Czechoslovak Mathematical Journal, 49 (124) (1999), 767–777

COMPLETELY GENERALIZED NONLINEAR VARIATIONAL INCLUSIONS FOR FUZZY MAPPINGS

Nan-jing Huang, Chengdu

(Received October 3, 1996)

Abstract. In this paper, we introduce and study a new class of completely generalized nonlinear variational inclusions for fuzzy mappings and construct some new iterative algorithms. We prove the existence of solutions for this kind of completely generalized nonlinear variational inclusions and the convergence of iterative sequences generated by the algorithms.

MSC 2000 : 47H04, 47S40, 49J40

Keywords: variational inclusion, fuzzy mapping, algorithm, existence, convergence

1. Introduction

Variational inequalities, introduced and studied by Hartman and Stampacchia [12] in the early sixties, are very powerful tools of the current mathematical technology. These inequalities have been extended and generalized to study a wide class of problems arising in mechanics, physics, optimization and control, operations research, nonlinear programming, economics and transportation equilibrium and engineering sciences etc. Quasivariational inequalities are generalized forms of variational inequalities in which the constraint set depends on the solution. They were introduced and studied by Bensoussan, Goursat and Lions [3] in 1973. For further details we refer to [1, 2, 4, 5, 21].

In 1991, Chang and Huang [7, 8] introduced and studied a new class of complementarity problems and variational inequalities for set-valued mappings with compact values in Hilbert spaces. In 1994, Hassouni and Moudafi [13] studied a new class of variational inclusions, which included many variational and quasivariational inequalities considered by Noor [23–25], Isac [18], Siddiqi and Ansari [28, 29] as special cases. In 1996, the author [14] introduced and studied a new class of set-valued nonlinear generalized variational inclusions, which have improved and extended many results in recent years.

On the other hand, Chang and Zhu [11] were the first to introduce and study a class of variational inequalities for fuzzy mappings in 1989. Recently, several kinds of variational inequalities and complementarity problems for fuzzy mappings were considered and studied by Chang [6], Chang and Huang [9, 10], Huang [15, 16], Noor [26] and Lee et al. [19, 20]. These papers may lead to new and significant results in these areas [27].

Inspired and motivated by the recent research papers going on in this filed, in this paper we introduce and study a new class of completely generalized nonlinear variational inclusions for fuzzy mappings which include many known classes as special cases. We also construct some new iterative algorithms, and discuss the existence of solutions for this class of completely generalized nonlinear variational inclusions and the convergence of iterative sequences generated by these algorithms. Our results extend and improve some known results in this field.

2. Preliminaries

Let H be a real Hilbert space endowed with a norm ‖ · ‖ and inner product ⟨·, ·⟩. Let F (H) be a collection of all fuzzy sets on H. A mapping F from H into F (H) is called a fuzzy mapping on H. If F is a fuzzy mapping on H, then F (x)(we denote it by F_x in the sequel) is a fuzzy set on H and F_x(y) is the membership function of y in F_x.

Let M ∈ F (H), q ∈ [0, 1]. Then the set

(M)_q = {x ∈ H : M(x) � q}

is called a q−cut set of M.

Let T, A: H → F (H) be two fuzzy mappings satisfying the following condition (I):

(I) There exist two mappings a, b: H → [0, 1] such that for all x ∈ H, we have (T_x)_{a(x)} ∈ CB(H) and (A_x)_{b(x)} ∈ CB(H), where CB(H) denotes the family of all nonempty bounded closed subsets of H.

By using the fuzzy mappings T and A, we can define two set-valued mappings ~T and ~A as follows:

~T : H → CB(H), x −→ (T_x)_{a(x)}, ~A: H → CB(H), x −→ (A_x)_{b(x)}.

In the sequel, ~T and ~A are called the set-valued mappings induced by the fuzzy mappings T and A, respectively.

Given mappings a, b: H → [0, 1], fuzzy mappings T, A: H → F (H), single-valued mappings f, p: H → H, and a set-valued mapping g : H → 2^H with Im g ⋂ dom(∂φ) ≠ ∅ (where 2^H denotes the family of all nonempty subsets of H), we consider the following problem:

Find u, w, y, z ∈ H such that

(2.1) { T_u(w) � a(u), A_u(y) � b(u), z ∈ g(u) ⋂ dom(∂φ), ⟨f(w) − p(y), v − z⟩ � φ(z) − φ(v), ∀v ∈ H,

where ∂φ denotes the subdifferential of a proper, convex and lower semicontinuous function φ: H → R ∪ {+∞}. This problem is called a completely generalized nonlinear variational inclusion for a fuzzy mapping.

If g : H → H is a single-valued mapping, then the problem (2.1) is equivalent to finding u, w, y ∈ H such that

(2.2) { T_u(w) � a(u), A_u(y) � b(u), g(u) ⋂ dom(∂φ) ≠ ∅, ⟨f(w) − p(y), v − g(u)⟩ � φ(g(u)) − φ(v), ∀v ∈ H,

which is called a generalized nonlinear variational inclusion for a fuzzy mapping.

As examples, we now consider some particular variational inclusions for fuzzy mappings.

Example 1. If F, G, g : H → 2^H are classical set-valued mappings, by using F and G, we can define two fuzzy mappings:

T : H → F (H), x −→ χ_{F (x)}, A: H → F (H), x −→ χ_{G(x)},

where χ_{F (x)} and χ_{G(x)} are the characteristic functions of the set F (x) and G(x), respectively. Taking a(x) = 1, b(x) = 1 for all x ∈ H, the problem (2.1) is equivalent to finding u, w, y, z ∈ H such that

(2.3) { w ∈ F u, y ∈ Gu, z ∈ g(u) ⋂ dom(∂φ), ⟨f(w) − p(y), v − z⟩ � φ(z) − φ(v), ∀v ∈ H,

which is called a completely generalized nonlinear variational inclusion for set-valued mappings.

Example 2. If F, G: H → 2^H are classical set-valued mappings and g : H → H is a single-valued mapping, by using F and G we define two fuzzy mappings T and A as in Example 1. Taking a(x) = 1, b(x) = 1 for all x ∈ H, the problem (2.1) is equivalent to finding u, w, y ∈ H, such that

(2.4) { w ∈ F u, y ∈ Gu, g(u) ⋂ dom(∂φ) ≠ ∅, ⟨f(w) − p(y), v − g(u)⟩ � φ(g(u)) − φ(v), ∀v ∈ H,

which is called a set-valued nonlinear generalized variational inclusion which was introduced and studied by Huang [14].

Remark 2.1. For appropriate and suitable choices of the mappings f, p, g, T , A and the functions a, b, φ, the variational inclusion (2.1) includes a number of known classes of variational inequalities and quasi-variational inequalities studied previously by many authors in [5, 7, 8, 10, 13, 14, 17, 18, 23–25, 28–30] as special cases.

3. Iterative Algorithms

First, let us prove the following lemma.

Lemma 3.1. u, w, y and z are a solution of problem (2.1) if and only if w ∈ ~T u, y ∈ ~Au and z ∈ g(u) such that

u = u − z + J^φ_α (z − α(f(w) − p(y))),

where α > 0 is a constant and J^φ_α = (I + α∂φ)^{−1} is the so-called proximal mapping on H.

Proof. From the definition of J^φ_α one has

z − α(f(w) − p(y)) ∈ z + α∂φ(z),

hence p(y) − f(w) ∈ ∂φ(z).

From the definition of ∂φ we have

φ(v) � φ(z) + ⟨p(y) − f(w), v − z⟩, ∀v ∈ H.

Thus u, w, y and z are a solution of problem (2.1).

Conversely, if u, w, y and z are a solution of problem (2.1), we know that w ∈ ~T u, y ∈ ~Au, z ∈ g(u) ⋂ dom(∂φ) and

φ(v) � φ(z) + ⟨p(y) − f(w), v − z⟩, ∀v ∈ H.

This implies p(y) − f(w) ∈ ∂φ(z) and z − α(f(w) − p(y)) ∈ z + α∂φ(z).

Therefore u = u − z + J^φ_α (z − α(f(w) − p(y))).

This completes the proof. □ Based on Lemma 3.1, we construct our algorithms.

Suppose that T, A: H → F (H) satisfy the conditon (I) and g : H → CB(H). Let ~T , ~A: H → CB(H) be set-valued mappings induced by T, A, respectively. For a given u_0 ∈ H, let w_0 ∈ ~T u_0, y_0 ∈ ~Au_0, z_0 ∈ g(u_0) and

u_1 = u_0 − z_0 + J^φ_α (z_0 − α(f(w_0) − p(y_0))).

By [22] there exist w_1 ∈ ~T u_1, y_1 ∈ ~Au_1 and z_1 ∈ g(u_1) such that

‖w_1 − w_0‖ � (1 + 1) ^H( ~T u_1, ~T u_0), ‖y_1 − y_0‖ � (1 + 1) ^H( ~Au_1, ~Au_0), ‖z_1 − z_0‖ � (1 + 1) ^H(g(u_1), g(u_0)),

where ^H is the Hausdorff metric on CB(H). By induction we can obtain our algorithm as follows.

Algorithm 3.1. Suppose that T, A: H → F (H) satisfy the conditon (I) and g : H → CB(H). Let ~T , ~A : H → CB(H) be set-valued mappings induced by T, A, respectively, and f, p: H → H. For a given u_0 ∈ H, we can get an algorithm for (2.1) as follows:

(3.1) u_{n+1} = u_n − z_n + J^φ_α (z_n − α(f(w_n) − p(y_n))), w_n ∈ ~T u_n, ‖w_{n+1} − w_n‖ � (1 + (1 + n)^{−1}) ^H( ~T u_{n+1}, ~T u_n), y_n ∈ ~Au_n, ‖y_{n+1} − y_n‖ � (1 + (1 + n)^{−1}) ^H( ~Au_{n+1}, ~Au_n), z_n ∈ g(u_n), ‖z_{n+1} − z_n‖ � (1 + (1 + n)^{−1}) ^H(g(u_{n+1}), g(u_n)), for n = 0, 1, 2, . . . .

Similarly, we have Algorithm 3.2. Suppose that T, A: H → F (H) satisfy the conditon (I). Let ~T , ~A: H → CB(H) be set-valued mappings induced by T, A, respectively, and f, p, g : H → H. For a given u_0 ∈ H, we can get an algorithm for (2.2) as follows:

u_{n+1} = u_n − g(u_n) + J^φ_α (g(u_n) − α(f(w_n) − p(y_n))), w_n ∈ ~T u_n, ‖w_{n+1} − w_n‖ � (1 + (1 + n)^{−1}) ^H( ~T u_{n+1}, ~T u_n), y_n ∈ ~Au_n ‖y_{n+1} − y_n‖ � (1 + (1 + n)^{−1}) ^H( ~Au_{n+1}, ~Au_n), for n = 0, 1, 2, . . . .

Algorithm 3.3. Let F, G, g : H → CB(H) be set-valued mappings and f, p: H → H. For a given u_0 ∈ H, we can get an algorithm for (2.3) as follows:

u_{n+1} = u_n − z_n + J^φ_α (z_n − α(f(w_n) − p(y_n))),

w_n ∈ F u_n, ‖w_{n+1} − w_n‖ � (1 + (1 + n)^{−1}) ^H(F u_{n+1}, F u_n), y_n ∈ Gu_n, ‖y_{n+1} − y_n‖ � (1 + (1 + n)^{−1}) ^H(Gu_{n+1}, Gu_n), z_n ∈ g(u_n), ‖z_{n+1} − z_n‖ � (1 + (1 + n)^{−1}) ^H(g(u_{n+1}), g(u_n)), for n = 0, 1, 2, . . . .

Remark 3.1. The algorithms 3.1–3.3 include several known algorithms of [5, 7, 8, 10, 13, 14, 18, 23–25, 28–30] as special cases.

4. Existence and Convergence Definition 4.1. A mapping g : H → H is said to be (i) strongly monotone if there exists δ > 0 such that

⟨g(u_1) − g(u_2), u_1 − u_2⟩ � δ‖u_1 − u_2‖^2, ∀u_i ∈ H, i = 1, 2; (ii) Lipschitz continuous if there exists σ > 0 such that ‖g(u_1) − g(u_2)‖ � σ‖u_1 − u_2‖, ∀u_i ∈ H, i = 1, 2.

Definition 4.2. A set-valued mapping T : H → 2^H is said to be (i) strongly monotone if there exists δ > 0 such that

⟨w_1 − w_2, u_1 − u_2⟩ � δ‖u_1 − u_2‖^2, ∀u_i ∈ H, w_i ∈ T u_i, i = 1, 2;

(ii) strongly monotone with respect to a mapping f : H → H if there exists β > 0 such that

⟨f(w_1) − f(w_2), u_1 − u_2⟩ � β‖u_1 − u_2‖^2, ∀u_i ∈ H, w_i ∈ T u_i, i = 1, 2;

(iii) ^H-Lipschitz continuous if there exists γ > 0 such that

^H(T u_1, T u_2) � γ‖u_1 − u_2‖, ∀u_i ∈ H, i = 1, 2.

Theorem 4.1. Let g : H → CB(H) be strongly monotone and ^H-Lipschitz continuous, f, p: H → H Lipschitz continuous, let T, A: H → F (H) be fuzzy mappings satisfying the condition (I). Let ~T , ~A: H → CB(H) be set-valued mappings induced by T, A, respectively, and let ~T , ~A be ^H-Lipschitz continuous and ~T strongly monotone with respect to f. If the following conditions hold: | | | |α − β + εμ(k − 1) η^2γ^2 − ε^2μ^2 | | | | < √ (β + (k − 1)εμ)^2 − (γ^2 − ε^2μ^2)k(2 − k) η^2γ^2 − ε^2μ^2 , (4.1)

β > (1 − k)εμ + √ (η^2γ^2 − ε^2μ^2)k(2 − k), ηγ > εμ,

(4.2) αμε < 1 − k, k = 2 √ 1 − 2δ + σ^2, k < 1,

(4.3)

where β and δ are constants of strong monotonicity of ~T and g, respectively, σ, γ and μ are ^H-Lipschitz constants of g, ~T and ~A, respectively, η and ε are the Lipschitz constants of f and p, respectively, then there exist u, w, y, z ∈ H such that (2.1) is satisfied. Moreover, u_n → u, w_n → w, y_n → y, z_n → z, n → ∞, where {u_n}, {w_n}, {y_n} and {z_n} are defined in Algorithm 3.1.

Proof. From (3.1) we have

‖u_{n+1} − u_n‖ = ‖u_n − u_{n−1} − (z_n − z_{n−1}) + J^φ_α (h(u_n)) − J^φ_α (h(u_{n−1}))‖,

where h(u_n) = z_n − α(f(w_n) − p(y_n)). Also we have

‖J^φ_α (h(u_n)) − J^φ_α (h(u_{n−1}))‖ � ‖h(u_n) − h(u_{n−1})‖ � ‖u_n − u_{n−1} − α(f(w_n) − f(w_{n−1}))‖ + ‖u_n − u_{n−1} − (z_n − z_{n−1})‖ + α‖p(y_n) − p(y_{n−1})‖.

That is,

‖u_{n+1} − u_n‖ � 2‖u_n − u_{n−1} − (z_n − z_{n−1})‖

(4.4) + ‖u_n − u_{n−1} − α(f(w_n) − f(w_{n−1}))‖ + α‖p(y_n) − p(y_{n−1})‖.

By ^H-Lipschitz continuity and strong monotonicity of g we obtain

(4.5) ‖u_n − u_{n−1} − (z_n − z_{n−1})‖^2 � (1 − 2δ + (1 + n^{−1})^2σ^2)‖u_n − u_{n−1}‖^2.

Also from ^H-Lipschitz continuity and strong monotonicity of ~T with respect to f, and Lipschitz continuity of f, we have (4.6) ‖u_n − u_{n−1} − α(f(w_n) − f(w_{n−1}))‖^2 � (1 − 2βα + α^2η^2(1 + n^{−1})^2γ^2)‖u_n − u_{n−1}‖^2.

By ^H-Lipschitz continuity of ~A, Lipschitz continuity of p and (3.1), we know

(4.7) α‖p(y_n) − p(y_{n−1})‖ � αε(1 + n^{−1})μ‖u_n − u_{n−1}‖.

So by combining (4.4)–(4.7), we have

‖u_{n+1} − u_n‖ � θ_n‖u_n − u_{n−1}‖,

where

θ_n := 2 √ 1 − 2δ + (1 + n^{−1})^2σ^2 + √ 1 − 2βα + α^2η^2(1 + n^{−1})^2γ^2 + αε(1 + n^{−1})μ.

Letting θ := 2 √ 1 − 2δ + σ^2 + √ 1 − 2βα + α^2η^2γ^2 + αεμ, we know that θ_n ↘ θ. It follows from (4.1)–(4.3) that θ < 1. Hence θ_n < 1, for n sufficiently large. Therefore {u_n} is a Cauchy sequence and we can suppose that u_n → u ∈ H.

Now we prove that w_n → w ∈ ~T u, y_n → y ∈ ~Au, z_n → z ∈ g(u). In fact, it follows from Algorithm 3.1 that

‖w_n − w_{n−1}‖ � (1 + n^{−1})γ‖u_n − u_{n−1}‖, ‖y_n − y_{n−1}‖ � (1 + n^{−1})μ‖u_n − u_{n−1}‖, ‖z_n − z_{n−1}‖ � (1 + n^{−1})σ‖u_n − u_{n−1}‖,

i.e. {w_n}, {y_n} and {z_n} are Cauchy sequences. Let w_n → w, y_n → y and z_n → z. Further we have

ϱ(w, ~T u) = inf{‖w − z‖: z ∈ ~T u} � ‖w − w_n‖ + ϱ(w_n, ~T u) � ‖w − w_n‖ + ^H( ~T u_n, ~T u) � ‖w − w_n‖ + γ‖u_n − u‖ → 0.

Hence, w ∈ ~T u. Similarly, y ∈ ~Au and z ∈ g(u). This completes the proof. □

Remark 4.1. (i) If we replace the conditions (4.1)–(4.3) by

θ = 2 √ 1 − 2δ + σ^2 + √ 1 − 2βα + α^2η^2γ^2 + αεμ < 1,

the conclusions of Theorem 4.1 are still true.

(ii) For an appropriate and suitable choice of the constants α, β, γ, η, μ, σ, δ, ε, the conditions (4.1)–(4.3) in Theorem 4.1 can be satisfied.

From Theorem 4.1 we can get the following results.

Theorem 4.2. Let g : H → H be strongly monotone and Lipschitz continuous, f, p: H → H Lipschitz continuous, let T, A: H → F (H) be fuzzy mappings satisfying the condition (I). Let ~T , ~A : H → CB(H) be set-valued mappings induced by T , A, respectively, and let ~T , ~A be ^H-Lipschitz continuous and ~T strongly monotone with respect to f. If the conditions (4.1)–(4.3) of Theorem 4.1 hold, where β and δ are constants of strong monotonicity of ~T and g, respectively, γ and μ are ^H- Lipschitz constants of ~T and ~A, respectively, σ, η and ε are the Lipschitz constants of g, f and p, respectively, then there exist u, w, y ∈ H such that (2.2) is satisfied. Moreover, u_n → u, w_n → w, y_n → y, n → ∞, where {u_n}, {w_n} and {y_n} are defined in Algorithm 3.2.

Theorem 4.3. Let g : H → CB(H) be strongly monotone and ^H-Lipschitz continuous, f, p: H → H Lipschitz continuous, let F, G: H → CB(H) be ^H-Lipschitz continuous and F strongly monotone with respect to f. If the conditions (4.1)–(4.3) of Theorem 4.1 hold, where β and δ are constants of strong monotonicity of F and g, respectively, σ, γ and μ are ^H-Lipschitz constants of g, F and G, respectively, η and ε are the Lipschitz constants of f and p, respectively, then there exist u, w, y, z ∈ H such that (2.3) is satisfied. Moreover, u_n → u, w_n → w, y_n → y, z_n → z, n → ∞, where {u_n}, {w_n}, {y_n} and {z_n} are defined in Algorithm 3.3.

Remark 4.2. Theorems 4.1–4.3 include some known results of [5, 7, 8, 10, 14, 18, 23–25, 29–30] as special cases.

Acknowledgement. I would like to express my thanks to the referees for their helpful suggestions.

References

[1] C. Baiocchi and A. Capelo: Variational and Quasivariational Inequalities, Application to Free Boundary Problems. Wiley, New York, 1984.

[2] A. Bensoussan: Stochastic Control by Functional Analysis Method. North-Holland, Amsterdam, 1982.

[3] A. Bensoussan, M. Goursat and J. L. Lions: Control impulsinnel et inequations quasivariationalles stationaries. C. R. Acad. Sci. 276 (1973), 1279–1284.

[4] A. Bensoussan and J. L. Lions: Impulse Control and Quasivariational Inequalities.

Gauthiers-Villers, Bordas, Paris, 1984.

[5] Shih-sen Chang: Variational Inequalities and Complementarity Problems, Theory with Applications. Shanghai Scientific and Tech. Literature Publishing House, Shanghai, 1991.

[6] Shih-sen Chang: Coincidence theorems and variational inequalities for fuzzy mappings.

Fuzzy sets and Systems 61 (1994), 359–368.

[7] Shih-sen Chang and Nan-jing Huang: Generalized strongly nonlinear quasi-complement-arity problems in Hilbert spaces. J. Math. Anal. Appl 158 (1991), 194–202.

[8] Shih-sen Chang and Nan-jing Huang: Generalized multivalued implicit complementarity problems in Hilbert spaces. Math. Japonica 36 (1991), 1093–1100.

[9] Shih-sen Chang and Nan-jing Huang: Generalized complementarity problems for fuzzy mappings. Fuzzy sets and Systems 55 (1993), 227–234.

[10] Shih-sen Chang and Nan-jing Huang: Generalized quasi-complementarity problems for a pair of fuzzy mappings. J. Fuzzy Math. 4 (1996), 343–354.

[11] Shih-sen Chang and Yuanguo Zhu: On variational inequalities for fuzzy mappings. Fuzzy sets and Systems 32 (1989), 359–367.

[12] P. Hartman and G. Stampacchia: On some nonlinear elliptic differential functional equations. Acta. Math. 115 (1966), 271–310.

[13] A. Hassouni and A. Moudafi: A perturbed algorithm for variational inclusions. J. Math.

Anal. Appl 185 (1994), 706–712.

[14] Nan-jing Huang: Generalized nonlinear variational inclusions with noncompact valued mappings. Appl. Math. Lett. 9:3 (1996), 25–29.

[15] Nan-jing Huang: A new method for a class of nonlinear variational inequalities with fuzzy mappings. Appl. Math. Lett. 10:6 (1997), 129–133.

[16] Nan-jing Huang: Completely generalized strongly nonlinear quasi-complementarity problems for fuzzy mappings. Indian J. Pure Appl. Math. 28 (1997), 23–32.

[17] Nan-jing Huang and Xin-qi Hu: Generalized multi-valued nonlinear quasi-complement-arity problems in Hilbert spaces. J. Sichuan Univ 31 (1994), 306–310.

[18] G. Isac: A special variational inequality and the implicit complementarity problem. J.

Fac. Sci. Univ. Tokyo 37 (1990), 109–127.

[19] B. S. Lee, G. M. Lee, S. J. Cho and D. S. Kim: A variational inequality for fuzzy mappings. Proc. of Fifth Internat. Fuzzy Systems Association World Congress 1993. Seoul, pp. 326–329.

[20] G. M. Lee, D. S. Kim, B. S. Lee and S. J. Cho: Generalized vector variational inequality and fuzzy extension. Appl. Math. Lett. 6 (1993), 47–51.

[21] U. Mosco: Implicit Variational Problems and Quasi-variational Inequalities. Lecture Notes in Mathematics, Vol 543. Springer-Verlag, Berlin, 1976, pp. 83–156.

[22] Jr. S. B. Nadler: Multi-valued contraction mappings. Pacific J. Math 30 (1969), 475–488.

[23] M. A. Noor: Strongly nonlinear variational inequalities. C. R. Math. Rep. Acad. Sci.

Canada 4 (1982), 213–218.

[24] M. A. Noor: On the nonlinear complementarity problem. J. Math. Anal. Appl. 123 (1987), 455–460.

[25] M. A. Noor: Quasivariational inequalities. Appl. Math. Lett. 1 (1988), 367–370. [26] M. A. Noor: Variational inequalities for fuzzy mappings (I). Fuzzy Sets and Systems 55 (1993), 309–312.

[27] M. A. Noor, K. I. Noor and T. M. Rossias: Some aspects of variational inequalities. J.

Comput. Appl. Math. 47 (1993), 285–312.

[28] A. H. Siddiqi and Q. H. Ansari: Strongly nonlinear quasivariational inequalities. J.

Math. Anal. Appl. 149 (1990), 444–450.

[29] A. H. Siddiqi and Q. H. Ansari: General strongly nonlinear variational inequalities. J.

Math. Anal. Appl. 166 (1992), 386–392.

[30] Lu-chuan Zeng: Completely generalized strongly nonlinear quasicomplementarity problems in Hilbert spaces. J. Math. Anal. Appl. 193 (1995), 706–714.

Author’s address: Department of Mathematics, Sichuan University, Chengdu, Sichuan 610064, P. R. China.