Czechoslovak Mathematical Journal, 49 (124) (1999), 689–700

DISCRETE SPECTRUM AND PRINCIPAL FUNCTIONS OF NON-SELFADJOINT DIFFERENTIAL OPERATOR

Gülen Başcanbaz Tunca, Elgi̇z Bai̇ramov, Ankara

(Received April 23, 1996)

Abstract. In this article, we consider the operator L defined by the differential expression

ℓ(y) = −y^{′′} + q(x)y, −∞ < x < ∞

in L_2(−∞, ∞), where q is a complex valued function. Discussing the spectrum, we prove that L has a finite number of eigenvalues and spectral singularities, if the condition sup −∞<x<∞ { exp ( ε √ |x| ) |q(x)| } < ∞, ε > 0

holds. Later we investigate the properties of the principal functions corresponding to the eigenvalues and the spectral singularities.

1. Introduction

Let us consider the non-selfadjoint one dimensional Schrödinger operator L_0 defined by the differential expression

ℓ_0(y) = −y^{′′} + q(x)y, 0 � x < ∞

and the boundary condition y(0) = 0 in L_2(0, ∞), where q is a complex valued function. The spectral analysis of L_0 was started by Naimark [10] in 1960. In his article he proved that some of the poles of the resolvent’s kernel of L are not eigenvalues of the operator. Also he showed that those poles (which are called spectral singularities by Schwartz [15]) are on the continuous spectrum. Moreover he showed that the spectral singularities play an important role in the discussion of the spectral analysis of L_0, and if the condition ∫_∞ 0 |q(x)| exp(εx) dx < ∞, ε > 0 holds then the eigenvalues and the spectral singularities are of finite number and each of them is of finite multiplicity. The effect of spectral singularities in the spectral expansion of the operator L_0, in terms of the principal functions, was investigated in [7]. Some problems related to spectral analysis of differential and some other types of operators with spectral singularities have been discussed by several authors [1], [4], [5], [8], [11]–[13].

Now let us consider an operator L defined by the differential expression

ℓ(y) = −y^{′′} + q(x)y, −∞ < x < ∞

in L_2(−∞, ∞), where q is a complex valued function. L is called the one dimensional Schrödinger operator on the whole real axis. Since q is a complex valued function, the operator L is non-selfadjoint.

The above result of Naimark has been generalized to the operator L by Blashak [3]. Blashak has proved that the operator L has a finite number of eigenvalues and spectral singularities, if (1) ∫_∞ −∞ |q(x)| exp(ε|x|) dx < ∞, ε > 0

holds.

In the present article, we discuss the discrete spectrum of L and prove that this operator has a finite number of eigenvalues and spectral singularities and each of them is of finite multiplicity, under the condition

(2) sup_{−∞<x<∞} { exp(ε √ |x|)|q(x)| } < ∞, ε > 0.

Afterwards, the properties of the principal functions corresponding to the eigenvalues and the spectral singularities of L are obtained.

Obviously the condition (2) is weaker than the condition (1). Under the condition (1) the finiteness of the eigenvalues and the spectral singularities of L is obtained by finite meromorphic continuation of the resolvent’s kernel from the continuous spectrum [3]. But under the condition (2) there is no such finite meromorphic continuation. Hence the method of [3] can’t be used in this case.

In the following, we use the notation

C_+ = {λ: λ ∈ C , Im λ > 0}, C_+ = {λ: λ ∈ C , Im λ � 0}.

Also, σ_d(L) and σ_{s,s}(L) will denote the eigenvalues and the spectral singularities of L, respectively.

2. Preliminaries

Let us consider the following differential equation:

(3) −y^{′′} + q(x)y = λ^2y, x ∈ (−∞, ∞)

where λ is a complex parameter. For the moment, we will assume that (4) ∫_∞ −∞ (1 + |x|)|q(x)| dx < ∞

holds and we introduce the notation

σ^+(x) =

∫_∞ x |q(t)| dt, σ^+_1 (x) =

∫_∞ x σ^+(t) dt,

σ^−(x) =

∫_x −∞ |q(t)| dt, σ^−_1 (x) =

∫_x −∞ σ^−(t) dt.

Under the condition (4), the equation (3) has solutions [9]

(5) e^+(x, λ) = e^{iλx} +

∫_∞ x K^+(x, t)e^{iλt} dt and (6) e^−(x, λ) = e^{−iλx} +

∫_x −∞ K^−(x, t)e^{−iλt} dt

for all λ ∈ C_+, where K^±(x, t) are differentiable with respect to x and t, and satisfy the inequalities (7) | |K^±(x, t) | | � 1 2 σ^±

( x + t 2 ) exp { σ^±_1 (x) − σ^±_1

(x + t 2 )} ,

(8) | | | ∂ ∂x_i

K^±(x_1, x_2) ∓ 1 4 q (x_1 + x_2 2 )| | � 1 2 σ^±_1 (x_i)σ^±

( x_1 + x_2 2 ) exp σ^±_1 (x_i).

Therefore the solutions e^+(x, λ), e^−(x, λ) are analytic in C_+ with respect to λ and continuous on the real axis.

Now let us introduce

α(λ) := W {e^+(x, λ), e^−(x, λ)}, where W {e^+(x, λ), e^−(x, λ)} is the Wronskian of the solutions e^+(x, λ) and e^−(x, λ).

It is obvious that the function α is analytic in C_+ and continuous on the real axis. So the following equalities are satisfied [3], [9]:

α(λ) = −2iλ + O(1), λ ∈ C_+, |λ| → ∞, (9) σ_d(L) = { μ: μ = λ^2, λ ∈ C_+ , α(λ) = 0 } , (10) σ_{s,s}(L) = { μ: μ = λ^2, λ ∈ (−∞, ∞), α(λ) = 0 } . (11)

Definition 2.1. ([7]) The multiplicity of a zero of α in C_+ is called the multiplicity of the corresponding eigenvalue or spectral singularity of L.

We need the following uniqueness theorem obtained from [12]:

Theorem 2.2. ([12]) Let us assume that the function g is analytic in C_+ , all of its derivatives are continuous on the real axis and there exists N > 0 such that

(12) |g^{(m)}(λ)| � c_m, m = 0, 1, 2, . . . λ ∈ C_+, |λ| < 2N, and (13) | | | ∫_{−N} −∞ ln|g(x)| 1 + x^2 dx | | | < ∞, | | | ∫_∞ N ln|g(x)| 1 + x^2 dx | | | < ∞

hold. If the set G with Lebesgue measure zero is the set of all zeros of the function g with infinite multiplicity and if

(14)

∫_h 0 ln F (s) dμ(G_s) = −∞

holds then g(λ) ≡ 0, where F (s) = inf_m^{cmsm}_{m!} , m = 0, 1, 2, . . . , μ(G_s) is the Lebesgue measure of the s–neighborhood of G and h is an arbitrary positive constant.

3. Eigenvalues and spectral singularities

It is clear from (10) and (11) that, in order to investigate the quantitative properties of the eigenvalues and the spectral singularities of L, we need to discuss the quantitative properties of the zeros of α in C_+.

Let P_1 denote the zeros of the function α in C_+ and P_2 the zeros of the function α on the real axis.

Lemma 3.1. Under the condition (4) a) The set P_1 is bounded, has at most a countable number of elements and its limit points can lie in a bounded subinterval of the real axis.

b) The set P_2 is compact and its Lebesgue measure is zero.

Proof. The boundedness of P_1 and P_2 is obtained from (9). Since α is analytic in C_+ , then the set P_1 has at most a countable number of elements. From the uniqueness of analytic functions and (9), it is deduced that the limit points of P_1 can lie only in a bounded subinterval of the real axis. The closedness and the property of having Lebesgue measure zero of the set P_2 can be obtained from the uniqueness theorem of the analytic functions due to Privalov [14]. □

From (10), (11) and Lemma 3.1 we have

Remark 3.2. The sets of eigenvalues and spectral singularities of L are bounded, at most countable and their limit points can lie only in a bounded subinterval of the positive real axis if the condition (4) holds.

Lemma 3.3. The function α satisfies

(15) α(λ) = −2iλ +

∫_∞ −∞ q(t) dt +

∫_∞ 0 A(t)e^{iλt} dt,

where

A(t) = K^+_t (0, t) + K^−(0, 0)K^+(0, t) + K^−_x (0, −t) − K^+_x (0, t)

(16) − K^−_t (0, −t) + K^+(0, 0)K^−(0, −t) + (K^+ ∗ K^−_x )(t) − (K^+_x ∗ K^−)(t)

in which (∗) is the convolution operation.

Proof. By the definition of the Wronskian of the solutions e^+(x, λ), e^−(x, λ) we have

(17) α(λ) = e^+(0, λ)e^−_x (0, λ) − e^+_x (0, λ)e^−(0, λ).

Substituting the values of e^+(0, λ), e^+_x (0, λ), e^−(0, λ) and e^−_x (0, λ) into (17) we obtain (15). □

Now let us assume that

(18) sup_{−∞<x<∞} { exp ( ε √ |x| ) |q(x)| } < ∞, ε > 0

holds. From (7) and (8) we find

(19) |K^±(x, t)|, |K^±_x (x, t)|, |K^±_t (x, t)| � c exp { − ε 2 √ |x + t| 2 } , where c > 0 is a constant, and also we get

(20) |A(t)| � c exp { − ε 2 √ |t| 2 }

by (16) and (19). This shows that the function α is analytic in C_+ , all of its derivatives are continuous up to the real axis and

(21) | | d^mα(λ) dλ^m | | � c_m, λ ∈ C_+, m = 1, 2, . . .

hold where

c_1 = 2 + 2^2c

∫_∞ 0 t exp { − ε 2 √ t } dt, c_m = 2^{m+1}c

∫_∞ 0 t^m exp { − ε 2 √ t } dt, m = 2, 3, . . . ,

(22)

in which c > 0 is a constant.

Let us denote the sets of all limit points of P_1 and P_2 by P_3 and P_4, respectively, and the set of all zeros of α with infinite multiplicity in C_+ by P_5. It is obvious from the uniqueness theorem of the analytic functions that

P_3 ⊂ P_2, P_4 ⊂ P_2, P_5 ⊂ P_2.

Since all derivatives of the function α are continuous up to the real axis, we get

(23) P_3 ⊂ P_5, P_4 ⊂ P_5.

Lemma 3.4. P_5 = ∅.

Proof. It is trivial from Lemma 3.1 and (2.1) that α satisfies the conditions (12), (13) of Theorem 2.2. Since α(λ) ≢ 0, (14) yields

(24)

∫_h 0 ln F (s) dμ(P_{5,s}) > −∞

where F (s) = inf_m^{cmsm}_{m!} , μ(P_{5,s}) is the Lebesgue measure of the s-neighborhood of P_5 and c_m are constants defined by (21) and (22). Now we will obtain the following estimates for c_m:

c_m = 2^{m+1}c

∫_∞ 0 t^m exp ( − ε 2 √ t ) dt � c2^{3m+4}ε^{−2(m+1)}(2m + 2)^{2m+1}m!

(25)

= c2^{4m+5}ε^{−2(m+1)}m^m ( 1 + 1 m )_m

(m + 1)m! � Bb^mm^mm!

where B = c2^5eε^{−2}and b = 2^4eε^{−2}. Substituting (25) into the definition of F (s), we arrive at F (s) � B inf_m {b^ms^mm^m} � B exp{−b^{−1}s^{−1}e^{−1}} or by (24)

(26)

∫_h 0 1 s dμ(P_{5,s}) < ∞.

The inequality (26) holds for an arbitrary s if and only if μ(P_{5,s}) = 0 or P_5 = ∅. □

Lemma 3.5. α has a finite number of zeros with finite multiplicity in C_+. Proof. From (23) we get that

(27) P_3 = P_4 = ∅.

We obtain the finiteness of the sets P_1 and P_2 by Lemma 3.1 and by (27). Since P_5 = ∅, all of the zeros of the function α have finite multiplicities. □ Summarizing the above arguments we have

Theorem 3.6. The operator L has a finite number of eigenvalues and spectral singularities and each of them is of finite multiplicity if the condition (18) holds.

4. Principal functions

In this section we assume that (18) holds. Let λ_1, . . . , λ_ℓ denote the zeros of α in C_+ (i.e. λ^2_1, . . . , λ^2_ℓ are the eigenvalues of L) with multiplicities m_1, . . . , m_ℓ, respectively. Similarly let λ_{ℓ+1}, . . . , λ_k be the zeros of α on the real axis (i.e. λ^2_{ℓ+1}, . . . , λ^2_k are the spectral singularities of L) with multiplicities m_{ℓ+1}, . . . , m_k, respectively. It is trivial that

(28)

{ dn dλ^n W [ e^+(x, λ), e^−(x, λ) ]} λ=λ_j = { dn dλ^n α(λ) } λ=λ_j = 0 holds for n = 0, 1, . . . , m_j − 1, j = 1, 2, . . . , ℓ. If n = 0 we get

(29) e^+(x, λ_j ) = a_0(λ_j )e^−(x, λ_j ), j = 1, . . . , ℓ.

So a_0(λ_j ) ≠ 0.

Theorem 4.1. The formula

(30)

{ ∂n

∂λ^n e^+(x, λ) } λ=λ_j = n∑ i=0 ( n i ) a_{n−i}

{ ∂i

∂λ^i e^−(x, λ) } λ=λ_j

holds for n = 0, 1, . . . , m_j − 1, j = 1, 2, . . . , ℓ, where the constants a_0, a_1, . . . , a_n depend on λ_j .

Proof. We will proceed by mathematical induction. For n = 0, the proof is trivial from (29). Let us assume that for 0 < n_0 � m_j − 2, (30) holds; i.e.

(31)

{ ∂n_0 ∂λ^{n0} e^+(x, λ) } λ=λ_j = n_0∑

i=0 ( n_0 i ) a_{n0−i}

{ ∂i

∂λ^i e^−(x, λ) } λ=λ_j .

Now we will prove that (30) holds for n_0 + 1, too. If y(x, λ) is a solution of equation (3) then^{∂n}_{∂λn} y(x, λ) satisfies

(32) { − d^2 dx^2

+ q(x) − λ^2

} ∂n

∂λ^n y(x, λ) = 2λn

∂^{n−1} ∂λ^{n−1} y(x, λ) + n(n − 1)

∂^{n−2} ∂λ^{n−2} y(x, λ).

Writing (32) for e^+(x, λ_j ) and e^−(x, λ_j ) and using (31) we find { − d^2 dx^2

+ q(x) − λ^2_j } f_{n0+1}(x, λ_j ) = 0

where

f_{n0+1}(x, λ_j ) =

{ ∂n_0+1

∂λ^{n0+1} e^+(x, λ) } λ=λ_j − n_0 +1∑

i=1 ( n_0 + 1 i ) a_{n0+1−i}

{ ∂i ∂λ^i e^−(x, λ) } λ=λ_j .

From (28) we have

W [ f_{n0+1}(x, λ_j ), e^−(x, λ_j ) ] = { dn_0+1 dλ^{n0+1} W [ e^+(x, λ), e^−(x, λ) ]} λ=λ_j

= 0.

Hence there exists a constant a_{n0 +1}(λ_j ) such that

f_{n0+1}(x, λ_j ) = a_{n0+1}(λ_j )e^−(x, λ_j ).

This shows that (32) holds for n = n_0 + 1. □

Let us introduce the functions

U_n(x, μ_j ) = n∑ i=0 ( n i ) a_{n−i}(λ_j )

{ ∂i ∂λ^i e^−(x, λ) } λ=λ_j

, −∞ < x < 0, { ∂n

∂λ^n e^+(x, λ) } λ=λ_j

, 0 � x < ∞

for n = 0, 1, . . . , m_j − 1, j = 1, 2, . . . , ℓ where μ_j = λ^2_j ; using (5), (6) and (19) we arrive at

{ ∂n

∂λ^n e^+(·, λ) } λ=λ_j

∈ L_2(0, ∞), n = 0, 1, . . . , m_j − 1, j = 1, 2, . . . , ℓ, { ∂i

∂λ^i e^−(·, λ) } λ=λ_j

∈ L_2(−∞, 0), i = 0, 1, . . . , m_j − 1, j = 1, 2, . . . , ℓ

or by (30),

U_n(·, μ_j ) ∈ L_2(−∞, ∞), n = 0, 1, . . . , m_j − 1, j = 1, 2, . . . , ℓ.

(33) U_0(x, μ_j ), U_1(x, μ_j ), . . . , U_{mj −1}(x, μ_j )

are called the principal functions corresponding to the eigenvalues μ_j = λ^2_j , j = 1, 2, . . . , ℓ of L. In the above U_0(x, μ_j ) is an eigenfunction; U_1(x, μ_j ), . . . , U_{mj −1} (x, μ_j ) are the associated functions of U_0(x, μ_j ), [6].

If μ_{ℓ+1} = λ^2_{ℓ+1}, . . . , μ_k = λ^2_k are spectral singularities of L (i.e. λ_{ℓ+1}, . . . , λ_k are real zeros of α), then we can find

(34)

{ ∂v

∂λ^v e^+(x, λ) } λ=λ_p = v∑ i=0 ( v i ) b_{v−i}(λ_p)

{ ∂i ∂λ^i e^−(x, λ) } λ=λ_p

for v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k, in a way similar to Theorem 4.1.

Let us introduce the following functions:

U_v(x, μ_p) = v∑ i=0 ( v i ) b_{v−i}(λ_p)

{ ∂i ∂λ^i e^−(x, λ) } λ=λ_p

, −∞ < x < 0, { ∂v

∂λ^v e^+(x, λ) } λ=λ_p

, 0 � x < ∞

for v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k. It is trivial from (5) and (6) that { ∂v

∂λ^v e^+(·, λ) } λ=λ_p

/∈ L_2(0, ∞), v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k, { ∂i

∂λ^i e^−(·, λ) } λ=λ_p

/∈ L_2(−∞, 0), i = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k or by (34),

U_v(·, μ_p) /∈ L_2(−∞, ∞), v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k.

Now let us consider the Hilbert spaces

H(−∞, 0; m) = { f ; ∫_0 −∞ (1 + |x|)^{2m}|f(x)|^2 dx < ∞ } , H(−∞, 0; −m) = { f ; ∫_0 −∞ (1 + |x|)^{−2m}|f(x)|^2 dx < ∞ } , H(0, ∞; m) = { f ; ∫_∞ 0 (1 + |x|)^{2m}|f(x)|^2 dx < ∞ } , H(0, ∞; −m) = { f ; ∫_∞ 0 (1 + |x|)^{−2m}|f(x)|^2 dx < ∞ } , H(−∞, ∞; m) = { f ; ∫_∞ −∞ (1 + |x|)^{2m}|f(x)|^2 dx < ∞ } , H(−∞, ∞; −m) = { f ; ∫_∞ 0 (1 + |x|)^{−2m}|f(x)|^2 dx < ∞ } . It is evident that

H(−∞, 0; 0) = L_2(−∞, 0), H(0, ∞; 0) = L_2(0, ∞), H(−∞, ∞; 0) = L_2(−∞, ∞), H(−∞, 0; m) $ L_2(−∞, 0) $ H(−∞, 0; −m), m = 1, 2, . . . , H(0, ∞; m) $ L_2(0, ∞) $ H(0, ∞; −m), m = 1, 2, . . . , H(−∞, ∞; m) $ L_2(−∞, ∞) $ H(−∞, ∞; −m), m = 1, 2, . . . .

Let H^′(−∞, 0; m), H^′(0, ∞; m) and H^′(−∞, ∞; m) denote the duals of

H(−∞, 0; m), H(0, ∞; m) and H(−∞, ∞; m),

respectively. Obviously H^′(−∞, 0; m), H^′(0, ∞; m) and H^′(−∞, ∞; m) are isomorphic to H(−∞, 0; −m), H(0, ∞; −m) and H(−∞, ∞; −m), respectively [2].

Using (5) and (6) we arrive at { ∂v ∂λ^v e^+(·, λ) } λ=λ_p

∈ H(0, ∞ − (v + 1)), v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k, { ∂i ∂λ^i e^−(·, λ) } λ=λ_p

∈ H(−∞, 0; −(i + 1)), i = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k,

or by (34)

(35) U_v(·, μ_p) ∈ H(−∞, ∞; −(v + 1)), v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k.

Let us choose so that

m_0 = max{m_{ℓ+1}, m_{ℓ+2}, . . . , m_k}.

We will use the notation

H_+ = H(−∞, ∞; m_0 + 1), H_− = H(−∞, ∞; −(m_0 + 1)).

It is trivial that the dual of H_+ is isomorphic to H_− (H^′_+ ∼ H_−) and

H_+ $ L_2(−∞, ∞) $ H_−.

Thus, from (35) we have

Theorem 4.2. U_v(·, μ_p) ∈ H_− for v = 0, 1, . . . , m_p − 1, p = ℓ + 1, ℓ + 2, . . . , k.

U_0(x, μ_p), U_1(x, μ_p), . . . , U_{mp−1}(x, μ_p)

are called the principal functions corresponding to the spectral singularities μ_p = λ^2_p, p = ℓ + 1, ℓ + 2, . . . , k of L. In the above U_0(x, μ_p) is the generalized eigenfunction, U_1(x, μ_p), . . . , U_{mp−1}(x, μ_p) are the generalized associated functions of U_0(x, μ_p), [4].

The spectral expansion in terms of the principal functions of the operator L will be the subject of another article.

Acknowledgement. E. Bairamov would like to thank Scientific and Technical Research Council of Turkey for financial support.

References

[1] Ö. Akin, E. Bairamov: On the structure of discrete spectrum of the non-selfadjoint system of differential equations in the first order. J. Korean Math. Soc. 32 (1995), 401–413.

[2] Yu. M. Berezanski: Expansion in Eigenfunctions of Selfadjoint Operators. Amer. Math.

Soc., Providence R. I., 1968.

[3] B. B. Blashak: On the second-order differential operator on the whole axis with spectral singularities. Dokl. Akad. Nauk Ukr. SSR 1 (1966), 38–41. (In Russian.)

[4] M. G. Gasymov, F. G. Maksudov: The principal part of the resolvent of non-selfadjoint operators in neighbourhood of spectral singularities. Functional Anal. Appl. 6 (1972), 185–192.

[5] S. V. Hruscev: Spectral singularities of dissipative Schrödinger operators with rapidly decreasing potential. Indiana Univ. Math. Jour. 33 (1984), 613–638.

[6] M. V. Keldysh: On the completeness of the eigenfunctions of some classes of nonselfadjoint linear operators. Russian Math. Survey 26 (1971), 15–44.

[7] V. E. Lyance: A differential operator with spectral singularities I, II. AMS Translations 60 (2) (1967), 185–225, 227–283.

[8] F. G. Maksudov, B. P. Allakhverdiev: Spectral analysis of a new class of non-selfadjoint operators with continuous and point spectrum. Soviet Math. Dokl. 30 (1984), 566–569.

[9] V. A. Marchenko: Sturm-Liouville Operators and Their Applications. Birkhauser, Basel, 1986.

[10] M. A. Naimark: Investigation of the spectrum and the expansion in eigenfunctions of a non-selfadjoint operator of the second order on a semi-axis. AMS Translations 16 (2) (1960), 103–193.

[11] M. A. Naimark: Linear Differential Operators II. Ungar, New York, 1968. [12] B. S. Pavlov: The non-selfadjoint Schrödringer operator. Topics in Mathematical Physics 1 Consultants Bureau, New York (1967), 87–114.

[13] B. S. Pavlov: On separation conditions for the spectral components of a dissipative operator Math. USSR Izvestiya 9 (1975), 113–135.

[14] I. I. Privalov: The Boundary Properties of Analytic Functions. Hochschulbücher für Math. Bb. 25, VEB Deutscher Verlag, Berlin, 1956.

[15] J. T. Schwartz: Some non-selfadjoint operators. Comm. Pure and Appl. Math. 13 (1960), 609–639.

Authors’ address: Ankara University, Department of Mathematics, Faculty of Science, 06100 Tandoḡan-Ankara, Turkey, e-mail: tunca@science.ankara.edu.tr.