.

Further, τ^∗ = 0 if and only if the connection Γ is linear.

Proof. If Γ is a linear connection, then Γ_{k,i}(x, u) = Γ^r_{k,i}(x)u_r which yields τ^∗ = 0. On the other hand, if τ^∗ = 0, then we obtain the differential equation Γ_{k,i} =^{∂Γk,i}_{∂um} u_m. Clearly, the differential equation y = y^′ · x has the general solution y = cx, i.e. Γ_{k,i}(x, u) = Γ^r_{k,i}(x)u_r. □

In other words, a connection Γ on T^∗M is linear if and only if τ = τ^L. In the rest of this section we describe the geometrical construction of τ^L and τ^∗. We remark that the construction of the “linear” term τ^L was given also by Kolář and Modugno in [2].

I. The construction of τ^L. By the theory of sesquiholonomic 2-jets, there is a natural map σ : J^1T^∗M → ∧^2T^∗M

which is called the formal exterior differential, [7]. Denoting by (x^i, u_i, u_{i,j} ) the local coordinates on J^1T^∗M, the coordinate form of σ is u_{i,j} (dx^i ∧ dx^j ). Then the composition σ ∘ Γ: T^∗M → ∧^2T^∗M has the coordinate form

Γ_{i,j} (dx^i ∧ dx^j )

and τ^L : T^∗M → V T^∗M ⊗ ∧^2T^∗M is of the form

τ^L(u) = (σ ∘ Γ)(u) ⊗ L(u)

where L: T^∗M → V T^∗M is the classical Liouville vector field on T^∗M.

Remark. By Proposition 4, the torsion of every connection on the cotangent bundle can be written in the form τ = τ^L + τ^∗. Using such a point of view, the “linear” part τ^L can be considered as the interpretation of the classical formula (2) for arbitrary connections.

II. The construction of τ^∗. Let L be the classical Liouville vector field on T^∗M and denote by Γ_L the induced connection (13) from Proposition 3, where we put F = T^∗. Then the equations of Γ_L : T^∗M → J^1T^∗M are

du_i =

∂Γ_{i,k} ∂u_m u_mdx^k .

Since J^1T^∗M → T^∗M is an affine bundle with the associated vector bundle V T^∗M ⊗ T^∗M, the difference of two connections Γ and Γ_L on T^∗M is a section of V T^∗M ⊗ T^∗M, in coordinates � Γ_{k,i} −

∂Γ_{k,i} ∂u_m u_m � ∂ ∂u_k

⊗ dx^i.

Multiplying by the Liouville one-form (u_j dx^j ) and then using the antisymmetrization T^∗M ⊗ T^∗M → ∧^2T^∗M, we obtain τ^∗.

6. The first torsion on the r-th order cotangent bundle

A connection Γ on T^{r∗}M has equations

(15) du_i = Γ_{i,l}(x, u)dx^l, du_{ij} = Γ_{ij,l}(x, u)dx^l, . . . , du_{i1...ir} = Γ_{i1 ...ir ,l}(x, u)dx^l

and the first natural affinor Q^1_M : T T^{r∗}M → V T^{r∗}M is of the form

Q^1_M (dx^i, du_i, du_{ij} , . . . , du_{i1...ir} ) = (0, u_iu_pdx^p, u_{ij} u_pdx^p, . . . u_{i1 ...ir} u_pdx^p),

see (8) and (9). In this section we show that the first torsion

τ_1 := [Γ, Q^1_M ]: T^{r∗}M → V T^{r∗}M ⊗ ∧^2T^∗M

has quite similar properties and interpretation as the torsion τ on the cotangent bundle. Write

τ^L_1 = Γ_{j,i}(dx^i ∧ dx^j ) ⊗ � u_k ∂ ∂u_k

+ u_{kl} ∂ ∂u_{kl}

+ . . . + u_{k1...kr} ∂ ∂u_{k1...kr} � , (16)

τ^∗_1 = � Γ_{k,i} −

∂Γ_{k,i} ∂u_m u_m − . . . −

∂Γ_{k,i} ∂u_{m1...mr} u_{m1...mr} � u_j × ∂ ∂u_k

⊗ (dx^i ∧ dx^j ) + � Γ_{kl,i} −

∂Γ_{kl,i} ∂u_m u_m − . . . −

∂Γ_{kl,i} ∂u_{m1...mr} u_{m1...mr} � u_j ∂ ∂u_{kl}

⊗ (dx^i ∧ dx^j ) . . + � Γ_{k1...kr ,i} −

∂Γ_{k1...kr ,i} ∂u_m u_m − . . . −

∂Γ_{k1...kr ,i} ∂u_{m1...mr} u_{m1...mr} � u_j × ∂ ∂u_{k1...kr}

⊗ (dx^i ∧ dx^j ).

We prove

Proposition 5. The first torsion τ_1 on T^{r∗}M is of the form

(17) τ_1 = τ^L_1 + τ^∗_1 .

Further, τ^∗_1 = 0 if and only if the connection Γ is linear.

Proof. Formula (17) follows from (7) by a direct computation. If Γ is linear, then Γ_{k,i} = Γ^m_{k,i}u_m + Γ^{mn}_{k,i} u_{mn} + . . . + Γ^{m1...mr}_{k,i} u_{m1...mr} so that the first term of τ^∗_1 vanishes. Quite analogously we show that all the remaining terms of τ^∗_1 are zero. On the other hand, if τ^∗_1 = 0, then all the terms of τ^∗_1 vanish. In this case we obtain a partial differential equation f(x, u_1, . . . , u_r) =^{∂f}_{∂u1} u_1 + . . . + ∂f ∂u_r ur, whose solution is of the form f =

~f_1(x)u_1 + . . . + ~f_r(x)u_r. □

I. The geometrical construction of τ^L_1 . Denote by L: T^{r∗}M → V T^{r∗}M the Liouville vector field. Using the formal exterior differential σ : J^1T^∗M → ∧^2T^∗M and the projection q_M : T^{r∗}M → T^∗M we obtain a map ~σ := σ ∘ J^1q_M : J^1T^{r∗}M → ∧^2T^∗M with the coordinate form u_{i,j} (dx^i ∧ dx^j ). Then τ^L_1 is of the form

(18) τ^L_1 (u) = (~σ ∘ Γ)(u) ⊗ L(u).

II. The construction of τ^∗_1 . Let L be the Liouville vector field on T^{r∗}M, F = T^{r∗} and Γ_L be the connection (13) from Proposition 3. Taking into account that J^1T^{r∗}M → T^{r∗}M is an affine bundle with the corresponding associated vector bundle V T^{r∗}M ⊗T^∗M, the difference of connections Γ and Γ_L on T^{r∗}M is the section of the associated vector bundle. Using multiplication by the Liouville form (u_j dx^j ) and then the antisymmetrization ⊗^2T^∗M → ∧^2T^∗M, we obtain τ^∗_1 .

7. Torsions on the r-th order cotangent bundle

Let Γ be a connection (15) on T^{r∗}M. By Lemma 1, all natural affinors on T^{r∗}M are linearly generated by the identity affinor and by nontrivial affinors Q^1_M , . . . , Q^r_M . In this way we have the list of r torsions on T^{r∗}M,

τ_s := [Γ, Q^s_M ] ∈ C^∞(V T^{r∗}M ⊗ ∧^2T^∗M), s = 1, . . . , r.

We show that analogously to Proposition 5, each such torsion can be expressed in the form τ_s = τ^{Ls}_s + τ^∗_s .

We first construct the terms τ^{Ls}_s . Let A^r_s : T^{r∗}M → T^{r∗}M be the s-th power natural transformation from Lemma 2. Multiplying by a real number t, we obtain a smooth one-parameter family of natural transformations. Denote by

L_s : T^{r∗}M → V T^{r∗}M

the natural vector field generated by this smooth one-parameter family, see Example. Then L_1 is the classical Liouville vector field. The vector field L_s can be also defined as a map T^{r∗}M → T^{r∗}M ⊕ T^{r∗}M ∼= V T^{r∗}M of the form u → (u, A^r_s(u)). In coordinates,

L_s = u_{i1} . . . u_{is} ∂ ∂u_{i1...is}

+ . . . + r! (s − 1)! (r − s + 1)!

u_{(i1} . . . u_{is−1} u_{is...ir )} ∂ ∂u_{i1 ...ir} .

Now it suffices to modify (18) by

(19) τ^{Ls}_s (u) = (~σ ∘ Γ)(u) ⊗ L_s(u), s = 1, . . . , r.

In coordinates, τ^{Ls}_s = Γ_{i,j} (dx^i ∧ dx^j ) ⊗ L_s.

It remains to construct τ^∗_s . Write f_s := A^r_s : T^{r∗}M → T^{r∗}M for the s-th power natural transformation. Let Γ_{fs} be the connection on T^{r∗}M defined by (14) by means of the vector bundle morphism f = f_s. Since f_1 = id_T r∗_M , we have Γ_{f1} = Γ. Further, let Γ_{Ls} be the connection (13) from Proposition 3 corresponding to the natural vector field L_s on T^{r∗}M. Then the difference of connections Γ_{fs} and Γ_{Ls} is a section t: T^{r∗}M → V T^{r∗}M ⊗ T^∗M of the associated vector bundle. Multiplication by the Liouville one-form (u_j dx^j ) yields an element of (V T^{r∗}M ⊗ T^∗M) ⊗ T^∗M. Finally, using antisymmetrization ⊗^2T^∗M → ∧^2T^∗M we obtain τ_s : T^{r∗}M → V T^{r∗}M ⊗ ∧^2T^∗M. In what follows we shall need only the coordinate form of τ^∗_r ,

τ^∗_r = � − ∂Γ_{k,i} ∂u_{m1...mr} u_{m1} . . . u_{mr} � u_j ∂ ∂u_k

⊗ (dx^i ∧ dx^j ) + . . .

(20) + � − ∂Γ_{k1...kr−1 ,i} ∂u_{m1...mr} u_{m1} . . . u_{mr} � u_j ∂ ∂u_{k1...kr−1}

⊗ (dx^i ∧ dx^j ) + � Γ_{l,i}δ^l_{(k1} u_{k2} . . . u_{kr )} −

∂Γ_{k1...kr ,i} ∂u_{m1...mr} u_{m1} . . . u_{mr} � u_j × ∂ ∂u_{k1...kr}

⊗ (dx^i ∧ dx^j ).

Using (7), (9) and (15) we prove by a direct evaluation

Proposition 6. All torsions of a connection on T^{r∗}M are of the form

τ_s = τ^{Ls}_s + τ^∗_s , s = 1, . . . , r.

By Proposition 5, τ^∗_1 = 0 if and only if the connection Γ is linear. We show that the vanishing of τ^∗_r expresses the projectability of Γ in the following sense:

Definition. We say that a connection Γ on T^{r∗}M is projectable if there is a connection Δ on T^{(r−1)∗}M such that

J^1π^{r,r−1}_M ∘ Γ = Δ ∘ π^{r,r−1}_M ,

where π^{r,r−1}_M : T^{r∗}M → T^{(r−1)∗}M is the bundle projection.

Proposition 7. If τ^∗_r = 0, then the connection Γ is projectable.

Proof. By (20), if τ^∗_r = 0, then the first (r − 1) components of Γ in the coordinate expression (15) are independent of u_{m1...mr} . □

References

[1] M. Doupovec and J. Kurek: Some geometrical constructions with (0, 2)-tensor fields on higher order cotangent bundles. Annales UMCS 50 (1996), 43–50.

[2] I. Kolář and M. Modugno: Torsions of connections on some natural bundles. Diff. Geom.

Appl. 2 (1992), 1–16.

[3] I. Kolář, P. W. Michor and J. Slovák: Natural Operations in Differential Geometry.

Springer-Verlag, 1993.

[4] J. Kurek: Natural affinors on higher order cotangent bundle. Arch. Math. (Brno) 28 (1992), 175–180.

[5] J. Kurek: Natural transformations of higher order cotangent bundle functors. Ann.

Polon. Math. 58 (1993), 29–35.

[6] M. Kureš: Torsions of connections on tangent bundles of higher order. Supplemento ai Rendiconti del Circolo Matematico di Palermo, Serie II 54 (1998), 65–73.

[7] L. Mangiarotti and M. Modugno: Fibered spaces, jet spaces and connections for field theories. Proc. of Internat. Meet. Geometry and Physics, Florence 1982. Pitagora Editrice, Bologna, 1983, pp. 135–165.

[8] L. Mangiarotti and M. Modugno: Connections and differential calculus on fibred manifolds. Applications to field theory. Florence Univ., Dept. of Appl. Math. (1989). Preprint.

[10] A. J. A. Morgan: Higher order tensors. SIAM J. Appl. Math. 30 (1976), 355–380. [9] W. M. Mikulski: The natural affinors on generalized hogher order tangent bundles. Rend.

Mat. Appl. 21 (2001), 339–349.

Authors’ addresses: M. Doupovec, Department of Mathematics, FSI VUT Brno, Technická 2, 616 69 Brno, Czech Republic, e-mail: doupovec@um.fme.vutbr.cz; J. Kurek, Institute of Mathematics, Maria Curie-Skłodowska University, Plac Marii Curie-Skłodowskej 1, 20-031 Lublin, Poland, e-mail: kurek@golem.umcs.pl.